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AIRPLANE STRESS ANALYSIS 


Introduction 


A knowledge of structural design methods is essential to advance- 


engineering 


Aside from the fact 


that approximately ten percent of the engineering hours spent on an 
airplane design are chargeable directly tc the obtaining of design loads 
in members and the strength chocking of drawings of the finished parts 


and assemblies, no aircraft 


•c-r 


can expect to go far in advanced 


drafting, layout work, and design without a working knowledge of stress 


analysis. Thus, whether a it 


expects to go into the actual analysis 


ivork or to engage in sene other type of aircraft engineering he will find 
a good working knowledge of stress analysis to be of great value to him* 
The type of analysis which is used in air craft work is very different 
in many respects from that used in other types of engineering. The reason 


for this condition lies in the fact that weight saving must be paramount 
if a-i efficient airplane, that is one which carries a high percentage of 

payload, is to be obtained. 

It is necessary therefore that structural analysis and design in air¬ 
craft be very precise, and very accurate. It is usual to design aircraft 


maximum 


and to allow a 50 per cent extra margin of strength before they break. 
Such close design means that the analysis must not only be very thorough 

and very accurate but that all of the possible effects of deflection of 

* 

the stricture under load must be taken into account. 
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The volume of analysis necessary to produce an aircraft structure is far 
greater in proportion to the total engineering work than that which is 
required in other types of engineering. It can*not be reduced to completely 
standard form, such as is possible in many types of bridge engineering 
for example, because in the constant seeking after more perfect designs 
the types of construction and even the materials used change rapidly. Far 
this reason airplane stress analysis must be based on fundamental principles 
and can never become rule of thumb* The purpose of the Basic Analysis 

Course is to furnish the student with those fundamental principles so that 

► 

no matter what type of new problem may confront him, he will be able to 

develop a method for its solution. 

It is common knowledge that very few colleges graduate men, even in 

the specialized aviation courses, who are ready for aircraft analysis work 
without a training period. This condition arises from the fact that the 
professors and the writers of text books find it impossible to keep up with 
new trends in the industry. The only way a man can train himself to step 
directly into the industry is to complete "stream-lined" courses such as 
those given in "Basic and Advanced Stress Analysis", courses which are 
written and revised each year by men in key positions in the active aviation 


industry. 

After the general features of an airplane design are decided upon the 
first step is to lay out a structure which will accommodate those features 


and form a skeleton on which to hang the necessary installations. Then the 
loading conditions which will c ause the highest loads in the structure are 
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determined and a preliminary analysis is made to find the effect of these 


loads. This preliminary analysis 


necessary in order to determine approxi¬ 


mate sizes, since aircraft installations are as compact as possible and 

. % 

clearance allowances are low. After the final design features are decided 
upon and all installations, such as those for power plant, electrical 
system, control systems and furnishings are placed it is possible to estimate 
the final dead weight and its distribution and tc proceed with the final 

% 

analysis. 

The BaSic Course does not carry through a complete analysis of an air- 

i 

plane# It completes the design of representative components and furnishes 
the tools for detail design after the loads are determined# The method of 
determining the loads from aerodynamic data and of carrying through an 


analysis for the loads in the members is given as an appendix to the Basic 
Course, and is covered completely for monocoque structures in the Advanced 

Analysis Course. 

The student completing the Easic course will be thoroughly familiar 

with the requirements for routine strength checking and will have the knowl- 

# 

edge necessary to design welded tubular trusses, continuous beams, fuselage 

floor beams, control surface beams continuous over supports, struts, drag 

\ 

trusses and welded and riveted fittings. He will also be. able to calculate 
the deflections of different components. Limiting allowable deflections 
are often the controlling feature of a structural design. The Basic Course 
also covers the introduction to indeterminate structures by giving the 
student the basic theory of Least Yiork in direct stress, bending'and torsion 

as applied to aircraft problems. 


ETI - Basic Stress Analysis 





















9 


t bno.ledge of high school algebra and geometry is essential to 
success in the Basic Course, Trigonometry, analytic geometry and the 
calculus are also very useful. The course contains enough of the calculus 
to clarify its application wherever it is used. The student .hose math¬ 
ematics is not .ell grounded -11 find it advisable to secure teats written 
especially for home study, some of which are referenced in the ceruse. He 
«iu find it advantageous to study his mathematics in conjunction «ith the 
Basic Course »hich .ill give him practical applications which mil long 

be remembered. 

Throughout the course every effort has been mad. to put concrete ex- . 
amples and solutions before the stndent before he is requested to solve 
similar problems, ill steps in the solutions have been given, so that the 
student may folio, the examples through item by item. It is advised strongly 
that the student folio, the form of the examples in outlining his o»n «orh, 
since the forms given have been found more conducive to accurate .orb than 
any others. At every hand the student is given alternate methods for 
solving the same problem so that o„. method may he used as a cheek of the 

result obtained by another. 

The serious student „ho masters all of the work given in the Basic 
stress Analysis Course and .ho conscientiously .orbs all of the problems 

.ill find himself .ell on the »ay to a thorough preparation for success 

* • 

in the field of Aviation Engineering. 
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BASIC STRESS ANALYSIS 


Nomenclature, 


The following terms, which are used throughout the cotirse, are grouped 
for ready reference. The student will find more extensive explanations 
when the terms appear in the assignments. The symbols and the sign con¬ 
ventions used are those which are standard for the aviation industry and 
in some cases do not agree vdth usage in other types of engineering* The 
student should, however, adhere strictly to the terms and sign conventions 
given, in order to form good habits which vri^ll smooth his path to advance¬ 
ment in the aviation field* 


In addition to correct usage of signs and symbols tho student should 
form the habit of using explanatory notes in his computations* This not 
only clarifies his work for usage by a designer or a checker, but makes 
review of the subject matter much easier for him after the work has become 


"cold 11 * 


Definitions of Symbols, 

L w a load, 

R =s a reaction, the effect at a support, 
w - distributed load per inch run, 

W » total load or resultant load. 


P 


axi 


T rEnd Load tension in an axially loaded member, 
S r shear at any point in a beam 
or Sr side load on a structure. 


V -a vertical load. 


% 

Hr a fore and aft load, 

H ra bending moment at a section in a beam. 


Mi 


a bending moment at joint (1) in a continuous beam. 


= a bending moment at joint (2) in a continuous beam, etc, 
A» area of a cross section of a member of a structure. 
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net area of a cross-section of a structure m total area less area 
of bolt or rivet holes. 


Q « Statical Moment of a beam cross-section 

_ first moment of the areas of the cross section about the neutral axis 


I 


sr )toment of Inertia of a cross-section 

f-K rs Av\ A . m Amnnf a ^ f Q T'O C <5 A ■f* tVi.'a An abfMlt the neutral 3X13 


I an Polar Moment of Inertia , 

^ as radius of gyration * (l/A)| 




Stress s= internal load in a member which lengthens *r shortens its fibers. 


f 


t 


unit stress in tension - Axial tension load 

net area 


F ss allowable unit stress in tension# 

V 

** unit stress in compression = axiaL compression 

Gross area 


F = allowable unit stress in compression. 


f 


b 


f 


F 


E 


unit stress in bending « ^ where y „ distance from neutral axis 
to fiber being considered, 

allowable unit stress in bending, 
unit stress in shear.. 


f 

allowable unit stress in shear. 


Modulus of Elasticity = 


unit stress 


unit deformation 


lbs, per, sq, in# 
inches per inch 


G ss 


Modulus of Rigidity = Shear Modulus - Unit shear stress 

unit shear deformat 


£ = unit deformation in inches per inch, 

S' - 


o 


total deflection in inches. 

an angle of the inclination betvjeen the deflected and undeflected 
axis of a beam. 


£ ss summation of = a total of. 
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A 


x 


a small finite ( measurable) segment of length along the x-x axis. 


^ _ an infinitesimally small segment of length along the x-x axis. 


Ay s a small finite segment of length along the y-y axis* 


dy 


axis 


£ s = a small finite distance along a line 



Ax 2 -4-Ay 2 


TT 


ds 

A A 

dA 


an infinitesimally small distance along a line dx^f 
a small finite portion of area of a cross-section — (Ax) (Ay) 


an infinitesimally small portion of 
(dx) (dy) 


area of a cross-section 


d©= an infinitesimally small increment of angle. 


Definition of Signs * 

Loads on an Airplane : 

Upward acting loads are plus (+) leads; 

Downward acting loads are minus («) loads* 

Backward acting loads are plus (+) loads* 

Forward acting loads are minus (-) loads* 

Outward acting loads are plus (+) loads. 

Inward acting loads are minus (-) loads. 

Shears and Moments : 

For a free body of a structure 

Plus (4-) shear means part to the left of cut section tends to go up . 

. 

Plus (+) moment means tension on bottom fibers of the beam. 

A vial Leads : 

Tension in a member is plus (+-) axial load. 

Compression in a member is minus (—) axial lead. 

Note: Tension lengthens a member. 

Compression shortens a member. 
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Definitions of Terms Used • 

€ 

Structure—a device for transferring load. 

Truss—a structure mace up of a series of members forming triangles in 

which loads are carried axially along the members. 

Beam—a structure which transfers loads at right angles to its longi¬ 
tudinal axis, by bending. 

Reaction—a force, acting on a free-body of a structure, which replaces 

the effect of a support point. 

External force—an imposed load on a structure or a member of a 

structure. 

Internal force (or stress)—load stored in a structure due to deform¬ 
ation of its fibers a3 it deflects in supporting external 
forces. 

Axial Load—a load acting along the longitudinal axis of a member. 

Axial Tension Load—a load along the axis of a member tending to in¬ 
crease the length of the member. 

Axial Compression Load—a load along the axis of a member tending to 

decrease its length. 

Static Load—a dead weight load. 

Dynamic Load—a load involving motion or impact. 

Static Equilibrium—a state of balance of all forces acting on a 

structure of rest. 

s 

Column or Strut—a member designed to carry axial compression loads. 

Coefficient of End Fixity—a term defining the condition at the end 

supports of a strut or beam. 

Modulus of Rupture—the unit stress, from the beam formula, at which 

actual rupture of the cuter fibers of a beam will occur. 

Form Factor—a coefficient of reduction for local crippling by which 

the allowable theoretical unit stress in a column or 
©n the compression flange of a beam is multiplied tc 
obtain true allowable values. 

Note: Beth the Modulus of Rupture and the Form Factor are based t*n 

tests. 
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Determinate Structure—one which may be solved b; : the equations of 

equilibrium without recourse to calculations of deformation* 


Indeterminate Structure—one which has extra or redundant members, 

and which must be solved b;y applying the principle of 
"consistent deformations"• 


Unstable Structure—one which does not contain enough members to keep 

it from collapsing under load* 


Redundant member—an extra member not necessary to make a complete 

structure* 


Force diagram—a plot of forces to correct direction and to scale* 

Scale diagram—a plot of members to correct directions and to scale* 

Phantom member—an imaginary member used to rplace several others in 

effect, or used to replace auxiliary members which are not 
actually a part of the structure, such as an engine* 


Beam Restraint—the resistance the supports offer to rotation of a 

beam at its ends as it deflects under loads. 

r * Simple Beam—one having only two supports and free to rotate at the 

support points* 

Continuous Beam—one continuous over three or more supports1 

Beam Load Curve—a diagram of the loads on a beam, showing their 

magnitudes and locations* 

Beam Shear Curve—a diagram of the shear force acting at a cut face 

of a beam at any station along its length* 

Beam Moment Curve—a diagram of the bending moment acting on any cut 

face of a beam at any station along its length* 

Beam Inclination Curve—a diagram of the angle in radians between the 

unbent axis of a beam and the axis of the beam after 
bending, at any station along its length* 

Note: 2'trradians - 360 degrees or 

1 radian Z 57.3 degrees 

Beam Deflection Curve—a diagram of the deflection of the axis of a beam , 

at any station along its length* 
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Neutral Axis—the location of the longitudinal strata of fibers in a 

bent beam at which neither shortening or lengthening takes place. 

* 

Primary Moment—the bending moment due to loads acting at right angles 
to the longitudinal axis of a beam. 

Secondary Moment—the bending moment introduced when a beam deflects y 
when axial loads are present. 

Combined Unit Stress—the combined effects of axial and bending loads 
reduced to lbs. per square inch on a section of beam fibers. 

Inflection Point—a point of zero bending moment in a beam. 
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Review of the Basic Principles of Mathematics, 


The purpose cf the following chapter is to furnish a review of 
those basic principles of mathematics which are of every day use in 
an engineering office. No attempt is made to cover complete theory 
of the subject, but a common sen3e approach v/ill be used. This re¬ 
view will therefore be equally useful to the student to whom parts 
of the subject matter are entirely new, and to the student who has 
covered the ground but is 11 rusty” and feels the need of a brief review. 


Algebrai 

The use of algebra for the solutions of expressions of equality 
which are not solvable by simple arithmetic is commonplace -in any 
engineering work. In mathematics a statement of equality is toiled 
an equation. Certain facts about an equation which form the bas^s 
for algebraic solutions are stated below* 

% 

An equation may be expressed in the general form A+ B «■ C+D 
which could mean in actual numbers say 

100 + 50 s 60 + 70 


Suppose we knew the actual numbers which represented all the 
symbols except A* We could solve the equation for A as follows: 


(a) A *4- 50 s 80 + 70 

(b) A = 80+ 70- 50 = 100 


We have illustrated the fact that we can subtract the same number from 
each side of an equation without changing the equality, for we^could 
consider that we have subtracted 50 from each side of the original 
equation, (a), to obtain equation (b). 


It is only common sense to say that we may perform the following 
operations on an equation without disturbing the balance between the 
two sides. 


a) 


We may add the same number (or expressio 
equation without disturbing the balance. 


to each side of an 


V 


then also 


If A 4- B = C + D 

A+ B+N= C+.D-j-K. 

4 

(2) We may subtract the same number from both sides of an equation 
without changing the equality 


A+B-N-C+D-N 
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(3) V'e inay multiply both sides of an equation by the same number 
without changing the equality. If A + B ~C +D then also 

5(A + B) *5(C + D) or using our original 
values for A, B, C, and D 

5(100 ■+• 50 )~ 5(80 + 70) which reduces to 
750 = 750 -which is of course true. 

(4) We may divide both sides of an equation by t the same number 

whithout changing the equality* 

• * 
B ~ C4D and if we make N equal to 3 and the 

B N other values are the same as in 

previous equations 


100+50 ts 00 * 70 


3 


o 


or 50 r: 50 


The equation above could have been expressed also as 


A l B ^ C . D and the result would have been 

K N N N 

the same. This introduces the axion: "To divide (or multiply) 
any expression made up of the sum or difference of a number of 
terms by a given number (or expression), divide (or multiply) 
each term of the terms by that expression," 


This is not true of the case of an expression made up of the 
product of several terms. In such a case only one member of 
the product would be divided (or multiplied) to affect the 

whole product. 

For example if the value A in our illustrative equations were 
actually* made up of the product of three separate parts such 
that A = xyz (read A equals x times y times z) to divide _ 
or multiply A by any given number would involve that operation 
on only one of the expressions x, y or z. Say that A remains 
100, and that x is 2, y is 5, and z is 10. Then in numbers 
the above equation could be written 

100 = (2)(5)(10) 


number 


(A)(100) = (A)(2) x (5)(10) 
or(A)(ICO) r 2 x (A)(5) x (10) 

-or(A)(100) = k2)(5) x (a)(10) 

Any of the three equations gives the some result, namely that 


A00 = A00. 
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The foregoing statements are based on sound reasoning. The student 
can convince himself of the validity of any of the statements merely by 
substituting actual numbers in any equation of his own choosing. 

Signs * 

% 

Wc must bear in mind that to express a number in algebra we nust 
indicate its sign. Not 3> but+3 or -3. (Read plus 3 or minus 3)• 

Also that the product of numbers with like signs is plus and with unlike 

signs is minus thus: 

(+ 2 )(~ 2 ) = -4> (-2)(-3) ~ + 6 , or (- 2 ) (+3) (-4) -+24 

r * * , 

Powers and Exponents : 

To raise a number (or a letter representing a number or a group of 
numbers) to a rower means to use that number as a multiplier the number 
of times indicated by an exponent written alongside the number. 

Thus 2 2 means ( 2 )( 2 )or x 2 means (x)(x). In the latter expression 2 is 
the exponent of x. In expressing physical facts in engineering formulas 
it oftens happens tint expressions appear with exponents of 2 , 3 , 4 or 
more. These expressions are ref erred to as second, third., or fourth 
rower expressions. For purposes of illustration we will take a general 
expression of the form x + l and raise it to various powers. 


(x + l) « x+l 

(x + l ) 2 “ (x+l) (x + l) » x 2 + 2 x + l obtained thus 


times 


x 41 

JC4l 

x^tx 

4 X 41 

41 


which is the general form of the 
quadratic equation. 


(x 41)3 s (x + l) (x + l) (x+l) s x3 + 3x 2 4 3x + 1 
Obtained thus, using expression already obtained for (x+l) 


times 


x 2 + 2 x 4 1 

x 4 1 
x 3 +2x 2 +x 


+ x 2 + 2 x ± 1 

x3-43x 2 4 3 x 4 1 which is the general form of the 

cubic equation. 

The cases which involve fractional powers are sometimes confusing. 
For example yk, (read x to the one-half power), means the square root 
of x* To perform the operation signified by a fractional exponent rais< 
the number to the power shown by the numerator.of the fraction and from 
4 -Vvi* voiun «-v 4 thp -mat shown bv the denominator of the fraction. 


- 3 
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In the above example x^= x, and extracting the root indicated by the 
denominator gives 'Xjf x • _ 


nQ a ns 

xA/3 means , etc. 


In engineering formulas 
ions. Powers and roots 


fracticns. Po 
of Logarithms. 

Logarithms. 


exponents do not always appear as even 
of uneven fractions are handled by the 


The Logarithm of a number is the power to which a given base or 
in dex number must be raised to give that number. In our engineering 
system Logarithms are to the base 10. Therefore the logarithm of any 
number is the pcrwer to which 10 must be raised to give that number. 

Thus the logarithm of 10 is 1.0, the logarithm of 100 is 2.0, that of 
10C0 is 3.0, etc. Numbers which do not come as even multiples oi x 
vdll have decimal logarithms. These values have been calculated and 

grouped for reference in Logarithm tables. 

Logarithms are useful in performing multiplication, division, in 
raising numbers to pavers, and in extracting roots of numbers, ^oy are 
not used in addition cr subtraction. The principles of the applications 

of logarithms are as follows: 

1. The logarithm of a product is equal to the sum of the logarithms 
of the factors. That is to multiply , add, logarithms. 


2 . 


The logarithm of a fraction is equal to the difference obtainec 
by subtracting the logarithm of the denominator from the 
logarithm of the numerator. That is to divide, subt rac t 

logarithms . 

The logarithm of a paver of a. number is equal to the logarithm 
of the number multiplied by the exponent of the power. Jims 


the logarithm 

The logarithm 
of the number 
logarithm of 


number multiplied by tne exp on 
■aritlnr. of 10- = ( 2 ) (logarithm 


of a root of a number is equal to the logarithm 
divided by the index of the root. Thus the 
2 

V100" = (Logarithm of lC 0)/2 ~ 2 /2 7 


We have seen that the logarithm of 10 is 1.0 of 100 is 2.0, etc. 
Then any number between 10 and ICO will have a logarithm of 1 a 
decimal, every number between ICO and 1000 w i l l have a logarithm o 
2*a decimal, etc. It is plain that every number not an even power ^ 
of 10 vdll have a logarithm consisting cf a whole number and a fractx 
The whole number is called the char act er i st i c, and the decimal is t e 

mantissa. 
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The ch aracteristic determines the position of the decimal point 1 
the number for which the logarithm stands* The mantissa determines th 
di/rits in the number itself* Thus 5* 50, 500 and 5000 all have the sa 

but the characteristics are 0, 1, 2, and 3 respectively* The 
in this case is .69897• The following tables will help to ke 
the value of the characteristic clear. 

Numbers above 1 


r • o n 

4 4 ■»■*> • 


Number 

1 

10. 

100. 

1,000 

10,000 

100,000 

1,000,000 

Characteristic 

0 

X 

2 

3 

4 

5 

6 

J 




Decimals 



i 

Number 

1 

.1 

.01 

.001 

.0001 

.00001 

.000001 

Characteristic 

0 

-1 

-2 

-3 

-4 

-5 

-6 


The rules are as follows: 

1. The characteristic of any number greater than 1 is 1 less than 
the number of digits before the decimal point. 

2* The character!.stic of any number less than 1 is found by sub¬ 
tracting from 9 the number of ciphers between the decimal point 
and the first significant digit, and writing riQ. after the 
result . 

The use of logarithms vdll.be illustrated in an example involving 
an uneven power of a decimal. 

To take (.25) to the 3/2 power 
Log .25 ~ 9.39794 ~ 10 * -.60206 

Log (.25P/2 = (-.60206)(3/2) = -.90309 = 9.09691 - 10 

t 

Log. Ql25d e rs DE-CXML 

We have seen that equations are made up of variable 3 which are expressed 
by letters and which may have different values, and of constants which are 
expressed as numbers* In engineering they express a statement of fact 
v.1iich may cover one individual case but in general may represent a whole 
series of possible cases, which nay be solved for by varying the expressions 
for the variable . For example suppose v/e drop a body from rest and let 
it fell freely under the acceleration of gravity. We know from actual 
measurement that this acceleration is about 32 ft. per second, per second, 
end that it acts steadily; that is for every second of fall the actual 
velocity will increase by 32 ft. per second. Then if the body fell for one 
second its average velocity during that second would have been 16 feet per 
second (the average of 0 at the start and J2 at the end of the second) and 
the distance it fell would equal the average velocity times the time elapsed. 
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or 16 feet, J iot honaticaHy if we call 

a ~ acceleration 
v » velocity 
t = tine 


we can say that the following relations hold. The velocity at any point 
equals the acceleration tidies the tine elapsed from the start of the 
fall or v = a 


KJ 


The distance fallen for any elapsed bine is equal to the average velocity 
in feet per second for the tine fallen Multiplied by the time fallen 
expressed in seconds. If acceleration (increase in velocity) is con¬ 
stant then the average velocity is one-half the final velocity, from 
v/hich the space, n s n , traversed can be expressed as 


2xt, but since v * a t then 





The advantages of such an expression are that we can find the space 
traversed at any particular time without summing up from the beginning* 
For example if t = 1 


S= (4)(32)( l) 2 


- 16 ft. 


if t « 2 


8 a (t)(32)(2 ) 2 


a 64 ft. 

4 




In the aber/e expression t is the variable and all other terms are constants . 


Another direct application of the simple equation for space 
travelled is that if we lenew the space, (height of drop), we can cal¬ 
culate from our formula the velocity at impact or vice-versa. This 
application is common in aircraft since it forms a basis for landing 
gear shock absorber design. Suppose for example that one wished to 
test in free fall a landing gear for an airplane that was calculated to 
have a maximum sinking speed of 12 feet per second. This would represent 
the velocity at impact and the height required for the free drop, M s ,! , 
would be found as follows: 


v = impact velocity = 12 ft. per second 

a - acceleration of gravity = 32 ft. per sec. per sec. approximately. 
The height of free drop, s> is required. 

We know tint s - h a t 2 , or t 2 - and that y: at 

^ l Q 

Then v 2 - a^fc 2 - a 2 (2s) » 2as 

a 

% 

frean which s » v2/ 2 a s (l2) 2 /( 2 )(32) o 2.25 ft. or 27 inches. 
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A free drop of 27 inches would therefore produce an impact velocity of 
12 ft. pei- second. The time of fall could ho calculated from the 


relation 


2? 


t 2 z -JUl 

a 


iSXJ& tSS) - „ O.141 seconds. 
32 


The foregoing example i?J_ustrates 0. basic point Li setting up engineering 
equations ; namely, Units ma st be consistent if equality is to hold . 

All units of space, weight, or time must be used in the same units. 

Seconds do not equate with minutes, ocunds with tons, or inches with feet. 


rroname' 


That portion 
in an engineering 
basic formulas to 


of trigonometry which covers 90 per 
office may be stated very simply by 
a circle whoso radius is unity. 


cent of the uses 
referring for 
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Fig. 1 


The functions 
diagrammed at 
Fig. 1. 


are 

the 


left. 


c/C - any angle between 

0° and 90° 

o 0 

radius - 1 ~ sin *+* cos 


sine 


dC n 


2b s ab 
r X 


cosine oC r s M 


tangent oC » 


Ek 

1 


The above are the basic 
formulas. Frcm them, 
the following additional 
functions may* bo derived 


Cotangent 


tangent 


Secant 


cosine oC 


Cosecant 


sine 


These functions are also plotted on the diagram. From the basic functions 
different combinations may be evolved as follows: 

sineoC - cos _ r: . i - z cosoC tan oc a (1 - cos^o^)* 


cos 
cot oc 


cosec 


cosine 


~ sin CyC - 
tan oc 


r sin co cot oC » (l ~ cos 2 oc )a 
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Kany other forms of the combinations may be developed. In general 
they are of academic interest only. The signs to be used with the 
functions may be coordinated with our standard system of x and y coordinates. 



From an origin of coordinates we say that'distances measured out to the 
right are plus distances along the x-axis, and distances measured out to 
the left are minus distances. Along the y-axis distances above the 
origin are plus and below the origin are minus. The radius (or the 
hypotenuse) we will always consider to be plus, since it is always the 

square root of x 2 4- y 2 which sum is plus in any quadrant, since the 
square of a number is plus whether the number is minus or plus in sign. 

Then in the 1st quadrant (upper right hand) the sine, cosine and 
tangent are all plus in sign# Thus 

sine S3 4- y ~ (+) 

-t r 

cosine ~ 4 x _ r (+) 

4“ r 

tangent r + sine - (4-) 

4- cosine 


The inverse functions, cotangent, secant and cosecant are also plus, 
since they will always have the same sign as the function from which they 
are derived. 

8 - 
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In the upper left tend (2nd) quadrant signs are as follows: 




smo - 


X- rr (+0 


Cosine » 



= ( 


cosecant « (*f) 


secant 


= (-) 


tangent ~ 



- cosine 


= (-) j 


In the laver left hand (3rd) quadrant 


sine 


w 


= (-> 


cosine ~ 


r 


= (-) 


tangent ~ - sine - (4 ) 


- cosine 


cotangent ~ (-*) 


cosecant = (-) 


secant 


r (-) 


cotangent - (-4) 


In the lower right hand (4th) quadrant 


sine s- ~ 



cosine 



~ (-> 

. r Of) 


cosecant - (-) 


secant 


r to 


tangent - 


- sine ~ (-) 
-f* cosine 


cotangent - (~) 


Summarising on Figure 3. 


C<Ks 
TOsrV — 


(z) 


l 


V- 


oC 


\ 


0) 


cC 


CW> 4* 
Ta^vu f 


(3 ? 
S'Onj —’ 

TglsA/ 


(4 ) - 
TcSxrV — 


Fig 


% 

From the above figure certain 
in the different quadrants are 
count er~clockvds e♦ 


elations between the functions of angles 
readily apparent. Consider angles turned 
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sin cC _ sin (180° -«C) - _ sin (180°+^) « - sin (360° ~ «*) 

cos r/C - - cos (180° -(C) - ~ cos (l80°t« c ) = cos (36O 0 - oC ) 

tan oC - - tan (180° -oC) = tan (l80°V-oC) - - tan (36O 0 - oO ) 

4HKBHfr 

The foregoing discussion covers the basic principles of trigonometry. 

Other relations between the functions can be obtained from engineering 
handbooks or from tirgononetric tables. Special usages which arrive in 
the subject matter of this course are further clarified as they arise. 


Points i 


For location of points in space with relation to each other we need 
only two coordinate axes if the points can be located in the same plane. 
Thus if 11 a” and M b" both lie in the plane of the paper and v/e have their 
11 coordinates n with respect to a reference point which v/e term the origin* 
we can locate them with respect to each other. 


o* 


>1 



Y 


Fig* 4 


If the coordinates are 
shown as in Fig. 4 points 
a and b are 4 units apart 
along the x-axis and 2 
units apart along the y 
axis. The actual dis¬ 
tance between them is 



- 4*47 units. 


Now suppose the points do not line in the same plane; that is that 
one point is also a certain distance above or below the paper while the 
other lies in the plane of the paper. We must introduce a third axis 
to completely locate the points relative to each other in space* 


« 
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Figure 5 illustrates the coordinate axes for three planes. 



The relation between the length of a line in space and its projections 
on the axes is sometimes referred to as its direction cosines . The 
direction cosines of the line a~b are as follows: 

Along the x-axis 3/3*74 « *802 

Along the y~axis l/3*74 » #267 

Along the z-axis 2/3*74 #534 

The stun of the squares of the direction cosines vail equal. 1.0 as a check. 
This principle is much used in structures. 
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Assignment 1 

BASIC AIRPLANE STRESS ANALYSIS 



Foreword , 

A 

The purpose of this course is to furnish the student with the necessary 
tools to solve the detail problems which arise in the analysis and strength 
checking of airplane designs, The methods used to analyze airplane struc¬ 
tures are built upon the fundamental principles of mechanics. It is there¬ 
fore imperative that the student be thoroughly grounded in mechanics, and 
the first portion of this course is designed to obtain this result. For 
the student who has had college training in engineering this portion of 
the course will constitute a review of basic principles, presented possibly 
in a more practical and usable form than is usually given in the college 
course. For the student who lacks college training this portion of the 
course will supply the foundation on which the later work will be based< 

In no case should the first part of the work be covered lightly, for even 
the most experienced analysts find it advantageous to make a thorough 
review of fundamental principles at frequent intervals. The most advanced 
methods of analysis, even as applied to all metal monocoque airplanes are 
based upon variations of the principles given in this basic course# 

The student should supply himself with Army-Navy-Commerce Bulletin-5 
for use as a reference. This Bulletin may be obtained by sending 25 cents 
to Superintendent of Documents, Washington, D, C# 

Definitions . 

A structure is a part or an assembly of parts subjected to a load or 
a system of load’s, which are known, and which the structure is required 
to sustain or hold in equilibrium (balance). The function of a structure 
is to porvide support for an external load or loads by transferring the 
effect to a point or points where resistance is furnished by other forces, 
which we term re action s. The types of structures which fulfill this 
function may be termed trusses, beams, columns, tension ties, torsional 
tubes or boxes. Trusses, columns and tension ties may be treated together 
since a truss is essentially an assembly of columns and tension ties. Only 
axially loaded members and simple beams will be considered in this assignment. 

The forces which act on a structure are divided into two types, 
external and internal . The external, forces consist of external or outer 
load 3 , and the~reactions set up at the support points to resist them. 

The internal forces are the loads in the members of a structure proper. 

The internal forces are represented by a strained or deformed condition 
of the structure. If the external loads are removed, and the structure 
has not been strained beyond its limit of elasticity, that is it has not 
taken a ‘‘permanent set,” the internal loads act to return all parts to 
the position they were in before any external loads were applied. 

Dead weight loads represent the measure of the pull of gravity upon 
the parts considered, ./eight therefore represents a force. 

A f orce is represented by its amount in pounds and the direction in 
which itT acts. A force therefore has magnitu de and s ense . 
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A truss is in general represented by a series vf simple members joined 
together in' such a way that they form a series of triangles. 

F*r a trussed structure the internal loads are termed axial, that is they 
act aling the axes (lengths) of the members of the truss, They may be divided 
into tv/*"types, (1) those which tend to lengthen the truss member acted upon, 
producing tension and (2) those which tend to shorten the member acted upon 
producing compression * The axial leads in members are uniformly distributed 
ever the cross-sections of the members* Members which are designed primarily 
to carry compression loads we term struts or columns. 


Y/e 


may think of the simplest form of a truss as consisting of a single 


member. For the strut of Fig. 1 



P is the external load, R is the reaction. 

Reactions are indicated by the symbol 

The strut is in static equilibrium under 
the action of the load and its reaction at 
the ground, that is there is no motion of 
the strut in any direction* If the force 
in one direction were greater than that in 
the other the strut would move in the 
direction of the greater force. 


Fig. 1 

In actual practice in aircraft work the forces which act on the structure 

are dynamic and the structure actually is in motion, but it may be brought into 

dynamic forces with equivalent 

static forces, i.e. forces which give the same effect* A simple illustration 

of how this may be done is given below, 

o* 

Consider a weight, W, suspended at rest on a string. The 
force at the upper end of the string, F, must be equal to the 
weight, W, in order for the system of forces to remain in 
balance. New if an upward acceleration is given to the system 
the force at F would have to increase. The force required to 
cause acceleration would, from the principles of physics, be 
represented by the expression F — Ma, and the total force would 
equal W+ Ma. But W is actually a measure of the acceleration 
of gravity and from physics Mass, M = ~ . Fer the purpose cf 




6 


Fig. 2 


reducing forces to pounds for engineering use we would write 
the expression of total force acting on the accelerated body as 

yj + Wa r ^he second term would represent the inertia force 

g g 

due to the acceleration upward and is seen to be given in 
proportion to the acceleration, g, of gravity. If gravity is 
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trying to accelerate the weight 32.2 ft. per second downward and a force were 
a T plied at the upper end to accelerate it 32.2 ft. per second upward, the com¬ 
bined effect would be to double the effective value of the weight, W. A portion 
of the forces acting would be dynamic but for analysis we could represent the 
entire system of forces b* 2Vf static load acting downward resisted by an equal 
Irad at the upper end. The tension in the string would then equal 2W. The 
analysis of airplane structures is accomplished by bringing all forces into 
static equilibrium by elaborations of the method given in this simple 

illustration. 

The Laws of Static Eqnilibr ium. 

For a structure to remain in balance in space the forces acting on it in 
any direction must balance each other. For convenience these forces are gen¬ 
erally referred to the planes of the standard coordinate vertical, horizontal 

and fore and aft axes. 

The First Law of Static Equilibrium states that for a body at rest (even 
momentarily) the summation of vertical forces acting upon it must equal zero 
(otherwise the body would move in space). This is expressed in equation form 



V-= 0 


where < is the sign for "the summation of". 


Eq. 1:1 


In aircraft upward acting loads are considered plus, and for Fig. 1 we 
would write the above equation 

£ V = 0, -f*R - P “ 0, R - P 

The laws of static equilibrium apply not only to sn entire member, but also 
to any part, no matter how small, taken from that member. This is the basis 
on which all analyses a.re developed. It is possible to cut out any portion 
of a structure and still, maintain it in static equilibrium if all the forces 
which act on the cut faces are applied. Any part thus removed from a structure 
for investigation is termed a "free body". This "free body" method of attack 
is the basic tool in analysis, since it can bo used to solve for unknown loads 
in members by cutting the members aid finding the loads required to replace 
their effect in the structure. Thus in Fig. 1 if we start with (a) we have a 
column with a load of 100 lbs. applied at the top. If we wish to find the 
reaction applied upward at the lower end by the ground we take the whole strut 
as a "free body" and supply the necessary reaction to make £V = 0, Fig. 1 (b). 
Similarly in Figs. 1 (c) and 1 (d) we could cut the strut into three segments, 
each a free body, and each would continue to be held in equilibrium by the end 
loads, the reaction, and the forces on the cut faces of the column which 
represent the internal loads in the column. If the column had a cross—section 
of one sq. inch the unit compression across a cut face would be 100 lbs. per 
sq. inch. This figure would then represent the uni t stress in the strut. 


Vie have said that the simplest 
The next complication is introduced 
rigid support, Fig. 3 (a). 


structure consists of a 
in the two member truss 


single member, 
attached to a 


A force in space is determined by its magnitude and line of action. For 
wo member truss shown the magnitude and line of action of the external 
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PINNED JOINTS 



load P are known, and tlie lines of action of the 
forces in truss members ac and be are known 
since the axial loads must act along the axes 
of the members. 


b 



<b) 


It is possible therefore to take joint H c H 
out of the structure, as a. free body and 
find the forces necessary to hold it stationary 

(Fig*3,b). 

The law of statics from equation (1sl) 
may be extended to read 

11 For a bouy at rest the sijunmation of forces 
acting upon it in any direction must equal zero." 
Taking the standard three coordinate axes of 
reference we may say 

The summation of vertical forces equals zero 


£VrC 


+-t^up 


( 1 : 1 ) 



(C) 


The summation of horizontal (fore and aft) 
forces equals zero 


i H - 0 



aft 


( 1 : 2 ) 


The summation of side forces equals zero 


l 


XS. out 



(1:3) 


airplane 


Only, two of the equations of equilibrium are required to solve the joint 
shown in Fig. 3 (b). To satisfy iV =■ 0 the vertical component of member ac. 
must equal the external load P. (Since be is horizontal it can have no verti¬ 
cal component.) To satisfy £ S - 0 the load in member be must equal the side 
component of member ac since the external load P has no side component# The 
graphical solution is shown in Fig. 3 (c), the vector diagram of the forces 
on joint c. A force vector is a representation of a force to a given scale 
and is plotted in the direction of the force. For the example shown the 
direction and magnitude of P was known. For the other forces on the joint, the 
direction but not the magnitude was known. The force vector diagram was drawn 
by plotting force ? to scale and drawing lines through the ends of this vector 
paralleling ac and be. The intersection of the parallel lines located the 
ends of the vectors for forces ac and be and thus fixed their magnitude. The 
force vectors are plotted in a regular manner, clockwise around the joint and 
automatically show the type of lead in the member. Force P pulls down from 
the joint, be acts toward the joint (denoting compression) and ac acts away 
from the joint (denoting tension). 

M oment is defined as force times distance. The moment of a.force about 
any point in a plane is equal to the magnitude of the force multiplied by the 
perpendicular distance from the point about which moments are taken to the 
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line of action of the force. For a body at rest ttao summation of moments 
about any point in the body must equal zero. This is expressed by £U - 0. 


If the 
Moments may 
point about 
mement is 
enables one 


above condition did not exist the body would rotate in space, 
be taken about any point in a body. If a force acts through the 
which moments are taken its lever am is zero and therefore its 
... Selection of the correct point about which to take mements 
to solve the truss of Fig* 3 by use of moments alcne. 




Fig. k 



If member ac is cut and replaced by the 
force in the monber, load P will tend to rotate 
point c about b. Its moment about b is P x 1^ 
(Force P x distance L )• 


To satisfy 5L U — 0 the force in AC, "T", 
when multiplied by its lever arm L ; , must equal 
PL . Therefore we may write I x L, = P x L 
ani dividing both sides of the equation by Ik, 


we arrive at the solution 


T = 


_ P x L 


1 


L 


2 


Similarly we may solve tor tne loaa in 
member be by taking moments about "a" with 
member be cut. (Fig. 4, b) 



PxL. 


A beam is a member which transfers load to support points by bending 
instead"*©?""axial load. A simp le beam is considered free to rotate at its 
points of suoport. The momen t at any section in a beam is equal te the sum 
of the moments of all forces acting on one side of the section. Moment tends 
to rotate any section of a beam. (See Fig. 5, a) Shear is defined as the 
summation af all the forces acting on one side of a section. It is a measure 
of the force which tends to slide one section of a beam past another as shown 

in Fig. 5 (b). 
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The solution for load shear and moment on a typical pin ended beam is 
illustrated below* Given the loading and dimensions to the support points, 
first solve for the reactions and R 2 • Use the equation £ U - d taking 
moments about to solve for 


Taking Elements ^*£ M - 0 


/ 


R 2 x 100 - 100 x 20 - 3C0 x 50 ~ 0 
mo R 2 =: 2,000 *-15,000 - 17,000 

R 2 s 170 lbs* 


Taking irrments about R 2 


) 



R^ x 100 - 300 x 50 - 100 x SO =* 0 

100 R-J^rr 15,000 + 8,000 23,000 

R 1 = 230 lbs. 

Check by V ~ 0 

170 + 230 r 100 -t 300 

400 r 400 check 

The shear and moment across the beam 
are plotted on the diagram* 


Sign conventions are as follows: 
Plus Shear—the nart of the beam to t 
Plus 

Plus 3>ads—-upward* 



Moment—tension on the bottom fibers of the beam. 


i 


f 


Note: When moments are taken about one point to find the reaction at another, 
that the sign convention for moments may be chosen optionally* It is generally 
standard practice to set up the equation so that the sign of the unknown force 
is plus* Then if the force (or reaction) when solved for comes out minus it 
may be concluded that the force acts in the opposite direction to that which 
has been assumed for it* 
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Prcble m Assignment * 

■ ■ > 1 n il ■ n il ■ — m l ■ ■ i i« m ‘ ‘ i 1 

1:1 Calculate reactions, shears and moments for the simple be8ms shown below 

and draw lead shear and moment curves similar to those of Fig# 6« 



9oo ■ Soo 
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Assignment 2 
TRUSSES 


We have noted that the 
that a beam transfers loads 
loads as direct axial loads 


essential difference between a beam 
in shear and bending, while a truss 
in the members of the truss* 


and a truss 
transfers 


is 


In aircraft, trusses are used in making up welded steel tubular fuselages 
or engine mounts and in the T ‘drag’ ! trusses of wings (the trusses whose primary 
function is to carry loads in the "drag” (chord) direction). The structural 
members of the wing which carry the vertical lift load are usually beams. A 

HrArj t.mss be used to illustrate the methods ef truss analysis 




Analysis of Drag Truss * 

An airplane drag trues consists of chord members formed by the wing beams', 
horizontal columns or drag struts, and diagonal tubes or pairs of diagonal 
wires which transfer shear." See Fig, 1, Tie rods must come in pairs since 
in aircraft the chord loads on the wing may act either forward or backward 
depending on the attitude of the airplane, and tie rod3 can carry tension only, 
bowing out of action when subjected to compressive loads. 


i 1 
: 

«: 


CHORD r? S 


OfaG * 1 

srms 


lie tfoos 



CUo(?d a ?fmsens 





Fig. 1 

Plan fora of wing shewing drag truss 


Fig. 2 represents the drag truss taken out as a free body and held in 
static equilibrium by the forces and reactions. The truss represented w?uld 
be typical fer a biplane lower wing in level flight at high speed. The drag 
forces frera the air stream are transmitted to the nose ribs which transfer them 
to the panel Joints 1, 2, 3, U, and 5. Note that the division of load is made 
on the assumption that each panel point carries the load between the midpoints 
of the adjacent spans. The outer panel point, 1, carries the tip load plus 
half the load in span 1, 2. The load of 900 lbs. shown in parenthesis at panel 
point 12 represents a forward drag component of load in a strut acting between 

the upper and lower wings of the biplane. 
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The reactions to the dra 0 loading are taken at attaenraen^ ^ 
lape at panel points 5 and. 15, and are found by taking moments about each ol 
these points in turn. It is assumed that all of the aft shear is reacted a 



Fig. 2 


point 15 since this assumption gives the highest design loads in drag strut 
5-15. Members are designated by the panel point numbers at their ends. 


The full diagonal lines indicate the tie rods which are in action (take 
tension) under this system of loads. The dashed diagonal lines show those 
which drop out of action because the loads in them would be compression. 

The experienced analyst can tell by inspection which members will go out of 

action♦ The rule is as follows# 


Evaluate the shear loads (sums of the loads to one side) for each panel. 
In the case in point all the reactions are at the inner end so it is merely a 
case of summing the loa ds beginning at the outer end. If when a section is 
cut through the middle of the panel, isolating the outer portion as a free 
body, the part to the right tends to go aft, then the tie rod which is in 
action must have a balancing forward component*. If the part cut oif tends to 
go forward the tie rod in action must have an aft component. 
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For example if we cut through panel l-*2 our free body section is as shown 
in Fig, 3, Obviously tie rod 2-11 must go into action to furnish a component 
force to resist the 350 lbs. aft load at 1, 




G 


^60 







0 


© 


Fig# 3 


If we cut through panel 2-3 our free body 
case the 900 lb. load acting forward at 12 has 
loads at 1 and 2 t# move the truss section aft 
required in tie rod 2-13 t4 maintain a balance 


4oo 


is as shown in Fig. U$ In this 
overcome the tendency of the 
so that an aft component is 
of fore and aft forces# 


1# 

2 . 

3. 








& 



( 

\ 

) 



tjOo^ Fig. 4 


SS'o 

0 


3 


The order «f selution of the truss is as f.llovjs: 

Compute the air loads to the panel p>ints 1 to 5 inclusive. 
Determine the tie rods which remain in action (in tension). 
Compute the reations at panel points 5 and 15, 

(a) Drae forces are termed Horizontal-Symbol H 


1. 


£H * 0 


'• «15 = 


£of H forces on truss 


€ M 


5 


0 


(b) Side forces are termed S 

£s * a 

S ir is found by taking moments about point 5# 

15 

(c) is found by taking moments about point 15# * * 

(d) S- and S are the only side forces on the truss. They can be 
checked by applying the equation £S = 0 

4 

Lot us apply these rules t. the solution .f the truss of Fig, 2, 


£ H 
H 


H 


15 

15 


=■ 0 ^ taken +" 

900 - ( 150 + 300 t 350 + 400 +350)= 0 

1550 - 900 = 450 lbs. 
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2 # 




3 ? 


g M r ~ 0 n ,/X taken + 

(S(AO) -t- (900) (30 -+- 30 + AO) - (300) (30) - (350) (60) 
1J> (350) (1AQ) « « 

AOS 15 -h 90,000 - 9000 - 21,000 - AO, 000 - 49>OCO ■= 0 

AOS = 119,000 - 90,000 =29,000 

V » as® = w ltsl 


( 400 )( 100 ) 


acting outward as assumed 


3. 



S ^ 0 


S 


T 

5 


# # 

725 lbs., acting inward 


* The structure is shown in Fig. 2 as a free body in space with the loads 
and reactions holding it in equilibrium. The analytic (computed) solution is 
fairly simple because the chord members are parallel. If a section is cut 
through any member or set of members of the truss the forces acting internally 
in the cut members must hold the cut sections in equilibrium. That is, the 
equations - =0, - 0, and ;£ U - 0 must still be satisfied. Now a force 

in space may be resolved into components as shown in Fig. 5 (a)* Conversely, 
if one of the components of a force or load is known, the actual load may be 


Fig, 5 


i 

'! 

« 

i 



»■ 


♦ * * 

obtained from geometric ratio only. The ratios of partial loads to-total loads 
are the same as the ratios of partial lengths to total lengths. • The- method of 
solving for the loads in the diagonal tie-rods, drag struts and chord members 
is illustrated in Figs. 5 (b) and 5 (c). 

Considering Fig. 5 (b). There can be no force in member 1-2 since there 
is nothing to resist side force at 1, The 350 lb.lead goes directly into 
drag strut 1—11 putting ccmoressicn of 350 lbs. in the member. The horizontal 
component of tie rod 2-11 must then equal 350 lbs. at 11. The true load in 
the tie rod is 

( 350 ) - 495 lbs. tension 
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The side component is 350 lbs. This must be resisted at 11 by a compression 
load in 11-12 of this amount* The force in member 11-12 could also have been 

obtained by taking moments about point 2, 


.sm 2 = o^ 

(Load 11-12)(40) - (350)(AO) = 0 

Load 11-12 <> 350 lbs. 

40 

.1 

Note that the plus sign obtained for the load in this equation merely 
indicates that the load acts in the direction assumed* This load was assumed 
to act toward joint 11 which indicates compression in the member. In putting 
member loads on a truss the correct convention is to mark tension loads plus 
and compression loads minus. Similarly the load in 2-11 could have been 
obtained by taking moments about point 12, 


Consider next Fig. 5 (c). Tie-rod 2-13 must balance the shear load to 

the right. Its horizontal component is therefore 900 - (400 + 350) = 150 Lbs, 

acting aft. Its true tension load is x 150 - 212 lbs. The load in 

40 

member 3-2 may be obtained by taking moments about point 13. 


(Load 3-2)(40) - (400)(40) - (350)(BO) + (900)(40) = 0 
(Load 3-2)(40) = 16,000 f 28,000 - 36,000 = 8000 


Load 3-2 


8000 


* 200 lbs. 


Tension as shown. 


The load in 13-12 may be obtained by talcing moments about point 2, 

M 2 — 0 

All forces pass through point 2 except 13-12 and the load at 1. 

(Load 13-12)(40) - (350)(40) = 0 

Load 13-12 » 350 lbs. Compression as shown. 


The truss could also be solved graphically by taking each joint of the 
truss out as a free body and finding the forces on the cut faces of the members 
necessary to hold the joint in static equilibrium. The free body sketches of 
typical joints of the truss are shown in Fig.6. The method of joints can be 
applied only at a joint where the forces in all but two of the members are 
known since we are working v.'ith only two of the equations of equilibrium—— 

2LH = 0 and £S = 0. 

Joints 1, 11, 12, 2, 3, 13, 4, and 14 must be solved in the order named 
in order to use the method of joints. 
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Problem Assignment # 

2:1 Complete the calculation of loads in members by the analytic method# 

2:2 Check all joints for static equilibrium by taking them out as free bodies 
as shorn in Pig# 6# 
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Assignment 3 

DESIGN OF TENSION AND COMPRESSION MEMBERS 


93 


2 are brought 
trength margins 


s 


The web members for which loads wore found in Assignment 
together in a design table to show the sizes required and the 
beyond those just necessary to sustain the loads. 

Loads in the table are for a load factor of 6, whereas our original loads 
were for a load factor of 1» » 

TABLE 3-1 


Design Table 


r~ 

Symbol 

Katl. 

Size 

Length j 

Design LB. 

Allow. LD. 

K,S,. 

) Ropnd 
Tic 

Rods 

5-14 

4-13 

2-13 

2-11 

Steel 

Steel 

Steel 

Steel 

i! 

0 

; 

« 

3750 

1500 

1270 

2970 







| Area 






5-15 

T 

.ATT 

17St 

li x 



- 3900 



Drag 

4-14 

17ST 

1 h x 

1 

40» : 

- 3000 



Struts 

3-13 

17ST 

1 1/4 x 


40" 

- 2100 



j 

2-12 

17ST 

1 3/4 x 


40" 

- 5400 



1 

1-11 

17ST 

1 1/4 x 


40" 

- 2100 




Outside diameters of the drag struts are given 
of a strut diameter is optional unless clearance is 
are given you so that results may be uniform, lour 
guage to give ample strength with a small margin r f 
are round aluminum all'*;/ 17ST tubes and are assumed 


as a starting point. Choice 
important, but these sizes 
problem is to choose a 
safety. All drag struts 
pinned at the ends. 


11.S, 


* the margin of safety * 


- 1 


After studying this assignment and the portions of Army-Navy-Commerce 
Bulletin 5 which refer to design of columns, the student should fill in the 
missing columns of Table 3—1* The methods used to design tension and cou>- 

piession members will now be explained. 

A tension member or tie is subjected to axial leads tending to stretch itj 
that is, to" increase”its length. If the end connections are in line with the 
axis of the members, a condition which is termed conceritric the distribution 
of lead over a cross-section of a tie is considered uniform and the maximum^ 
load which it will carry is equal to the product of the allowable unit tensile 
stress in the material and the net cross sectional area. The members used 
generally for ties in airplane construction are stream—lined steel wires, round 
steel wires, or steel cables. Wires are larger at the threaded ends than in 
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the center portion to allow for a reduction of area due to threads. Standard 
wires are so designed that the ends are as strong as the center portions. The 
strengths of the sizes used are tabulated, so that their design consists merely 
of choosing a correct size from a table. Cable strengths are also tabulated, 
but the actual strength of a cable is governed by the type of terminal used on 
the ends. Ordinary spliced ends develop about 85 per cent of the cable 
strength. Swaged~on terminals will develop 95 per cent or more of the cable 
strength. The strengths of ties used commonly in aircraft are listed for 
reference. (See Table 3-2.) 


TABLE 3-2 


Strength of Ties 


Cables 


Round Tie R»ds 


Streamline Wire 


19-strand non-flex . 7 x 19 extra flex. 


Size and Strength Size and Strength Diameter Strength Diameter Strength 


thds/inch 

Lbs. 

thds/inch 

Lbs ■ 


Lbs. 


Lbs. 

6-40 

1000 

£-40 

1000 

1/32 

185 



10-32 

2100 

10-32 

2100 

1/16 

500 



1/4-28 

3400 

1/4-28 

3 A00 

3/32 

1100 





5/16-24 

4600 

1/8 

2100 

1/8 

' 2000 

5/16-24 

5700 

5/16-24 

6100 

5/32 

3200 

5/32 

2800 

3/8-24 

8500 

3/8-24 

8500 

3/16 

4600 

3/16 

4200 

7/16-20 

11500 

7/16-20 

11500 

7/32 

6100 

7/32 

5600 

1/2/20 

15506 

1/2-20 

15500 

1A 

8000 

i/4 

?00b 



9/16-18 

20200 

5/16 

12500 

5/16 

9800 



5/8-18 

24700 








A column or strut is a member acted upon by two equal and opposite com¬ 
pressive forces at the ends. A pinned and column is free to rotate at its 
ends but is fixed against motion in any direction. A fixed end column is not 
only restrained againpt motion, but the axis of the column is fixed in direction 
at the support. Fig. 1 (a) and (b) illustrates the two extremes of restraint. 




UU 


The column of 1 (a) rotates freely about 
its ends. The column cf 1 (b) is embedded in 
the supports st that the axis at the edge of 
the support must align itself with the axis xxj 
the support. The end fixity of columns is [ 
denoted by the "restraint coefficient M , j 






For the column of Fig. 1 (a), c*L; for 
1 (b), c=4» All columns met with in airplane 


7177777777 


U) 


Fig. 1 


design lie in the range between pin-ended and 
partially restrained. The maximum ccefficien 
of fixity allowed is c s 2. This is used for 
welded up tubular frames such as certain type 
of fuselages. The choice of the maximum valu 
is based on destruction tests of assemblies. 


I 




The use of the restraint coefficient appears 
later in the column formulas. 
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Columns fail in one of two ways, depending upon their lengths and stiff¬ 
ness* k short rigid column will undergo a plastic failure, by local flow ^ 
or fracture of material before it shows any tendency to bend sideways as a 
spring, A longer more elastic column v/ill bend sideways in the direction cf 
least resistance until failure occurs by combined bending and compression. In 
most cases failure will occur at or below the yield point of the material in 
the column. The yield point is defined as the unit stress (lbs* per sq. inch) 
at which the material falls to return to its original shape after load is 
removed. 




A compression member which has a high ratio of length to width or thickness 
will fail under a unit stress much below the yield point, A member of this 
type behaves as an “intermediate” or “long column”. Up to a certain load the 
member will bend sideways as a spring, and when the load is removed will return 
to its initial position without injury. If the critical load is exceeded the 
member will fail by bending at the center. Since the bending at the center 
depends upon the sideward deflection, and the sideward deflection depends on 
the Modulus of Elasticity of the Material, this type of failure is termed 
elastic . It must be noted that elastic failure must start from a slight eccen¬ 
tricity in the column; but eccentricities are always present, due to manu¬ 
facturing tolerances. 


Note; 


The modulus of Elasticity, !, E n , 
over unit deformation. 


is defined as unit stress 


lbs. per sq. inch 

pxwifwwi O KwwfcwM Pi ■ 

inches per inch elongation 


The values of E used in aircraft metals are: 


Mild steel—S.A.E, 1025 or lower- 
Allcy steels—C.K,, nickel, etc.- 
Aluminum alloy—heat treated 


-28,000,000 

-29,000,000 

-10,000,000 


the 


Refer 

Modulus 


to ANC- 
of Ela 


5 for values for special alloys and for further discussion of 
sticity. 


i 


p 


V 


p 


M 


t 

P 


For a column bent as in Fig. 2, but not beyond 
its elastic limit the leads on a cross section are a 
direct unit stress, P/A, where P is the total load 
and A the area of the cross section; and a bending 
stress due to the fact that the line of action of the 
end load is no longer along the axis of the strut. 


If<-the column shown is 
forces necessary to hold it 
ticn are as shown in Fig. 2 
moment, M, at the center is 
times the deflection, d. 


cut at the center, the 
against motion or rsta- 
The value of the 
equal to the load, P, 


M*Pxd 


t p 

Fig. 2 


At any section along the length of the column this 
relation holds. Due to the fact that the sideward 
deflection curve of a pin ended column is a parabola 
the moment induced in the strut is also a parabola 
with its maximum at the center. 
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s 

For the same cross section of column the failing load decreases as tae 

* — i ■ mmm WW i. m . » « -> mrn m m*m* ■ . I* I • 

column length increases, 

Fcr the sane length of column the failing load decreases as the Radius of 
Gyration decrease’s. The Radius of Gyration may be defined as the index of 
resistance to lateral bending. It depends upon the area of the cross section 
and the location of the material composing it, Mathematically the Radius of 

Gyration, 


fC 


where I - Moment of Inertia of the cross-section 

A ~ Area of the cross-section 


The Moments of Inertia of cross sections will be discussed in a later 


assignment 


Eul er*s Formula . 

For columns which fail elastically, 
mathematician, Euler, is used. In terms 
it may be written 


the forcaula developed by the Swiss 
of the critical average unit stress 


CttE 


where 


P = critical (failing load in lbs. 

A =■ area of cross section 

C x coefficient cf end restraint 

E = Modulus of Elasticity of Material—lbs. 

per sq. inch. 

7T .-3,1416 

L - column length-inches 
£ r. Vi/A and I - moment of inertia of 

column cross section in the direction 
in which it fails. 


In terms cf the critical load, P, this formula may als$ be written 
Ct^EI 

p- - _— y from which it is apparent that if L becomes very small the load 

IT 

which can ve carried becomes very large. Actually there is a practical 
limitation based on tests which shows that when the indicated allowable P/A 
cf an Euler column becomes greater than one-half of the yield point t *i the 
material, the Euler or long column formula does not apply. From this p^int 
on short column formulas based largely cn tests are used. 


The ratio of length to radius of gyration, L/C 
column. The value cf L/g at which the short column 
Euler curve is known as the Critical L/(‘. 


Slenderness 
formula curves 


Ratio ef a 
meet the 


In the short column range for steel struts Johnson*s Parabolic formula 
is used: 


~2 

p/a = F - — 


TT & 


where F is the yield point of the 
material and the other symbols are the 
same as shewn for the Euler column# 


ETI - Basic Stress Analysis 


3 - ; 


* 










^7 

For the design of aluminum alloy tubes in compression the Straight-line . 

Formula is used in the short column range. For 17ST material this formula is 

written , . 

P/A ® 34,500 - 245 L 1 /?* for yield point of 30,0S0 psi 

P/A = 42,500 - 334.5 L*/P, for yield point = 40,000 psi 

w 

A practical limit of 40,000 lbs. per sq. inch is used with the latter 
material, 

« 

The column formulas for aluminum alloys, and steels of various treatments 
are tabulated in ANC-5> Tables 4-1 and 5-1. 


The ANC-5 

coefficient of 
le ngth 


system of showing allowable unit 
fixity, by using instead of 

L 1 » L 


stresses takes care of the end 
the actual length an equivalent 



C 2 


✓ 


If a column has an end fixity of four its equivalent length, L ! , is equal 
to half its actual length, L. 



Note: The most efficient column would from theory be that with the 

thinnest wall for any given diameter. Practical limitations as 
to crippling strength and minimum thickness for welding must be 
taken into account. For this reason ,035 wall tubes are used 
as a minimum in welded construction. If the D/t ratio ( Diameter) 

thickness 

is less than 50 it is not necessary to check a tube for crippling 
strength. A formula for allowable crippling stress is given below: 



24ST Tubing. 

For 24ST Aluminum Alloy round tubes which have a tensile yield point of 
42,000 psi, the short column formula has been revised to read 

Allow. P/A = 50d00 - 427 L/^ Critical L/<? - 78 

Note again that the use of the Euler curve above the critical L/{£ 
i.e. in the short column range will lead to erroneous results. Always check 
to see if the column is in the short or long column range. 

The following points should be noted carefully: 

1. The modulus of elasticity of steel does not change to any marked degree 
with change in heat treatment. Therefore if a column is in the long 
column class its strength can be increased only by increasing the size and 
not by raising its heat treatment. For members of the short column class, 
an increase in heat treatment raises the allowable load by raising the 
yield point of the material. 
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2* Any fixed end column may be treated as an equivalent pin ended column of 
a shorter length by applying the rule that the length of the equivalent 

pin ended column is equal to the actual length divided by the square root 

of C, the restraint coefficient. 

3, Column formulas are based on round tube values, or equivalent closed sec¬ 
tions. Where sections have open flanges they may fail locally, because of 
lack of support. The ratio of the load such a column will carry to the 
theoretical load for round tubes is called the Form Factor. The Form 

Factor is always a value less than one (l) and is determined by test. 

A* The column formulas given apply only to members whose cross-sections are 
practically constant throughout their lengths. When the cross-section 
varies along the column length special methods of analysis must be used. 

Values off for round tubes are tabulated below. 

a 

TABLE 3-3 

z Radii of Gyration—-Round Tubes 


0 *D • 

.035 

. 049 

1/16 

Wall Thicknessess, 

3/32 1/8 

5/32 

3/16 

1/2 

.165 

.160 

.156 

.147 

.140 



5/8 

.209 

.204 ' 

.200 

.191 

.182 



3/4 

.253 

.248 

.244 

.234 

.225 

.217 

m 

.210 

7/8 

.297 

.293 

.288 

.278 

.269 

.260 

.252 

i 

.341 

.337 

.332 

.322 

.313 

.303 

.295 

1-1/8 

.386 

.381 

.376 

.366 

.356 

.347 

.338 

1-1/4 

.430 

.425 

.420 

.410 

.400 

.391 

•382 

1-3/8 

.474 

.469 

.465 

.454 

.444 

.434 

• 425 

1-1/2 

.518 

.513 

.509 

.493 

.488 

.478 

.469 

1-3/4 



.597 

.587 

.576 

.566 

.556 

2 



.685 

.675 

.664 

.654 

,644 

2-1/4 



.774 

.763 

.753 

.742 

.732 

2-1/2 



.862 

.851 

.841 

.831 

.821 

2-3/4 



.950 

.940 

.929 

.919 

.908 

3 




1.028 

1.017 

1.007 

.997 



i 


/ 
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Streamline Tubes Ratios of L/P from 2 to 4.5« 



I 

P 

D 

D* 

L 


R s 


: moment of inertia 
^ radius of gyration 
= outside max. width 
s D - t 

: overall length to theo¬ 
retical end of streamline 

l/d 


About the x-x axis: 

Ka - 1.875R + .992 


Ac x t x D 1 


K 


I 


= t 290a + .054 


I 


x-x 


x-x 


K x t x D' 3 
I 


K p - .394 - .060/R 


P =. K p x D' 


It is sometimes required to have the properties about the y-y axis for 
use in calculation of bending strength. For a solid-stream lined section 


> • 


I .0439 L->D 

y-y 

For a tube the moment of inertia is found by calculating two solid 
one of which is bounded by the outside dimensions and the other by 
inside dimensions, and subtracting one from the other. For a tube 
may therefore be written 


sections 

the 

the formula 


I 


'y-y 


.0439 [L 3 D - (L - 2t) 3 (D - 2t)J 


It is customary to reduce the calculated column strength of a streamline 
tube by 15 per cent to allow for the fact that the material is not as efficiently 
placed as in a. round tube. The form factor for a streamline tube is therefore 

,35 


Problem Assignment, 

3:1 is given at the beginning of these notes. 


3:2 Design the drag struts of Table 3-1 

a yield point of 100,000 lbs, per sq 
wall than .035* or smaller O.D. than 


round steel tubes heat treated to 
inch, using no tube with a thinner 
1 inch. 
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INSTRUCTIONS: BEFORE BEGINNING YOUR STUDY, READ THIS CAREFULLY» 

As you complete each portion of this assignment, 
you are to answer the problems listed for you. 

Each set of problems is to be completed in order# 

Upon completion of all portions of this assignment, 
you are to mail them to us for correction and 
comment, and then proceed vdth the work involved 
in the next assignment. Send each assignment in 

for correction as completed. 

• • 

Before sending your work to us, check the com¬ 
pleted problems against the list below. Indicate 
by check mark in the margin that you have done so. 

DO NOT SEND IN IilCOkPLETSD ASSIGNMENTS. Title each 
problem correctly. 

This sheet will be returned to you for a permanent 
work-grade record. Problem solutions to all assign¬ 
ments in part tv/o vail be included in part four of 
this course. 
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Assignment 

GRAPHICAL ANALYSIS OP TRUSSES 

Before proceeding further with the analysis of trusses let us .consider the 
requirements for a complete truss structure, A completely stable truss, that 
is one which is restrained against collapse under any load applied in its 
plane, must be composed of triangles. Removal of any member, leaving a parallel* 
agrara or trapezoid of a section, rail allow that section to collapse under 
certain loads. A truss which contains enough members and just enough members 
to make complete sets of triangles without any members to spare is termed 
statically determinate. This is the type of truss with which we are concerned, • 

If members are added to a truss which is just statically determinate, it 
becomes redundant , or statically indeterminate. The added member is a redundant 
(or extra) member. To determine if a truss, or any part of a truss, is a stati¬ 
cally determinate or redundant apply the following rules: 

Let m - number of members 
j r number of joints 

m r 2j - 3 for a truss just statically complete 


J ■ 

•t 

r 


If ra is greater than 2j - 3 the truss is statically 
tains one or more redundant members). If m is less than 
unstable (contains too few members). 


indeterminate (con- 
2j - 3 the truss is 


At this point it is advisable that the student review the fundamentals 
of graphical analysis (balance of forces around a Joint) as given in Assign¬ 
ment 2, 

The truss analyzed algebraically in Assignment 2 was constructed with 
parallel chord members which simplified the computations. In actual practice, 
aside from drag trusses of wings, there are very few airplane trusses of such 
convenient geometry; In general on steel tube engine mounts and fuselages the 
angles between the chord members are variable from panel to panel and the 
direction of the posts often varies from the vertical. It is much quicker in 
such cases to analyze the trusses graphically. This could be done as indicated 
in Assignment 2 by taking each joint of the structure in turn out as a free 
body and constructing the force system necessary to hold the joint in static 
equilibrium. For an entire structure it is simpler and self checking to solve 
for the entire system of member loads on a single diagram. 


» 

\. 

I 

j 1 

* 
r 


i * 

i 
» 


Ho te: 


The basic assumption on which the graphic analysis of trusses is 
built is that the truss members carry only axial loads, and 
that when the truss deflects under load its center-line diagram 
deflected can, for all practical purposes, be assumed to coin¬ 
cide with the center-line diagram undeflected. The directions 
of loads at a joint are known since loads act along the axes of 
the members. 

It is necessary to standardize the method and the sign c.nvention for 
graphic analysis in order to avoid errors. 


' i 


i ■ 
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Procedure: 


1. Determine the direction and magnitude of the external loads. i 

!: 

. ► * 

% 

• s . 

2. Take the truss out as a free body in space and compute the reactions re¬ 
quired to hold it in equilibrium. 

> . 

3* Draw an accurate diagram of the truss to any scale convenient for the paper 
size. This is the scale diagram . 

4* Show all loads and reactions and the directions in which they act on the 
scale drawing. I 

5* Beginning at any point on the outside of the truss place capital letters 

between all external loads. The external loads then become identified as 

A-B, the loa d between A and B, B-C, etc. Reactions are treated the sane 
as any other loads. 

6. Place a small letter in each triangle formed by the truss. This identifies): 
the loads in the members as forces a-b, b-c etc. for the web members and 
A-a, etc. for the chord members. 

j: 

7* Plot the external loads and reactions to scale on the Force Diagram, the 
directions of the forces being transferred from the space diagram and the 
values of the loads being measured off to scale. With this diagram if ; 
the summation of forces equals zero ~ C, ZS =-0, etc.) the diagram ! 

will return to the starting point. Forces are plotted in order, going I 

around the truss clockwise. .The location of forces on the Force Diagram 
is kept accurately by marking the ends of Force Vectors with corresponding 
letters from the scale diagram. Thus external force A-B will begin at 
point A and end at point B, etc. 

i 

8. The summation of forces around each joint is plotted in order to obtain 
the loads in the members. It is necessary to begin at a joint where only 
two unknowns exist since it is possible to solve graphically for not more 
than two unknowns. Where more than two unknown forces are present at a j 
joint it is necessary to determine one of them by solving an adjacent 
joint where only two unknowns are present. (There are some cases in which ! 
special methods are .required. These will be covered in the next assignment j 



Fig. 1 9oo 
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The simplest method 
is to follow through an 
cally in Assignment 2. 
Assignment 2 to give an 


of familiarizing one's self with the graphic metnod 
example. Suppose we take the truss we solved analyti 
See Fig. 1, We will leave the joints numbered as in 
additional cross reference* 


Fig. 2 shows the scale diagram of the truss with all external loads and 


reactions indicated. 
Space Diagram, 
fashion* 


The space scale, l M « r 30 n , is noted to the right of the 
It is good practice to always indicate the scale in this 


Beginning at the inner end, capital letters are placed between adjacent 
loads and reactions in order going around the truss to the right* Note that 
where more than one load or reaction act on a panel, as at the inner end points 
5 and 15, a letter is placed between each of these loads, Also if no external 
loads act at panel points for several spans one letter applies to the entire 
distance. See G and H on Fig. 2* 


Lower 
the truss. 


letters a tc h inclusive are 
With this notation all external 


are defined by the adjacent letters through 
between Figs. 1 and 2* 


placed in the triangles formed by 
loads and internal loads in members 
which they pass* Cross referencing 


The load at panel point 1 becomes FG, that at panel point 12 becomes 
GH, etc. 

The load in member 1-11 becomes Gh, that in member 2-11 becomes gh, 
that in member 2-12 becomes fg, etc. 


The importance of exact adherence to the same definite order in going 
around the entire truss and around each joint is apparent as we study the 
force diagram of Fig. 2. It will be shown that use of a simple rule will 
enable the student to read the type of load (tension or compression) directly 
from the Force Diagram. Vie will follow the procedure through on the Force 
Diagram of Fig. 2, 

We begin our plot of the diagram of external loads and reactions at A and 
go round the truss clockwise. Our initial point then is A. A 72$ lb. load 
acts between A and B to the left. This load is laid off to scale from A to B 
paralleling the direction in which it acts on the truss and measuring off 72p 
tc the force scale (l ,r -400# in this case’ 1 . Point B is thus established by 
measurement from A to B. 

The next load we encounter is BC, acting from B to C (downward). This 
load is laid off along a vertical line downward from B and point C is estab¬ 
lished by measurement. Similarly loads CD, DE, EF and FG are laid off in a 

downward direction. The termination of each force is shown bv the pertinent 
letter. 

When we pass to the bottom chord of the truss load GH acts upward from 
G to H, This force is measured upward from G on the scale diagram and point 
H is established. HI, the horizontal reaction at panel point 15, also acts 
upward from H to I* Point I falls on the same location as point B, which 
checks the summation of horizontal external forces on the diagram. Force IA 
acts to the right from I to A, bringing us back to the starting point and 

checking the summation of side forces. We have therefore plotted the proof 

that -2-H - 0 and 2. S - 0* 


lb 
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Nov/ we begin our plot of forces in the members of the truss. Either joint j 

I or joint 15 could have been chosen as a starting point, since at each of these j 

joints only two unknown forces are acting. We will start with joint 1. We I 

have the locations of points F and G on the diagram v/hich give us the ends of 
vectors Gh and hF* We know the directions of these forces parallel the same 
members in the space diagram. We start with our known force FG and go around 
the joint in a clockwise direction, FG acts downward from F to G. Gh acts 
upward from G to h. Upward toward joint 1 for this member would indicate a 

push toward the joint and therefore compression load in Gh. h and F coincide 
on the diagram. Therefore there is no load in member hF. This is also self 
evident at joint 1 since hF is the only horizontal member at this joint and 
there is no horizontal external load. i 

A ! 

I 

. i 

Having determined the compression in Gh, the only unknown members at joint 

II are Gg and gh. We can therefore go around joint 11, Beginning with our 

known member and going clockwise, hG is compression and therefore acts downward 
from h to G at joint 11. ■ 

hG and Gg intersect at g out of the right of G, going around the joint j 

following the forces in sequence hG acts toward the joint (compression) so we 
go from h to G. Gg acts toward the joint, i.e. to the right and is therefore 
compression, gh acts away from the joint and is tension. | 

Our next joint is 12 at which now that Gg is established only members Hf ! 
and fg remain unknown. Yfe go around this joint clockwise beginning with the j 
known compression gG which acts toward the joint, therefore to the left on the ; 
Force Diagram. GH acts upward toward the joint. Hf acts to the right and fg 
acts downward toward the joint and is therefore compression. The four forces 
acting around this joint are thus balancing compressions, which fact could have 
been known from inspection. 

We now know the forces in members Fh (=0), hg, gf at point 2 and of course j 
the external load of 400 lbs. EF. Only fe and eE are unknown, so this joint 
m$y now be solved. j 

I r 

Continuing from joint to joint we eventually finish with member A&. In 
this case this member closes the diagram by intersecting starting point A. 

This fact indicates that the moments on the truss balance. 

In all cases the closure will not be exact since it depends upon accuracy 
in transferring parallel lines from the space diagram and in measuring the 
vectors for the external forces off correctly. 

The values of the loads should be transferred to the space diagram giving ; 
them the conventional signs of j- for tension and - for compression. Inspection 
of the forces willy indicate if an error exists. By laying a triangle across 
any section of the truss an thus mentally cutting it loose as a free body, the 
student can readily detect and error in sign or magnitude of a load. Such 
self-checking is of primary importance in turning out usable accurate work. 

> | 

Another advantage in placing the loads on the truss is that it makes them 
readily available for use by the designer or checker. Note that the loads for 
which this truss has been analyzed correspond to a load factor of 1.0. This 
fact is noted on Fig. 2. The load factor, whether for 1.0 or for a design 

• w 

M 
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load factor, should always be noted on the diagram. This prevents misunder¬ 
standings in using the results# 

% 

Always 

Note the space scale. 

Note the force scale. 

Note the load factor. 

Transfer the loads to the truss, after they are measured from the force 

diagram, giving them the proper signs for tension (+) or compression 

(—)• 

Check your final results for reasonableness , both as to amount and sign 
of the values. 


Problem Assignment . 

A si Make a graphical solution for the loads in the members of the fuselage 
truss shown in the drawing. All members are steel tubes and can take 
either tension or compression loads. 


Xooo& 






% OO '■&' 


39° 


#- 


Y3a 


3oo^~ 200 ^ 3 oo 






Y 


n 



17^1 


t 




A 


♦ 7'' 


7l 


Loads are for a Factor of 



Procedures 


!• Solve for reactions at R^ and R 2 . Take M about R-, to obtain 

Check ^.V Forces =» ®. 


2. 

3* 

4» 

5. 


and 


‘2 


M about to obtain 


Draw scale diagram. Suggested scale 1 !, -30 H . 
Follow notation given in preceding notes. 

Draw Force Diagram. Suggested scale I'WIOOO#, 
Transfer loads to scale diagram. 


Note: Either lu or ?u may be taken as the first joint for 

plotting the P'orce Diagram, 
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ASSIGNMENT FIVE 










Assignment 5 



(a) Special Problems in Graphical Solution 

(b) Algebraical Solution of the Tripod 

Part (a) 

THE USE OF PHANTOM MEMBERS 


Sometimes cases occur in graphical analysis which are most readily solved 
by the use of phantom members. The term phantom member is applied to an 
imaginary member of a truss which is assumed for convenience to replace a group 
of members whose loads connot be readily determined because more than two un¬ 
known members meet at a panel point* Generally a truss requiring a phantom 
member can be solved by computing loads in some of the members, but the complet 
graphical solution is not difficult and will be given here for a typical case« 


a l Phantom members to replace engine 



Side View of Engine Section 

0 of Fuselage 


section* 

Suppose member J^-l- in Fig. 1 
represents the mounting ring for an 
engine whose center of gravity is at 
"a" • The effect of a load at "a" on 
the trass can be calculated by assuming 
the shear distribution at l u and Ij, 
to balance the moment of P about the 
of the ring. Exactly the same 
result is obtained if we replace the 
effect of the engine structure in 
transferring leads to the ring by a 
pair of Phantom members connecting the 
center of gravity of the engine section 
with panel points 1^ and 1^, It is 
advisable that the student set up a 
type problem for himself and solve 
it both ways to convince himself of 
the truth of this statement. 


K-brace in the side of a fuselage# 



Fig, 2 


To provide sufficient opening for 
a door in the side of a trussed fuse¬ 
lage it is sometimes necessary to 
resort to a tube pattern as shown in 
Fig, 2. This figure represents a 
section of side truss of a fuselage 
with down loads at the panel points 

3 U , 

reactions at 

bracing in panel 2 to~3 is commonly 
known as a "k-brace". If one begins 


U , ly and resisted by 
2 t and 3t * The shear 
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1 . 


% 

thd Force Diagram at the front, lr, he will proceed without trouble until he 
reaches panel point ^or 2 L at which he will find himself with three unknown 
fofces. Since we can solve graphically for only two unknown forces at a joint 
one of three methods must be resorted to at this point. 

The Force Diagram may be plotted from both ends toward the joint 2,, and 2r 
This solution is indicated on Fig. 3 (a). ^ 

0 

. . . F ? ora ^ h ? rear > <3° ints ^3 ^L» and 3 U are solved in order, the solution of 

nVv glving the load in ^mber 2 U -3 U . From the front joints l T and 1„ are 
solved in the order given the solution of joint l u giving the load in member 

:£ 2 u* J avin S the loads in members l u -2y and 2y-3 u it is possible to complete 
tne^solution around joint 2y since the only unknown values are the loads in 

members 2 U “2 l and 2 U -C. All other joints are then left open to solution since 
a er solution of joint 2 U joints 2^ and C are left with only two unknown 

members at each.^ (This truss could also have been solved from the rear only 
by taking the joints in the order At. 3 3 X 0 2 2 1 ■ i 

student should verify this solutionby following'through force diagram.) 

The solution of the truss of Fig. 2 follows: 

Solving first fob the reactibns 


£ M 


2 


L 


0 


■£) 


(R3 l )(3o) + (iooo + iooo)( 30 ) - (iooo)( 30 ) -,( 500 ;♦ 500 )( 60 ) = 0 

3 l )( 30) = 60,000 - 30,000 - 60,000 s 0 


(R 


301^ = 30,000 


R-3 =» 1000 lbs. 

J L 


R z = 5000 lbs. 


L 


Then plotting the diagram Fig 
which is solved from rear to front 
from front to rear. 


3> the dashed lines shown that 

and the full lines that which 
Force Diagram Fig. 3 (b). 


portion 

solved 


2 . 


3. 


* 

A "phantom" member may be substituted for the cluster of members cd, ce 
and de, and used to establish point "e" by establishing the force in 
member De.. The phantom member e-e* is shown in broken line on the scale 
diagram, Fig. 3 (a). The graphic solution is shown on Fig. 3 (c). Use 
of this member is made to locate point e only. After this point is estab¬ 
lished, the only unknown members at joint 2 are ec and be so that the 
joint may be solved. Then joint c is solved, the only unknowns being cd arJ 

ed, and the remaining joints may be solved in order proceeding toward the 
rear. 

* 

The use of the phantom member suggests the third method of solution, which 
is semigraphical. It consists of taking moments around panel point 3 t 
with the rear portion of the truss taken out as a free body and computing 
the load in member 2^-~3 u (De). When this load is knov/n point e may be 
established on the force diagram by laying off the direction of member De 
and measuring the correct force distance out from D to e. 
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Part (b) 

ALGEBRAICAL SOLUTION OF THE TRIPOD 


3 


A problem which appears frequently in aircraft analysis requires the 
solution of a tripod* This problem takes us into 3-planes and v/hile it may be 
solved graphically is also susceptible to a straightforward algebraical treat¬ 
ment* The method is based upon the fundamental equations of equilibrium 
£V;0, £H » 0, and £S ^ 0* 

A solution will be given for the landing gear truss shown in space diagram 
on Fig. 4* The solution is based upon the principle that the loads in members 
are proportional to their lengths and that the components of loads in members 
are proportional to the components of their lengths. If the relation 

i 

Vertical Component of Length s K then the relation 

Total Length 


Vertical Component of Load - K 

Total Load 


or 


Vertical Component of Length z Vertical Component of Load 

Total Length Total Load 

Similar equations may be written for the horizontal and side components. 

The first step in a solution then is to determine the components of lengths 
of the members involved. For the axle and brace struts of Fig. 4, the com¬ 
putations are shown on the table below the figure. A natural check of results 
lies in the fact that the square root of the sum of the squares of the com¬ 
ponents should equal 1.0. 


(V 


2 


H 2 ♦ S 2 ) 2 * 1 


Solution for the tripod in our example consists of balancing the forces at 
point M a M in the three reference planes. The external applied loads are 

V s 4000 lbs. acting upward 
H % 3000 lbs. acting aft 
S s 4000 lbs. acting inward 

The equations of equilibrium are written assuming tension in all members meeting 
at the joint. Then if a load in a member comes out plus its sign was correctly 
chosen and it is in tension. If it comes out minus the member is in compression 
Since these signs coincide with out standard sign conventions for tension and 
compression we may use the results as they come from the solutions of the 
equations. 

In setting up the equations of equilibrium we must look at the joint to 
see which direction the particular component of the member would be acting if 
the member were in tension. We will follow through the solution on the 
subject example. 
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C¥ 




Member 

Length 

Length^ 

Component I 


28.75 

826.5625 

= .5800 


A 

5.5 

30.25 

a .1110 

H 

Axle 

40 . o 

1,600.00 

=.- .8069 

S 


49.57 

2,456.8125 




28.75 

826.5625 

=» .7495 

V 

B 

20.5 

420.25 

- .5344 

H 

Strut 

i?.o 

225.0 

-■= .3910 

S 


3835 

1,471.8125 




28.75 

826.5625 

= .8741 

V 

C ! 

5.5 

30.25 

= .1672 

H 

Strut 

15.0 

225.0 

= .4560 

S 


32.89 

1,081.8125 




We have three unknowns at joint a, namely the loads in members A, B, and 
C« We have three known loads acting on the joint as listed on page 4« If 
external loads had been acting in enly. two .of the reference planes er even 
only one our solution would still have been valid* It would merely mean that 
the internal forces in the members would be in complete balance within them¬ 
selves in the direction in which no external load was applied. 


Having three equations SL.V, =0 and only three unknowns we may 

solve for the loads in the members by solution of three simultaneous equations. 
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Setting up our equatiohs and using the symbols A, B, and C for the loads 
in these respective members: 


iv = 0 

* 

f" 4 up A, B, and C v/ould all have upward components at u a M 

if they were in tension. 

Then 

.5800A * .7495B + ,87410 -v 
.5600A + .7495B «■ <8?41C = 

4000 c 

-4000 

0 

(1) 

£. H = 0 

- 0 ^ + aft 





.1110A - .5344B ♦ .1672C 4- 
• 1110A - .5344B + •1672C = 

3000 = 
-3000 

0 

* 

(2) 

£_ s C 0 

■up 4- • in 





.8069A + .3910B 4- .45600 -f 
.8069A + .3910B +• .45600 = 

4000 * 
-4000 

0 

(3) 

Dividing 

equation (l) through by ,58 

1.000A +■ 1.29B ♦ 1.505C c 

-6900 

(la) 


Dividing 

equation (2) through by .1110 
1.000A - 4.81B + 1.505C - 

-27000 

(2a) 


Dividing 

equation (3) through by .8069 
1.COOA + ,485B + .565C s 

-4960 

(3a) 

. 


Subtracting equation (3a) from equation (la) 

JW&k + 1.29B4- 1.505C « -6900 

• .485B + .5650* -A960 

.S05B+ .9400= -1940 (4) 

Subtracting equation (3a) from equation (2a) 

jueer- 4.81 b f 1.505c = -27000 

- U 0 QA-+ . 485 B ± .565c » - 4960 

- 5.295B+ .9400 s- -22040 ( 5) 

It happens that in this case the coefficients of C are equal in equations 
(4) and (5). We can therefore subtract equation (5) from equation (4) and 
eliminate C. This will leave us with an equation in which B is the only un¬ 
known. If the coefficients of C had not been equal we would have divided 
through each equation by the respective coefficient to give C a coefficient of 
unity in each case and then completed b; eliminating C from the final equation 


Subtracting equation (5) from equation (4) 


.805B 4- .>4 ©3 - 1940 

5.295B » .94aC* £ -22040 
6.100B 20100 


C s 
A z 


+ 3300 lbs, 

- 4800 lbs. 

- 3800 lbs. 


(4) 

(5) 
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, H 

5:1 Check the C.V, ^ H, and ^ S about point ,f a ,f by taking the external loads 1 
&nd the components of the loads in members found on page 6« [ 

i 

r 

5:2 Find,the loads in members if the external side load of 4000 lbs* is re¬ 
moved, leaving the external loads at "a" V = 4000 lbs, up. H * 3000 lbsJ 
aft i 
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Assignment 6 
USE OF THE CALCULUS 



Before we enter the more involved phases of the beam theory it is well to 
review our fundamental algebra and calculus in regard to equations of curves and 
the areas under curves. For those already conversant with this phase of the work 
this assignment will represent a brief review of fundamentals; far those who 
have had no calculus this assignment will furnish the necessary tools for the 
solution of beam curves. For further homo study of calculus the student is 
referred to Palmer "Calculus for Home Study". 


*rom algebra we have the fundamental idea of referring a line in space to 
the coordinate x~x and y-y axes as shown in Fig* 1. Consider a segment of a 

line whose equation with respect to the 
coordinate axes is y = + 2x 4 3, 

represents the distance above the x-x 
axis, the ordinate to the curve, at any 
value of the abciesa, x. 

To obtain values for the ordinate, y distance, 
at any point on the curve we substitute the 
corresponding abscissa, x value, and solve 
the equation for y. For example when x = 0 

2 



Fig. 1 


y = (o)j; + (2)(o) + 3 = 3 

when x «* 1, y = (l) 2 + (2)(l) +3 = 6 

when x * 2, y = (2) 2 + (2)(2) + 3 = 11, 


etc. 


Simple algebra then gives us the equation of the line. Suppose that wo wish the 
area enolosed between the line and the reference axes, shown cross-hatched in 
Fig* 2 (b), Axi approximation could be obtained by cutting the area into a series 
of strips and taking the area of each strip as the product of its width and the 
height of the ordinate at the center of the strip* The only error introduced 
would be in the fact that the slope of the line at the top of each segment was 
not constant, but was changing, and this error could be made very small by taking 
the strips in narrow widths. If we sum up all the areas in the narrow strips 
/l x, v/e could write the equation of the area 



)(y)> where^is the summation sign 


How if we take the widths of the strips infinitesimally small we term the widths, 
dx* If we can visualize the widths so small that the ordinate to the curve 
is the true height over that width the summation of all the products dx times y 
would give the exact area under the curve. Finding such a summation is the 
calculus function termed integration* Suppose for example that v/e wished to 
determine the area under the curve y * x 2 + 2x + 5, between x « 0 and x » 8. 

He will say that for taking the summation^OD X)t y) we will divide the area 
into 4 strips of width Zl x « 2" (Fig, 2, a). We must next determine the middle 

ordinate for each strip, that is the values of "y" at x » 1, S, 5, and 7. 
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69 


Where x « 1, y « 6; where x * 3, y »-(3} 2 + (2)(s) + 3 


18 


Where x « 5, y » (5) 2 + (2)(5) + 3 « 38 


Where x » 7, y « (7) 2 + (2)(7) + 3 « 66 


• “4 

Then the summation of area under the curve between x *» 0 and x ® 8 based on a 


Ax - 2 would be 


xy 




£*■ (2)(6) + (2)(18) + (2)(38) + (2)(66) - 2560“ 


(b) 


lNT£GPAT)Osi 



Summation/ 



“H K <a(\ 


Cor) 


Fig. 2 


The solution by integral calculus would be as follows* 


Ordinate y * x 2 + 2x + 3 


Width w « dx (infinitesimally small) 



£ydx 



8 


ydx 


x « 0 



x * 8 

(x 2 f 2x + 3)dx 
x » 0 


8 


X « 

x3 + 2x 2 
3* 2 




+ 3x 


0 



x 


0.333x 3 + x 2 + 3x 

Lx » 0 



(0.333)(8) 3 + (8) 2 + (3)(8£J - 


(jt0.333)to) 3 + (0) 2 


(S)(0 rj 


jj70.67 + 64 + Z4j - [V] «■ 258.67° M which 


a 


is the actual area. The student will note that the approximate solution. 


( £<Axy), above was low by approximately one per cent 


Now let us discuss th9 steps in the integration. The integral sign, 
indicates that we have taken the width of strips into which we have dividod 
the area as infinitely small. The limits, values of x between which wo have 


taken the area, are noted at the top at bottom of the integral sign thus 



8 


i *•: l! 


X » 


o 


6-2 


ETI - Basic Stress .Analysis 


















They indicate the boundaries of the inegration, along the x-x axis. In our 
example x = 8 is the upper limit and x - 0 is the lower limit . 


Our solution consists of substituting for the ordinate at any point along 
the curve its value in terms of x and performing on this term, (x 2 4- 2x 4- 3)(dx), 
what we call integration . Let, us first perform the indicated multiplication. 

The expression then becomes (x^dx t 2x dx -j-3dx). To integrate we raise the 
exponent of the variable, x, by one in each term and divide the affected term 
by the new exponent . The express dx is dropped v/hen integration is made, 
since the performance of the integration results in a summing up of area in terms 
of x. Performing the indicated integration 


x^dx becomes x 


2+1 


3 



- x 

~ 3 


dx becomes 2x * _ 2x^ _ 

2 ~ 2 ~ 

3dx could be written 3x°dx since any 
quantity to the zero exponent is 
equal to 1, 

Then 3x°dx becomes 3x°+^ - 2x_3x. 

0+1 1 ~ 


Now on Fig. 2 (c) let us determine just what each of these terms meant in 
terms of actual area. The ordinate at each point y — xr-t- 2x -+■ 3 could be 
divided into 3 parts, each being that portion represented by one term of the 
equation. This division is shown by’ drawing 3 separate curves, superimposed one 
on the other as shown by the different cross hatchings on Fig. 2 (c). The area 
of the rectangle at the bottom is the product of its height y ~ 3 and its width x 
or 3x# V/here x = 8 its area is 24 sq. in. 


The area of the triangular portion next above is equal to £ (BrHinlt 

n 2 

yv A 

(x = base)- - x . Where x ~8, the triangular area =64 sq, in, 

' 2 ' 


2x) 


the segment bounded at the bottom by the line y = 2x 4- 3 andj 


The area of 

at the top by y - x 2 4 2x + 3 is the remaining terra of the area equation or 


Where x r 8 this area is 170,67 sq. in. 


3 


In the case of the area bounded by x = 0 and x x 8 the second portion of 

the solution for area was zero because x = 0. The lower limit, however, might be 

any value of x depending on the area desired. For example, suppose we wished the 

area betv/een x - 2 and x r 8. We would then write our integral equation 

x -r 8 r x - 8 


A ~ £ y 


dx 



2xt3) -- 


0.333X 3 
Lx - 2 


-+ x 2 +3x 



What we have done is to sum up all the areas out to x - 8, sum up the arees 
out to x : 2, and by subtracting the latter from the form, determined the area 
between x - 8 and xr2. 
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• Had the same summation 
v/c would have summed up the 
(2)(18) + (2)(38) + (2)(G6) * 244 sq* in 
obtained by integration* 


?/ 

been made by the approximate method, see Fig* 2 (a), 
areas of the 


three right hand rectangles or 

2 sq. in* lower than the actual area 


0 


Differentiation* 


The 


sg of the integral process is termed Differentiation* If wo 
differentiate an equation our result^is termed the Derivative * If we have an 
equation of the form y » 0.333x 3 + x 2 + 3x and wish to obtain its Derivative we 

v/ould write 


* d(0.333x 3 + x 
dx 


2 


+ 3x) 


or 4Z a (sKo.SSSjx 3 " 1 + 2X 2 " 1 + 3X 1 " 1 
dx 


or 


*1 

dx 


2 


+ 2x + 3 



The Derivative 


This i 3 read, the derivative of ,f y M with respect to V xs x 

y/o have done is to reduce each exponent of the variable, x, by one and multiply 

the term being worked with by its original exponent. If our original equation 

had read y * 0.333x 3 + x 2 + 3x + 10, the Derivative, would still have been 

dx 

x^ +■ 2x + 3 for the Derivative of the last term, 10, a constant with no variable 
factor, is zero* Conversely if there is no constant term in an equation, a 
constant term might appear in the integral of the equation, in order to make it 
fit the physical facts. Therefore the complete solution for an integral equa¬ 
tion should contain an additional Constant of Integration , C* This value turns 
out frequently to be zero, but should be includod as a reminder every time an 
integral equation is written* Knowing the physical facts the Constant of 
Integration, C, is solved for by sotting the integral equation equal to a known 
value of y at a given value of x, and solving the equation for the constant* 

The use of the Constant of Integration will bo illustrated by solving for the 
load, shear and moiacnt curves on the beam of Fig* 3. 


^ + 2x + 3* Yi/hat 


* ' 
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* 




Fig* 3 


Moment « 



x 


Shear 


es 



500 - lOx 


a 500x - 5x^ + C 2 , but where x * 0 

the moment is zoro (because pin end 
beam)* Therefore C 2 » 0 and moment, 

M a 500x - 5x^* 

At x » 100, M a (500)(100) - 


2 


(6)(ioor»o 

Check# 


**** 


Shear 


x 

Load 



-10 « -lOx + C x 


Where x «* 0, Shear » 500 » 

Therefore Shoar ** -lOx + 500 

Where x « 100, Shear - (-10)(l00) 

+ 500 » -500 Checks. 


4 % 


**** 


Load equation 


w » -10 


**** 

The Constant of Integration does 
aopear and is used in the Shear Equation 
but drops out in the moment equation, 
in each case because of physical facts « 


Problem As 8i gra^eiit . 

6;1 (a) Integrate the equation y * 3x^ + 25x^ + 16x^ + 12x + lOx + 8 

and find the area botv/oon x « 2 and x * 1. 

1* O 

(b) Differentiate the equation, y « 8x + 9x ♦ 12x + 24 

(o) Find tho area under the curve bounded by y = x 2 - 3, between x ■» 1° 
end x « 0. (Note: Tho total area desired is the algebraic sum of 

the plus and minus arcus. Draw a sketch to clarify your thinking.; 
As a chock on your final results determine tho area under the 
x axis (— area) and tho area above the x -axis (+ area) separately 
and add the results. To plot the curve to clarify your_work give 
x valuos and solve for tho corresponding values of y. For examplo 

to find whore tho ourvo crosses the x-x axis (y « 0), y=x-3=0 
then x^ - 3 18 0, x^ » 3 and x ** \f ~zT • Then the area below this value 
of x is negative and above it. plus. The total area may be obtained 

at one summation or by two separate summations* 
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Assignment 7 

* 

BEAM FIXITY—LOADS, SHEARS AKD LOMENTS WITH DISTRIBUTED LuADS 


7.T 


V*hen v/o say that a beam is pinned at the ends wo mean that the attachment 
to the supports is of such a type that the end of the beam may rotate freely 
when the beam deflects under loads. Such a joint would imply attachment with 
a frictionless pin. Actually such a condition is rarely realized. A certain 
amount of judgment is necessary to estimate 7/hat the end fixity or restraint 
of a beam actually is. In practical problems it is generally assumed when 
designing a beam of doubtful fixity at the ends, that the end fixity is one, 
i.e. the beam is oin ended and free to rotate. Quite often this effect is 
almost gained when the ends of the beam are rigidly riveted or bolted to a 
support, which in itself rotates freely. As an example, a heavy cross floor 
boom of a transport fuselage might be attached to light frames at the sides. 

These frames would generally be much more flexible than the floor beams them¬ 
selves. They would therefore offer very little more resistance to bending of 
the floor booms than as if they were pinned to the beams, and the design of the 
floor beams would be made on the assumption that they were pin ended. tFig. l,e) 





- 7 , 


o O 


pNNED J?A/D 

(oO 


/ 


Full /frsTZfl/NT 


Fig. 1 




FfrjeT/fiL 

Cc) 


% 

Full restraint is illustrated in Fig. l.b. Full restraint at the supports 
implies that the support is so rigid that the bending axis of the beam f 
horizontal at the support before load is applied remains horizontal under the 
load. The actual amount of restraint will nearly always be more than pin end 
but never as much as full fixity, since no support will be perfectly rigid. 

If the rotation of the support can be calculated when the load is applied the 
actual fixity and hence the actual moment at the end of the beam can be com- 
putod. Methods for determining these values are given later. For the present 
we will deal pnly with simple beams pin ended on the supports. 

The loads which act on beams may be represented by uniform (equally dis¬ 
tributed) loads, distributed loads which vary by some mathematical law, such 
as triangular, or by a series of concentrated loads. For finding reactions, 
which is the first step in the solution of a beam, a distributed load may be 
represented by a single concentrated load, equal in magnitude to -he tota c 
the concentrated load and acting at its center of gravity. For example takes 
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(a) A simp1e beam loaded uniformly from 


(500') 


Load =ja*/»- 



ond to und. The total load on the boom 
mey bo represented for calculation of 
reactions as 10 x 60 » 500 lbs* con¬ 
centrated at the center. Shewn i (500; 
to indicate that it is an 
equivalent load. 


f 


Then for calculation of reactions 


^ivi about R] ~ 0 


Wg* 2 


(R 2 )(50) - (500)(25) - 0 
00k 2 - 12,500 = 0. SORg = 12,500 
Kg = lhL92. = 250 lbs. 


50 


Similarly Kj = 250 lbs 


We could have anticipated from the symmetry of this beam tnam ana 

would each have been half the total load, but it is well to develop fixed 
habits in sotting down the moment equations, as this practice will avoid mistake 
when more involved computations are mac's later on. bote that the equivalent 
concentrated load is useful only until the reactions are found. Ihe true load 
distribution must be used in computing the shears and momenta. 


(b) 


A simple beam with a triangular loading. The load varies from zero at Rp 


on the be tan is 


<soto 

I6.67\*r 


/inch at R ? . The total load 

/ ^ 03 r T iva-i. 

(50) • 500 lbs 

2 



Since the center of gravity of a tri¬ 
angle is one-third tho distance from 
its base the point of application of 
this equivalent load is 16*67 inches 

from Pg. 

£ M. about Hq =* 0 
(Ro)(50) - (500 ) (35*33) « 0 
SORg - 16,667 = 0 



Fig 


* 5 


R 


2 


16 v §67 s 353 lbs*, Ki » 167 lbs 
50 1 


R 


1 


+ R 2 = 333 + 167 = 500 lbs. Chock* 


by taking moments about Rg 
« zero. 


/ ^ 

K°) 


A 


simolo beam with a uniform load in part of tho span. 

Total load = (20)(25) S 500 

V * 


Zo^Csoo) 


lbs. 


Z5*/, 




k about R^ » 0 
(Rg)(50) - (500)(20) = 0 
50Rg - 10,000 - 0 

50K2 * 10,000 
ll 2 = 200 lbs. 
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By taking moments about Eg, ^ eJ about Rg « 0 

(Ri)(b')) - (noo)(?.o) » Oj 50% - 15,000 - 0 

50R^ = 15,000, R 1 = SOO lbs. ^.V =» 0 
500 + 200 *• 500 (Cheek) 



% + R2 


w 


Load 


77 


(d) A simple beam with i\ trapezoidal load. This load may be treated by finding 

N the 0 enter of gravity of tho trapezoid 

(X50j but it i3 more diroct to break it into 

a uniform load and a triangular load 
and treat them separately. 




^ U R l * 

0*2)(50) - (250)(33*33) - (250)(25) * 0 

50R 2 - 8333 - 6250 « 0 

50Rg = 3333 + 6250 « 14,583 
Rg » 291 lbs*, Rj a 209 lbs* 


Fig. 5 

Any combination of distributed and concentrated loads may bo treated in a 
similar manner* 


Development of Shear and Moment Cur ves . 

Typical shear and moment curves for a beam loaded by concentrated loads 
were shown on Fig. 6, Assignment 1* These curves may be developed from the 
definitions of shears and moments given on page 1:5* We have stated that the 
shear in a beam is equal to tho summation of all the forces acting on one side 
of a section. Those forces must in clude also all r eactions , since the re¬ 
actions are a part of the force system holding the beam in equilibrium when it 
is taken as a free body. For the beam of Fig. 6, Assignment 1, wo have an 
upward reaction, * 230 lbs., at the loft end. Therefore if wo isolate all 

of the section to tho left of b the section will tend to move upward with a 
force of 230 lb 3 . The ehear in this section is therefore a constant value of 
plus 230 lbs. If we isolate tho section to tho loft of point c, for the section 
to tho loft of b tho shoar would still be plus 230 lbs., but at tho instant we 
go to the right of point b, a downward force of 100 lbs. comes into action. 
Therefore for any point between point b and point c tho value of the shear is 
+230 - 100 « +130 lbs. When wo pass to the right of point c the shear changes 
sign +230 - 100 - 300 » -170 lbs. When we reach point d the upward reaction, 

R 2 , of 170 lbs. brings the value of the shear back to zero. This is obviously 
correct since from the physical facts there is no load and therefore no shear 
to the right of point d. 


The calculation of the moments may be made by taking 
force times distance, cutting the beam at any section and 

For examplei 


the summation of 
using either side 


as 


a froo body. 
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Th-» moments at a and d arc sore because tho beam has pinned anas. The 
„ n t a t b may bo obtained simplest by isolating tho part to the xoft of b. 

'fn'!n the only force noting is % tho moment of which around point b is V230A20) 

1 4 eaoH . Tho same result could have boon obtained by taking the section to 
JfriZ of b. The moment would bo (170)150 * 50) - (S00)(30) -.13,000 - 9000 
. 4(500V- Similarly the moment at c, taking the section to the rignt -la 
( 1 70)(50) = 0500"v, and taking tho section to the left is UoOJUO + ^0) 

( 100 )( 20 ) = 8500 "f. 


Tho same result 
f b. The inoraent 


9000 


inilarly the mammvb at c, *caKing cao 

BoOO’v/ and taking tho section to tho left is (230H20 + *>0) 


IJoto c 


arefully that the m oment in the span is a. maximum where the shear 


curvo £*ts£GS through zoro* 


* * * * * 


It is obvious that with complicated loadings u better organized method of 
computing moment and shear curves is necessary. A tool is at hand in tho laws 
of integral curves which are the standard for solution of beams. They are 
based upon the following mathematical laws: 


1 . 


The slopo of any curve is equal to the ordinate in the next lower curve. 


The difference in the 
curve is equal to the 
ordinates in the next 


S'LOPE 

height of any tv;o ordinates in 
area between the corresponding 
lower curve* 


any 


3 The point where a curve passes through zero corresponds to a maximumor a 
minimum. 11 in the next higher curve. For example with a complicated system 

of loads it is always possible to find the maximum bending ® ^ 

finding the point where the shear passes through zero and checking that 

point for bending. 

* * * * * 

‘STS— 

would bo constructed by integral curves as follows: 

a to b there is no ordinate in the load curve and therefore the slope of 
tto ll t‘i° ..otion i. zero, i.e. horizon!. Itaoe . kort.ojt.1 

“STS IT ST. * 

(“o t !; e i 7 J)‘t,d U ^°i”o“orherS”Sne be.oo.e there 

is no load curve ordinate. The check for the shear curvo is that the reaction 
at the right must return the shear curvo to zero. 


Taking tho shear curvo, the moment ourve is developed as follows: 


The moment ordinate is zero at "a" by definition, 
ordinates between b and a is equal to the area between 


Tho difference 
these ordinates 


in 

in the 
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?9 

* 

TicTvt lower (shear) curve, or (23Q)(20) - 4600 M 2P« The ordinate at b is there¬ 
fore 0 + 4600 =» 4600’%• (check/* The difference between the ordinatos at b and 
c is equal to the area between h and c in the shear curve or (l30)(30) = 

3900 n 1f « The ordinate at c is therefore 4300 + 3900 « 0500 \ which checks our 
previous result* 


Continuing to point d the difference in ordinates between o and d would be 
(-170)(50) =* -8600*% * Thu moment at d is therefore 8500 - 8500 a 0 which 
coincides with the physical facts* This also servos as a natural check for 
the momont computations for a pin ondod beam* 

i 


Problem Assignment * 

a 

7A Develop the load, shear, and moment curves for the simple booms illustrated 
in Figs. 2, 3, 4, and 5* 

7j2 Develop the load, shear, and moment curves for a fuselage floor beam 
loaded as shoxvn below* 
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Assignment 8 
THE BEAR THEORY 


< 9 / 


The behaviour of a beam depends upon its material and tho way tho material 
is distributed in the beam cross-section. It therefore depends upon tho 
physical prope rties of tho xnatorlal and tho s ection properties (distribution 
of area) of tho bear.’, cross-soction. Tho entire theory ia based upon tho 
following fundamental assumptions: 

Any cross section of the boom which is a piano before bonding remains 
a piano after bending. 

Tho stretch or compression of any longitudinal fiber of a bont beam 
is proportional to tho load on it* up to tho point of failure. 


1 . 


2 . 




OAD> 




SHORTEN IN <3 


LofiOS IN 

Fl&efZ S 


CotAPf? 



h 

\ 




— L eUGTHE N "V 6 


H£0tfgAL A*iS 


- AF T£F 


Ben din zj 


Fig. 1 


Fig* 2 

stresses from bending 
points where the most 


From tho fundamental assumptions the maximum unit 
in a beam will appear at tho top or bottom fibers, tho 
stretching or compressing tokos place* 

TiVhon a beam bonds as shown in Jig. 1 the bottom fibers arc, stretched and 
the top fibers are compressed in directions lengthwise of the beam. At sono 
horizontal plane in any beam section there must bo a layer of fiber* which arc 
neither stretched or compressed. Tho location of this layer of fibers defines 
tlio neutral axis of tho boom. (Fibers with neutral stress). 

Fig. 2 shows a plot of unit stress intensities along tho cross-section 
a rectangular beam. Since wo assume that a piano before bending remains a 
plana after bonding, the deformation of any fiber tuid honce its unit stress 
ia directly proportional to its distance from tho neutral axis. 


of 
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w 

To find the reactions on a berm we took it as a free body in space acte . 
upon by external loads and calculated the reaction s at the points of support. 
To find the internal forces in a beam, and from them the unit stresses, we cut 


the beam at the section where the foroos are docired and calculated the internal 
forces required on the cut face to hold the system of external loads and re¬ 
actions on one side (either side) of the cut face in equilibrium. Any soction 
of a beam taker, out as a free body must satisfy the fundamental equations of 
oquilibriums £. V - 0, ,£11 = 0, and -£k * 0. A plot of the forces acting 
at section A-A on the beam of Fig. 1, would appear as shown on Fig. 3. 

9 

The external moment on tho be^-m at soction A-*». » (E)(x)* This moment 
must bo recistod by the moment of tho intern al forcos acting across the cut. 
face of tho beam* Those internal forces, represented by a tension-compression 
couple, set up tho internal moment, or resisting moment in the beam. 


To satisfy 
the cut face of 
action R# 


the 


** 0 there mu 3 t also be a vertical shear force acting on 
beam* In the caoo illustrated the shear equals the ro~ 



To satisfy £ Ii ® 0, T must equal C or the summation of all the coi 
forces acting longitudinally along the beam must equal the summation oi 

tension forces* 

f*eSUITA NT 

c©A-fP/^stfVOA/•-» Giving values to the beam 

A ^ 3 ' 

c 

£ E a 1000# 

x =» 10 11 

h « beam height * 6 n 
b » beam breadth * l t! 

For a homogeneous rectangular beam 
the neutral axis is at the center* 

foment on section A-A » 

E times x * 10,000 n # 




Fig. 3 


The resultant of a triangular load lies at a point one-third tho distance 
from tho base. Therefore the resisting arm, "d". of the tension compression 
couple equals 4" and the total value of T or C must be 10,000/4 - 250Off. 

At soction A-A the area in tension is one-half the cross section or 3 square 
inches. The average unit stress is 2500/5 - 033 t/c", but the maximum at the 
top or bottom is twice the average or 1666#/ 0 1 since the distribution of load 

is triangular* 


Tho 


same result is obtained from the beam formulas us follows! 


I of rectangular section 


12 


(see handbook formulas) 


y » distance fro: 


, neutral axis to extreme fiber 

U 2 

l/y » Section Modulus « & - » | 


h/Z 


Maximum fiber stress in bending 



b 


li/2- 
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S3 


r% 4 3 

For this beam 2 * \ x .§■* ® 6* n 

6 

Section properties of beams are discussed in Assignment 9. If we are to 
consider the inclination or deflections of the neutral axes it becomes nodessary 
to know what the suction properties, particularly the moment of Inertia are. 

The importance of the section properties can best bo illustrated by extending 
the 3 beam curves of previous assignments to 5* Those thon are Load, Shear 

Moment, Inclination and Deflection Curves. 



The 5-Boam Curves. 





In Assignment '1, 

follows i 


pago 


we stated the Laws in Integrated curves as 


1. The Slope in any curve is equal to the ordinate in the next lower 
curve. 

2. The difference in height of the ordinates in any.curve is equal 
to the aroa between the corresponding ordinates in the next lower 

curve. t > x \ 

3 . The point whore a curve passes through zero (.cuts the x-axis; 

corresponds to a maximum or a minimum in the next higher curve* 

**** 


If we apply these laws to the construction of Beam Curves, keeping always 
in mind the physical facts with which we are dealing, it is readily apparent 

that: 


1 . 


The 

the 


Equation of the Shear Curve is the Integral of the Equation of 
Load Curve. 


Shear 


Load 


(S 



2 . 


The 

the 


Equation of the Moment Curve is the Integral of the Equation of 
Shear Curve. 


Moment 



Shear 


(M 



We now extend our Integral Curves further by stating: 


3. The Equation of the Inclination of the Neutral Axis of the Beam is 
equal to 1/fel times the Integral of the Equation of the Moment Curve. 

0 m -gy ^ M dx or El © * ^M <*x 

Where E is the Modulus of Elasticity of the Beam and I is the 
Moment of Inertia of the Beam. Q is the angle of inclination of 
the Beam expressed in radians, (l radian ® 57.3 ) 


4. 


The Equation of the Deflection Curve of the Neutral Axis of a Beam 
is equal to the Integral of tho Equation of the Inclination curve 


of the Beam 
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' - * 


Then to calculate tho deflection of a beam under any given load it is 
necessary only to Integrate tho Load, Shear, foment and Inclination curves, 
taking into account Constants of Integration, and to divide the final ordinates 
in the deflection curve by a constant El to obtain actual values of aoflection. 
To illustrate tho method lot us extend tho work on the uniformly loaded beam, 
Fig. 3 of Assignment 6, to include tho Inclination and deflection curves# 


Five Integrated Curves. 


1 




(?I£) 


-A 



!$ 000,000 

/ I 


♦ 


Jfc—I 


EI <f -J 0 <- 417 ' 


000 


+ 250x 2 - l,667x 3 )dx 


= -417,000x + 83.3x 3 - .416x 4 + C 
when x » 0, deflection » 0. Therefore 


4 


C 


4 


0 


**** 


Bid * -417,000 ♦ 2S0x 2 - 1.667x 3 (true oq.) 



Eld * f (500x - 5x 2 )dx » C 3 ♦ 250x 2 • 

1.667x 3 (trial eq.) 

C„ «*250x 2 + 1.667x 5 when Eld * 0 

o 

El© a 0 at x « 50 from physical properties 
and loading. 





- too 


Subst# 

c 3 « (-2S0)(50r 


(1.667)(50 3 ) - -417,000 


Mom# 



l 


**** 


M 


om 


» Cg + 500x - 5x 
. « 500x - 6x 2 


2 


c 2 ° 0 


**** 


Shear 


■f- 

J o 


lOdx =» * lOx 


C « 500/ Shr. * 500 - lOx 


**** 


w 


-10 


E 

I 


10,000,000 

3 #0 in * 
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Solving for actual values 


3 S 


Q* -417,000/10,000,000 x.3 * #0139 radians 

» *79 degrees 

« (~417,P00)(50) + (83.3)(50) 3 - (.416)(50) 4 

♦ 

«-20,600,000 + 10,400,000 - 2,600,000 « -13,000,000 

« -#433 11 (Check) 

Note that we put the load curve at the bottom of the page and build upward 
from it* 

Now lot U 6 review tho steps in the solution given on the preceding page* 
Up to and including the moment curvo we have had no difficulty in determining 
tho Constants of Integration, because in tho Shear Curve C^ ® 500, the value 

of the shear just to tho right of the left hand reaction point; and in the 
moment curve C 2 » 0 because the. moment at the left hand support is zero* 

* 

Now when wo intograto tho equation of tho moment curvo wo obtain tho 
Inclination equation.. 

EI(? * C 3 + 250x 2 - 1.667x 3 • • 

The Constant of Integration, C^ , must now bo evaluated* In order to obtain 

the correct shape of the curve wo may assume that C 3 o 0 and plot tho curvo 

with reference to the Trial Axis shown. Now if wo can establish the point 
in the span where the axis "of the bent beam is horizontal, we v/ill have the 
true location where El© 53 0 and consequently C 3 » zero. A horizontal line 

drawn through this point on the assumed curve for El© will be the true ^xis 
of reference for tho El© curve and the value of the starting ordinate, C 3 , 
may be computed from our original trial equation* 

For the beam of uniform cross section loaded symmetrically with respect 
to the reactions, the bont beam axi 3 is horizontal at the center of the span. 
Therefore if we substitute the x value for tho span center, in this case 
50 inches, set El© equal to zero and solve for C 3 wo will obtain the value 
of the starting ordinate in tho true equation* Tho true equation then 

becomes 0 „ 

EX© • -417,000 4 250x^ - 1.667x° 

4 

% 

The equation of deflection is 

El£ « -417,000x + 33.3x 3 - *416x 4 

since C 4 a 0 from tho physical fact that tho deflection at the left hand 
support whore x ® 0 is zero* 


El© = -417,000 max., 

EIJ max. t Rt mentor) 

X a 50 11 



-13,000,000/10,000,000 x 3 
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* 
























1 


BG 


In this case wo have two natural chocks of our mathematics against tl 0 
physical facts# 


1 . 


If vro substitute in our inclination equation the value of x for the right 
hand support, x * IOC and solve w© should obtain tho value El© » +417,000 
from the symmetry of the boom load. Tho actual picture of the inclination 
must conform to our original sign convention (Assignment*^.), which states 
that slopos aro as shown in tho figure below* 



2. From our deflection cum if we substitute tho values for x *» 100 at the 
right hand support our defloction value, EI^J" , should equal zero, since 
deflection at the support is zero. 

Both of the above checks 3hould be carried through to check the accuracy 
of tho work. 


**** 


Defloction formulas are available in all the standard handbooks for a 
large number of typical cases of beam loading. For our example 


% max. 


is at the center and equal to 


i 



where w «* unit running load and 


length of 


beam span between supports. 


It will be noted that we must know the Modulus of Elasticity, E, and the 
Moment of Inortia of tho cross-section, I, before the actual value of the 
defloction may bo obtained. Assuming that E « 10,000,000 for aluminum alloy 
and that I » 3.0 inches to the fourth power 


_ „ (5)(-10)(l00)* 

O • (384 ){ 10,000,000] {3) 


-.433 in. 


The minus sign indicatos that the deflection is downward. Reference to the 
results from our Integral Curves will show that we obtain exactly the same 
result. 


i 
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It should also ho noted that tho point of irAximuci deflection in tho 
highest curve corresponds to the point of zero inclination. This agrees with 
our third lav oi integral Curves and forms another natural chock on the work. 


Problem As s igumont . 



Obtain tho maximum deflection of tho beams shown below by using Integral 
Curve:?. 



fOQQ 





E « 10,000,000 
I = 3.0 in4 


t 


E - 10,000,000 
I * 3.C in ^ 


Hint: 


IfYhere thoro is a discontinuity 
tratod load, compute tho value 
equation for the next segment. 


in the equation, as at a concen 
at that point and write a new 
(See also Assignment 7.) 


**** 


x is then referred to the now origin, (point of application of 
tho concentrated load) wnere ths equation of the next lower 
curve become discontinuous. 


(c) 


Develop the general equation for maximum deflection at the cantor 
of a simple beam loaded as shown below. 




Basic Stress 


Analysis 
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Assignment 9 

BEAMS—SECTION PROPERTIES MD UNIT STRESSES 


^ soctiQn oi# a beam i3 a cross-section taken perpendicular to its longi- 
al axis. Section properties define the character of a plane section so cut. 


tudinal 


The .Neutral Axis of a section 
balance# It is also the strata of 
length when the beam is bent# 


is the 
fibers 


line aoout which its 


would 


of the beam which retain their original 


summation 


. , — . 11 . ii ' ^ wwmiw w*vu 

the products of each little individual area by its distance to the neutral axis* 


of 

to 


Q « £Ah 

The Moment of Inertia (second moment) of a plane 


st 


the products of the small individual areas 
the neutral axis. 


summat 


by the squares of their distances 


Ah 


for any homogeneous beam section these values may be found as follows; 


if 


i yrm-i 


9 


At 


y 




% 


M * 



1. Lay out the section divided into 
component parts which form regular 
shapes such ns squares, rectangles, 
etc • 

2 * Determine the area of each segment# 

3* nocate the cantor of gravity (eg.) 
of 6ach segment* 

4. Take moments of the segments about 
the base and determine the location 
of the neutral axis. 




Note s 


fig* 1 


When holes exist- in the tension 
side of the beam their cross- 
sectional area should be left 
out in calculation of section 
properties. 


Distance to the neutral axis. 


A m * A 2y2 + A 3 y 3 

A 1 + a 2 + a 3 ~ 


Tables of moments of inertia of regular plane sections are available in the 
steel company handbooks. They are developed by the actual calculus summation 
of the values mentioned in the first paragraph. For a rectangular section, the 
moment of inertia about -its own gravity axis - bh 3 where b • width, h . height. 

12 

The moment ol inertia of a section about its own gravity axis we term I • 


ETi - Basic Stress analysis 


9 - 1 















How the moment of inertia of a rectangle about any other axis parallel to 
its own gravity axis equals its moment of inertia about its own gravity axis 
plus the product of its area and the square of its distance to the new axis# 
This is expressed 

Ad* 


I 


*o * 


vVhero 1 » Element of Inertia about the new reference axis, I Q has its usual 
significance, A is the area of the segment, and d is the distance between the 
two axes# This principle is now applied to find the foment of Inertia of the 
section of Fig* 

to calouluto the static moment, Q, at the samo time 


■‘‘ion of i'li-;* 1# The method is shown in tabular form below* It is convenient 


Area 

y _ 

_^ 

! h 

h 2 

Ah 2 

Io 

Q. 

A 1 

yi 

A i^i 

h i 


W 

(A x ) 

A l h l 

A 2 

yz 

A £y2 

. h 2 

h 2 z 

A 2 h 2 ? ' 

(a 2 ) 

A 2 h 2 

A 3 


CO 

% 

% 

t 

1 

h 3 

y 2 

H 

t 

* 

A 3 h 3 2 

(a 3 ) 

•S h 3 

< A 

| 

p 


j l A y 

i 1 

1 • f 

1 

| 

i 0 



y - * i - £-*h 2 + £i 0 ' • •. 

£ -A 

t 

For the section of Fig. 1 it is obvious that the neutral axis will lie 
somewhere above the half-height of the beam# Iron our assumption of straight 
line distribution of stress (Assignment 8), it is also apparent that the unit 
stresses at the top and bottom of the beam will not be equal, but will have a 
ratio exactly proportional to their distances to the neutral axis. 


At any part of the beam cross section the unit stresses from bending. 



where M = moment on the section* 

h *» distance to the neutral axis from the 
part in question* 

I = moment of inertia of the entire section 
(all units in inches or inch-pounds). 


Also at any part of the beam a horizontal shear per inch of length exists 
of the magnitude 



where 


» the horizontal shear in lbs* per inch. 



» the static moment about the neutral 
axis of the parts of the section above 
or below the horizontal section investi¬ 
gated. 

- vertical shear load at the sta. along 
the beam where the section is taken. 
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If any small section of material subjected to shear is taken from a beam 
the forces'"holding it in equilibrium will bo as shown in H&. 2 . 

It follows therefore that S v * S h and the 

intensity of the unit longitudinal shear at any 
point equals the intensity of unit vertical shear 
at that point. This is a very useful law since it 
may bo applied to find the maximum shear stresses 
on a beam of any cross-section. 

Sh 


Sh 






a 


✓ 


n & . 2 

* numerical example vfill be 


points• 


studied completely 

/r 


in order to illustrate all 




■' ! 


Fig. 3 




.urea 


Ji, *1.5 

U, * 3.0 

i c* 


JA S *3.0 



y 


* 

t 


3 




*7.5" 


y 


I 0 of 




Vh 3 _ (l.5)(l ) 3 


12 


12 


* .125 


M = 4.0 

2 12 


of 


I Ay 

. h 

i 

1 

-» 

9 * [ 

An^ 



j 

,5 i .75 

3.0 

9.0 

13.50 

.125 

4.5 

I 

,0 I 9.00 

1 

.5 

• 25 

.75 

»■ 

1 

4.000 

. 

,5 j 16.50 

2.0 : 

4.0 ! 

t 

12.00 

.250 ; 

6.0 

5.5 ! 25.25 

► 

* 

\ 

L - 

1 

"~26725~ 

1 4.37o 

J 


S3 


3 


of 


(S)(l) 

M- SI 1 "J®!2T“* ** « 40 


26.25 = 

+ 4. 375 — X c 
I * 30.625 


3 
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?z 


Check of stati c moment at neutral axis; 


From bottom portions 


From top portions 


2.5 x 


3 x 
75 x 


1.5 

1.25 


4.50 

2.35 


£ * 6.85 


3 x 2 = 6.00 

1.5 x .75 x .75 * .85 


G.85 Chock. 


Assume that this section has a snenr oi xcs. tuiu * ^uuiu 6 

moment of 300,000 u #: Then the maximum shear per inch at tho neutral axis * 

Q o ( 20,000.)(6.85 ) _ 4460$-/inch. 


I 


30.625 


The unit stress = 


4460 


1 x .75 


5960#/sq. inch 


teaximum fiber stress in banding at the top = 


Mi = ^^22 = 24,400^/sq.in. 
I 3'0.626 


end at the bottom 


* 34,200^r/3 q. inch. 


30.625 


These are maximum values. We will next examine tho load distribution 
and balance of forces across the entire cross-section. 

At £ and h top and bottom there is no 
material on the side away from the 

_ neutral axis and therefore there can 

be no shear transfer. 





5>y/r /, e 
STA'tS? 






At b, area above section * 1.5 sq. in. 

Static moment = 1.5 x 2.25 =* 3.38 

Shear per inch = - 9/ QP. P . & 2200 lbs * 

30 . 6^5 


Shear per sq. 5 


2200 


Jit 


1 x 3.0 


735 lbs. 
per sq.in. 


Fig.- 4 


At c. 

Shear per inch 


20,000 x 6.0 
30.625 


= 3S20 lbs 


Shear per sq. in. 


3920 

= 1 x .76 s 5250 • 

por sq.in* 


At d, (S.A.) « 5960 lbs. per eq. in. (see preceding work) 


At e, 3 « 4.5 + (.75)^2) = 6.0 


f fi * 5230 lbs. per sq. in. 


At f, Q “ 4.5 


Shear = 20 , ?H°a?v 4 - - = 2940 lbs * P er 

30 . 6^5 


in. 


♦ . 


fs » 2940/.75 » 3920 lbs. per sq. in. 
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At g, Q # ,75 x 3,26 3 2.44 


f. - fy ■ - 1.060 lbs. per sq. in 

S bX 1.5 x o0,02o 

A 


Tho diagram of unit shear stresses is plotted on Fig* 4. 



Using tho straight line variation 
unit stresss 

♦ 

At & « 24,400 lbs. per sq. inch. 

At c » x 24,400 - 14,600 

— 2.5 

At d *» 0 

At f « i-4 x 34,200 - 24,400 

— 3.5 


of 


At h * 34,200 


Consider the total leads on 
total tension loads must balance 
the bottom fibers 


sections 1, 2^, 2 U , and 3. 
the total compression loads 


From » 0, the 
For tension on 


1- 

—1 


J 



T 

i 

' 

i 

nlniLin. 

L_ 








' “1 ~ -"Sr £ 

n 'MZ* 


se. & 


Average Load on Segments 






* 


# / 

1 = | (34,200 + 24,400) «* 29,300 Al w 
2 l » £ (24,400) » 12,200 


2 u “ * 


?? (14,600) = 7,300 



4 ^ ooo 


3 


£ (24,400 ♦ 14,600) « 19,500 


Fig. 5 (a) 


Total leads on sections 


1 w 

2 L - 


1.5 x 29,300 
(2.5)(.75)(l2,200) - 

£ T « 66,800 lbs 


44,000 

22,600 


2 U - (1.5)(.75)(7300) 
3 « 


3 x 19,500 
Check 


iS 


8,300 
58,500 
65,800 lbs. 


£ 


M about Id.A. must also equal the external moment. 


V 


58,500 x 
8,300 x 
22,300 x 
44,000 x 


2.04 

1.0 

1.67 

3.03 


v 


'M 


« 


119,500 

6,300 
38,200 

1 33.400 

299.400 


against 300,000 applied . 
Error ** 600**# * .2 of 1X°* 
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The concept of horizontal shear may be further clarified by taking a 
section of beam 1 inch long out as a free body* Assuming that the moment at 
one end of the cut section is 500,000 "jf and the shear is 20,000ft the moment 
at the other ond will be 300,000 i 1 x 20,000 depending upon whether we are 
increasing or reducing the moment in the direction taken. The example assumes 
no additional load on the segment of the beam, and that the moment is reducing 
toward the left* 



( 4 ) 


20,oqo 



tt i* 




£~ 

,„c 



i 

■+ 


&&& - 



*l*L- 

GOO ^ 


-* OQO 



&>) 


<• 4/0 &sr 

c«o 


S3.50* 
33 0 ( 0 > 


*■ 


coo 


&j54& 



y 


£T6..£ot> 


oo 



S H ~ 44*<> 


00 


f 


■5>r- 



4I&6S 


l 




■f 



-c^4 OCG> 


Cf} 


BU 


n 

« o 


The forces on the beam are plotted on Tig* 6 (b) and (o). 6 (d), (e^, 

and (f) show longitudinal sections lifted out of the segment v/ith the forces 
which hold the sections in equilibrium* The values of horizontal unit shearing 
stress thus obtained are as follows: 


(l) Across section c-c, load =* 3902 lbs*. Area ® 1 x *75 * *75 sq. in 


Longitudinal shear stress 


3902 
.7 6 


5230 obtained from formula 


« 5200 lbs. per sq* in* against 

SQ, 

TT 


(2) At neutral axis d-d » ~~~ » 5940 against 5960 obtained by formula. 

• 75 


(3) Across f-f 


2935 

.75 


® 3S13 lbs# x 


sq. in. against 3920 from formula 
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Problem Assignm e nt * 


9,1 Assume section of vd.ng beam as shown 


s 




j 

<5 


V4 


$ 




Hear pal 


z 

fz 


X 

Jfc. 



l 


s 


m 


w 


,o9> 


1 v 


) 0 . 2 . 4 - 


La 


L !i 


-4 


2.0 



-XI 



3> 


t L 

4- 


(1) Compute section properties* 

(2) Compute maximum bending stresses 
on both compression and tension 
sides for moment of +1,200,000 ,T # 
(compression in top)* 

* 

(3) Compute maximum shear stress 

in v/eb for shear of 20,000 lbs* 

(4) Determine shears per inch 
along lines A, S, C, and D. 
Compute allowable rivet spacing, 
assuming ..JL, - 24ST rivets 


5 

3 2 


(5) 


( 6 ) 


good for 672 lbs* each* 

Determine loads in elements 
and check balance of these 
loads against external moment. 

Determine changes in loads in 
elements of section in 10 M 
assuming constant section and 
constant shear* Check shears 
along lines A, 3, C, and D* 
Compare with (4) above. 


note; The change in moment where the shear is constant 
times the distance through which it acts* In this case 
moment over a 10 inch length equals the shear, (20,000) 

in. lbs. 


is equal to the shear 
the difference in 
times 10 , ; or 200,000 


• # 
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■R YAN AERONAUTICAL INSTITUTE 


STUDENT WORK-GRADE SH SET 

INSTRUCTIONS: BEFORE BEGINNING YOUR STUDY, READ THIS CAREFULLY, 


As you complete each portion of this assignment, 
you are to answer the problems listed for you* 

Each set of problems is to be completed in order# 

» 

Upon completion of all portions of this assignment, 
you are to mail them to us for correction and 
comment, and then proceed with the work involved 
in the next assignment* Send each assignment in 
for correction as completed# 

Before sending your work to us, check the com¬ 
pleted problems against the list below. Indicate 
by check mark in the margin that you have done so# 
DO NOT SEN D IN INCCMPLETED ASSIGNMENTS . Title each 
problem correctly. 

This sheet will be 
work-grade record, 
ments in part four 
this course. 


returned to you for a permanent 
Problem solutions to all assign 
will be included in part six of 


AIRPLANE STRESS ANALYSIS 


PART FOUR 


ASSIGNMENT 10, BASIC STRESS, (2 Problems) 
ASSIGNMENT 11, BASIC STRESS, (l Problem) 
ASSIGNMENT 12, BASIC STRESS, (2 Problems) 


COMPLETED GRADE: 


Time spent on assignment, hours: 


REMOVE THIS SHEET AND ATTACH TO YOUR WORK . This sheet must 
accompany your work so that you will have a grade record. 


< 
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9 
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ANALYSIS 


PART FOUR 

ASSIGNMENT IQ 
ASSIGNMENT II 
ASSIGNMENT 12 


♦ 
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Assignment 10 

AREA. METHOD FOR CALCULATING 


The method'shown in Assignment 8 for solving for beam deflections works 
very well whore loading is symmetrical and points of maximum deflection (or 
zero inclination) can be chosen by inspection. The method nay be further 
extended to include unsymmetrical cases as shown by the following example. 

The method is based upon the principle, THE DEILECTION OF A POINT IN ANY BENT 
BEAM FROL A TANGENT AT SOME OTHER ARBITRARILY SELECTED POINT IS EQUAL TO THE 
STATICAL MOMENT OF THE M/El AREA BETnLEn THE TvvO POINTS WITH RESPECT TO A LINE 
(NORMAL TO TiiE REFERENCE TANGENT) THROUGH THE DEFLECTED POINT. The uso of this 
principle does away with the necessity for locating a true axis for the inclin¬ 
ation curve, or even with the curve itself if so desired. It i 6 known as the 
moment-area method. 


N 

*0 


0 I 

Ch h S9 


Os 

IN 


Jr 


*<> 

r*> 


f o 
Ns. 


§ 


Using the trial axes the equations of the 
deflection curve locate the axis after 
/)*/$ BEFCZZ tending with respect to a horizontal 
_ Se NOtNO reference tangent. 


Axis A/^TE/e 

B&NDJNG Substituting the value for 


n„ it 


at the right 


n 


£rcT 

3.33xP 


El3330 + iooox 
+ loox}-l&(>7A 3 


hand reaction the deflection of reaction 
BE F TANGENT from the reference tangent is 

- J n n V obtained• 


fOo 


to* 7 - 


lOOe+loox-SA 


X 


A straight lino connecting the two reaction 
points locates the undeflected axis in space. 
The difference between the axis before 
bonding and the axis after bending measured 
n orma l to the reference tangent is the true 
boam deflection. 

First equation! EI<^~ * 3.33X^ 

where X * 5, El ® 3.33 x 5^ * 416 


M:ZOX\ fy)x.20Q-/OX 


Mom . 


true defl. x 50,000 - 416 

oO 

at x « 10, EI(f • 3,330; 

, ... 10 _ 


7,917 


S z lO 


defl. « ~ x 50,000 - 3330 • 13,337 

^ r 2 

Second equations SI A » 3330 + 1000X + 100X - 

1.667X 3 


S'-JO 


SHP 


X 


30 




x «• 5, El (f a 3330 + 1000 x 5 + 100 x 5 2 - 

1.667 x 5 3 = 10,622 

defl. - ~ x 50,000 - 10,622 * 14,378 


30 


hoPiD 


x = 


JO 


2.0 


Zo 


#• 


)o 


* 


defl. 


10, EI(T« 3330 + 1000 x 10 + 100 x 10 2 - 

1.667 x 10 3 » 21,663 

. - x 50,000 - 21663 = 11670 


etc • 


Fig. 1 


’True deflections are found 
listed by El. 
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The values may be checked by handbook formulas 


ei <f: 


Max . 


Vfa b (a + 2b)"/5a (a + 2b) 

27 Z 


L- 


W * 30ft 


b * 10 


20 - 


Subst. Values; 


PT . (30)(20)(10 )(2 0 + 20) 

EI Max. . 127)(30; 


60 ) 


9 


| (a + 2b) 


L - 30 


14,520 


from the 1eft hand support 


a * 30 - 


(20 + 20 ) 


30 - 16.4 = 13.6" 


This corresponds to a value of X = 8.6" in the second equation. 

Subot. in gen. eq., BI = 3330 +(l000)(3.6) + (l00)(3.6) 2 - (l.667)(3;6) 3 


Defl. 


= 3330 + 3600 + 1296 - 78 = 8148 

= (50,000) - 8143 => 14,519 (checks above result) 

<30 


2,000 


Moment A rea M eth od, Leaving Out SI & Curve 

Difference between tangent at the origin and a point in the bent beam at the 
right hand reaction. EI values carried as constants: 

focO 0C) •/ Mom* area sec* (l) » 200 x ~ * 1000 

I , J^ ,333 ;i 2 

Mora. area SG t> (2) = 200 x ~ = 2000 

X 1^-Static mom* of mom* areas about Rg = (1000)(23,333) 

' Total + ( 200 °H 13 * 3; * 3 ) w 50,000 

At X « 10”, static mom* =* 1000 x 3*33 » 3,330 


/J.333 


f 


*2.3 .3 3 3 


’Tot/) 




looo 




-4 \<r 3.32 
JO '1 


/Ooo fS*oo 


Defl* « 


10 , 


30 


x 50,000 - 3,330 * 13,337 


At X « 20” from L. H. reaction 


checks curve, 

page 1* 


Mom • of 


Defl 


areas » 1000 x 13.33 + 

a 13,330 + 8330 

20 /•/\ AAA An /» AA 


1500 x 5*56 
21,660 


30 


x 50,000 - 21,660 = 11,670 


checks 


±-M5S6 

2 LG 




Fig* 2 
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Pro portios of fcoment Diagrams for Use with foment Area Method 

^NTILEVEP simple. 
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Fig. 3 


|!t 


||t 

•l* 

i; 


Basic Stress Analysis 


yy 
i * 
I 1 ’. 


10-3 


p> 

(!! 


















/ 0 £ 


The moment area method is -used extensively to c&loul&to cantilever" wing 
deflections where very often neither the moment of inertia nor the moment 
curve can be expressed in the form of a single equation# Where such a con¬ 
dition exists the values of the moment on the wing and the moment of inertia 
of the bending material in the wing are calculated separately. Next a curve 
is drawn on which each ordinate represents the valuefor a particular 


section of the wing* This curve is thou treated as though it wore & load 
curve on a wing* Tho moment curve corresponding to this imaginary g£- loading 

is then tho deflection curve of tin* wing* Note carefully that unite must be 
consistent. If moment is in inch pounds E in pounds per square inch and 
moment of inertia in inches to the fourth power, deflection will bo in inches* 



M a Ordinate in U curve 
El ("Ordinate in 1 curve ReJ 


I curve plotted by calculating 

1 values for several sections 
along the span 


Moment calculated by moving 
inward from tho tip* 


Note carefully that the deflection calculated by the moment-area method 
is wifrh respect to a tangent at the reference point . True deflections in 
space are then obtained directly only when the reference point on the axis, of 


* Note: A cantilever beam is one which projects beyond a support. Cantilever 
vdngs are attached at the fuselage and project beyond their attachments on 
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the bent beam is horizontal as at a fixed support -(see Assignment r ] ') or at 

For 


a location about which the beam is symmetrical and loaded symmetrically• 
example if n cantilever wing is attached at two locations along the sides of 
a fuselage and extends through tho fuselage, tho effect of deflection of the 
center portion will be to increase all of t he deflections of the cantilever 

( See Fig* 5 ) 6 


T 

p ortion 


»o 


ti±gtjC 



D£Fl . Feow /) TANGENT AT 



* ^ , 

StEF/GNT LINE CoFZEC Tl 

Fee Angle Between 


TANGENT AT 6 AMD 


/?£ FEZ P.HOZ Po/N 

E/y/ASG TeuE Be LA Tti/E 

VEETJQAE &APEEC.T/OMS 


Befofe Bending 


Bn e/ z 


c/- 


Z 


Total deflegt/dn 


d.-t-o/. 


z 


Fig. 5 


Where the material in the beam does not change E is constant, and may be 
carried as a constant into the final, E^f, curve. Then true values are obtained 
by dividing the ordinates of the E & curve by E. Also for simplicity it is 
often convenient to introduce a constant multiplier or divider in the y orgy 

curve, and correct for it in the reduction of the final ordinates in the 
deflection curve. This value can be lumped in with the constant value of E. 

It is not always possible to use the full value of E for the material in 
computing the deflection of a fabricated (bolted or riveted up) wing. Some 
allowance is generally necessary for rivet slippage, etc. The above method 
accounts only for deflection due to bending and makes no allowance for de¬ 
flection due to _ .oar. In general close agreement with test results is 
obtained when it is assumed that E for the complete wing is .90 x E for the 
material usod. 

Motes E is obtained by tensile tests on pieces of tho material. 

E « unit stress s lbs/sq« in. 
unit e lon gation in♦/in• 

The general case for cantilever wing deflection will be illustrated by 
an example. See Fig. 6. 

The first step is to solve for the shears and moments. Then from 
symmetry the deflected wing exis is horizontal at the center line of the 
ship. Also ki = R 2 - \ the total load. It is possible to take one-half of 

the total wing out as a free body and solve for the moments and deflections. 
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Use £ » 10,000,000 

Use curve JL x iq, 000. divide final results by 10,000 to obtain true 

def lections. i 
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Curve of ±- x 10,000 

iiil 

Assume straight line 
variation between 
stations shown. 


I curve 


(1) M - 792.000 + 

20X 2 

(2) M = 000,000 - 
8000X + 2QX 2 


4* 


'-4£> 


4 


■f£oo 


CD 


-£vo o 


(1) S « 40X 

(2) S « -8000 ♦ 40X 


C Oo 


UJ- + 


4o^A 
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t 


£> 


'S800 


Zo 



Zoo 


✓/ 


Basic Stress Analysis 


10-7 


« 





















Deflection in inches from 
point f, b ,f 


Deflection from point ”b" 
x 10,000 


Deflection from tangent at 
"a" x 10,000 


JL x 10,000 

El 

bince axis of beam is 
horizontal at ,! a” it deflects 
vfith respect to "a” as 
though it v/ere a cantilever 
beam with perfect fixity at 


basic otress analysis 


























79.6 


/o7 


Moment areas 


t»-b * (20)(5.96 + 4.0) * 79.6 
— 2 

arm to b = 10 11 

b—c — (4C^(4.00 + 6.66) *9 153.2 


arm to c a 


2 

20 . 2 ” 


c-d * (40)( 3.66 + 3.60 ) 

2 

arm to d = 20 ,! 


d—e =s (40)(3.60 + 3.20) ~ 136.0 


(centroid of trapezoid) 


145.2 


u 


rm to e » 


2 

20 


4 11 


e-f » (40)(3.20 + 1.60) 

g 

am to f 3 22.5” 


= 96.0 


f-g * (40)(l.60) « 32.0 

2 

am to g » 26.7" (triangle) 


Taking moments of the moment areas about b, 0 , d, e, f, and g in turns 


Mom. about b 
Mom. about c 


Mom. about d 


(79.6) (10) ■ 

(79.6) (10 + 
3930 + 3095 
(79.6)(10 + 
7164 + 9222 


796 

40) + (153.2)(20.2) 

= 7075 , 

40 + 40) * (153.2)(20.2 + 40) + (145.2)(20) 

+ 2904 = 19,290 


eto 


Problem Assignment . 

L0:1 Check the problems worked in the assignment, making sure that you under- 

stand each stop. 


10:2 


lind the deflection of the cantilever wing illustrated, assuming that 
wing is not continuous through the fuselage but is rigidly supported 
(full fixity) at the side of tho fuselage, (note: bor this case the 

bent axis of tho wing is horizontal at V.) 


the 




lo - -h 40 &//! 


- &00 


It 
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Assignment 11 
CONTINUOUS BEAMS 


UNIT LOAD DEFLECTION METHOD OF FINDING REACTIONS 


Continuous booms are those which are supported on more than two reaction 
point's! continuous beams the equations of equilibrium £V ® 0 , and * 0 

are not sufficient to solve for the reactions• For example if a beam is con¬ 
tinuous over three supports we have three unknown reactions, and only too 

equations# To solve this problem therefore involves the physical actions of 

the beam# 

Where there are only three supports the beam may be made determinate by 
removing one reaction# Its effect is then solved for &3 follows. It is 
assumed that the reaction points do not move# 

1 * Remove one reaction and find the deflection of the beam at the point 

from which the reaction is removed using actual external loads on 

the beam# 

2# Remove all external loads and calculate the deflection of the beam 
under a unit load only acting at the reaction point in the direction 
of the reaction# The ratio of the two deflections will give the true 
value of the reaction# (A unit load is an index load of 1 lb*, 100 
lbs., or 1000 lbs., etc# used as a measuring stick.) 


In effect what we have done is to remove the reaction, let the beam sag, 
and applied the load at the reaction point necessary to deflect the beam back 
to its original position# The method is boat illustrated by tailing an actual 
problem. Assume that wc place a support at the center of the beam shown on 
page 4 . , Assignment 8 . Its effect will be to hold the deflected neutral axis 
of the beam in line with the end reactions# The deflection of the center 
under the external loads with no roaotion at the center has beon found to be 
•433 inches# If all other load is removed and a unit load is placed at the 
center reaction point the deflection of this point from handbook formula would 
be 

C - (1K100) 3 . 1 

O * 43EI (48)(10,000,000)(3) 1440 


A= defloction with reaction removed » #433 inches 

R P * center reaction » #433A . » #433 x 1440 » 625 lbs# 

* /1440 


By symmetry Rj and R 3 are equal, or each equals y(l000 - 625) «* 187.5 lbs. 


fror this case of 
reactions: 


uniform loading and equal spans there are formula for the 

* R 3 * 3/l6 x total load 


Eg e 5/8 x total load which check our result. 

Once the reactions are known the solution of shear, moment, inclination 
and deflection curves is possible. For this beam the three lower curves 
(loud, shear, and moment) are shown, on the following page. 
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5h/etiz i 



- 3/35 


Y' 

Vj 

f 





J K 




lot.-/# 4 /! u> *V<» 


Logo 



f67** 


Fig. 1 


Span 1-2, Mom. ** 



(187.5 - 10x)dx « 


187*5x - 5x 


2 


At x * 50 11 , Mom. 


Span 2-3, Mom. * 



(187.5)(50) - (5)(50) 2 
3,125*'# 

(312*5 - 10x)dx * 


2 

312.5x - •“* + K 


lOx 
2 


When x ® 0, Mom. » K ** -3,125 
Then ** -3,125 + 312.6x - 5x 


2 


Checking at Rg ^here Mom. a 0, x « 50 
to o -3,125 ♦ (312.5)(SO) - (5)(50) 2 

« -3,125 + 15,625 - 12,500 «* 0 Chocks 

Span 1-2, Shear ® 187.5 - lOx 
Span 2-3, Shear = 312*5 - lOx 


Note: 


When the functions are discontinuous 
as at a reaction or a concentrated 
load take a new origin for n x 
write new equations referring to 
the new origin. 


and 


**** 


iUf 


l 
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Methods of Solution of Continuous Beams 


& 



«k-Sii + S* 


B3am Cut at the Reaction 



QXSED 







& 







f-i^Z 


Beam Cut at Points of Zero foment 
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iiny span of a continuous beam may be taken out as a free body once the 
moments at the supports aro known. Also if tho points of zero moment in the 
beam oan be found a continuous beam may bo broken into a series of simple and 
cantilever beams. The force systems acting are shown on the preceding page* 
The method of solving directly for moments at supports will be given in the 

next assignment* 


The Unit Load Deflection Method offers an easy solution for the problem 
of tho restrained Cantilever Beam* Fig. 3 


/ooo 


4 ~ 



* 

This beam is statically indeterminate 
since the equations of equilibrium which we 
may apply consist of £ V » 0 and » 0, 
while the unknown values aro Ra, "khe 

moment, M a , at the wall. With a fully fixed 
beam, the inclination of the neutral axis 
at the edge of the wall will be zero* (The 
axis remains horizontal.) Then the reference 
tangent for the moment area method of 


Assignment 10 is horizontal at M a n , and 

will 


deflections taken with respect to 
be true deflections * 


V 1 


First removing the reaction, R 0 , and treating the beam as a simple 

^ . . I If. It at *1 _ _ ^ 1 . _ ^ ^ J MM 


cantilever with a load of 1000 lbs/acting at V. the load shear and moment 

^ A * A 


curves are as shown on tig. 4. It is not necessary to use the values of E and 

I in the unit load deflection method since we are interested in the ratio of 

deflections under the actual loads 


A 4q sa 9 S 
(•£$0,000) 

J 

! 





with the reaction removed and under 
a unit load at the reaction point. 
Since E and I appear in the equation 
for each, their effect is cancelled 

We omit 


when the ratio is set up. 
them, therefore, in this case. 





Solution: 





+ \ooo 



= -40,00 O 

C u 




loco 


t 



With reaction at W C M removed 


the moment at tho wall is 
-(1000)(40) - -40,000"t* 
sign shows compression on 
side* Total moment area > 


The minus 
the bottom 


i 


I I 


1 1 


» 


c 


/ooo 



0* 


zo 




Co 


t>r 


LofiO 



>(40,000)(40) * -800,000 

2 

- (-800,000)(46.67) » -37,336,000 


Deflection under actual load with 


support at c removed. 


1 


Fig. 4 

Deflection of Point C with 

Reaction Removed 
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i'Jext we 
at C apply a 


remove the external load from the beam and in place of the reaction 
unit load of 100 lbs. acting upward. 


C /<?Oj oo 6) 


4 


o: 

$ 

Mow, + 



■q-Q 


r> 





Mom € a* ($0 OQ~/OpK 




St 



Solution: 

J JLL Ilf 

ffith an upward reaction at C of 100 lbs. 

k a = (1Q0)(60) => 6000"ff 
Total Moment area - (6000)(60) = 180,000 

EI Cc * (180,000)(40) » 7,200,000 



lo&D 


it 


Fig. 5 

Deflection of Point C with 
100 lb# unit load 


The total upward reaction at C ° ( ■■ ? ■■■■ |j| (100) » 518 lbs. 

R c » 518 lbs*, H a « 1000 - 518 « 482 lbs. 

M a » (518)(60) - (1000)(40) » -8,92C ,! tf 
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Problem Assignment. 




11 1 1 Solve for the reactions and. find the loads, shears, and moments on the 

following indeterminate beams, using the unit load deflection method. 

(a) 
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Assignment 12 
CONTINUOUS BEAMS 


Th e Equation of 3-Moinents . 

if‘/e have seen in Assignment 11 that the Unit Load Deflection method for 
solving for reactions on a continuous beam can involve considerable work. A 
more general method, by which we solve for the moments at the support points, 
instead of the reactions, is available. This method which involves the equation 
of moments at any three consecutive supports in a continuous beam is known as 
the "Equation of 3-Moments 11 • It is based upon the assumption that the slope of 
a continuous beam just to the left of a support equals the slope just to the 
right of that support. In other words it is based upon the physical action of a 
bourn. 

Equations of "Loading Terms" involving the various types of loads to be 
found in a span may be developed in general terms involving lengths, L , ar.d 
loads y /, or P. Use of these loading terms then facilitates the solution for 
support moments where spans carry any of the common types of loading. The 
method of development of the equation for uniform running loads in adjacent spans 
is given on the following pages. 

r 

Note the following points carefully: 

1. The loading terns developed arc* based upon the convention that upward 
acting loads are plus. 

2. A plus sign for a moment in the final result indicates tension on the bottom 
fibers of the beam at the point whore the moment is taken. 

3. Once the effect of the moment at the end of any span taken out as a free 
body is known, that is either to put tension or compression in the top fibors 
of tho boom at the joint^the value of the plus or minus sign has been ful¬ 
filled. For examplo, if the moment at the right hand end of an isolated 
span is plus it puts tension on the bottom fibers. Therefore it turns 
counter clockwise around tho joint and in as far as the balance of moments 

is concerned it is neither a plus or a minus moment but merely a moment of 
so many inch lbs. turning counter clockwise around the joint. 

At any support in a continuous beam the moment just to the loft of the 
support is equal to the moment just to tho right of the support. However 
• if the spans are isolated as free bodies the direction in which the moment 
turns will be opposite on the two spans. This is necessary in order to 
produce the same type of stress in the boom on either side of tho joint. 

It is just as true of a beam cut at any section, not necessarily at a joint. 
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3-Moment Equation* Support Points do not mere. 




Fig. 1 


Consider (l) and (2) as two spans of a continuous beam token out as froe bodies 
in opaoe* Same value of l! E ,! in each# 
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W2X2 4 ' „ * 
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Duo to continuity at 2 &i 
a a at * 2 - C? «* (c'i) 


at L 


2 x 2 3 ^ * 


Eq* b 


Equating (a) and (b) 


- wiLi 3 + 


i_ ImiLi + ^2 - K l) L l - wiLi 3 

h L - 2 - "IT” 

i ^1 L 1 + ^ k 2 ~ M l) L l _ w^k 


D-« 


(c,) 


or 


r- (cj) = o 

a 2 


Eq. (1) 


if the support points do not move relative to each other $1 “ 0 
where » 0 and where ^ and $ ^ » 0 . . whero x^ « Lg or 0 


» L 


Subst* in the deflection. 

ST. b -L. fell + ( !i 

0l El, I—“ 


1 

El 


equations 

- k> k* 


7 4 l i l -C. + rfe + c.l, + c71 

12 24 1 1 iJ 


* 0 


or 
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Mik 2 + (M 2 - M^) 


L 2 , W 1 L 1 4 

24 
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whoro « 0 ** Cg ** 0 


Therefore 
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M^Lj 2 + fa 2 m % ) L 1 « W 1 L 1 
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1 U 


2 


6 


24 


+ 



0 


1 

eT x 


(C}Li) 


j.r: 
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2 

M 1 L I 

2 


C 




MjLi + fa l - m 2) l I + w 1 L 1 


( M i * m 2) L * + W 1 L 1 
6“ 24 


3 



2 


6 


24 



£) ^ » 0 
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1 


.i 2 

M 2 1*2 


whoro xg « Lg 
(M 3 - Mg) L 


3 

2 



2 


2L 


2 


3 


w 2 L 2 L 2 

12 


and 



Bq. (2) 


* Sil . c ;l 2 . ojJ 


24 


0 


or 


1 




2 


k 2 L 2 + (“3 “ 1-4 ) L 1 W 2 L I 

2 6 24 + 


C^Lg + Cg 



« 0 



Eq» d 


where xg «= 0, §" 2 » C 2 » 0 


Therefore Eq» d reduces to 
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Bq. (3) 


Subst* Ci and in Eq# (l) 
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Mg * Mg from continuity 
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Multiplying by 6 — 










Since the foregoing equations apply to any two isolated spans in a con¬ 
tinuous beam, the solution for a continuous beam of any number of spans con¬ 
sists in isolating two adjacent spans at a time and obtaining the equation 
for the moments at the joints in those two spans. A series of equations result 
which must be solved simultaneously to obtain the values for the unknown • 
moments at the joints# Since the left hand side of the 3-moment equation 
will be the same regardless of the loads in the spans, if tables of loading 
terms are available, the moments at the joints may be obtained quickly. A 
table of the common loading terms is attached. If an unusual type of loading 
is encountered which fits none of these it is sometimes possible to break the 
loading into two or more types and add the loading terms for each on the right 

hand side of the equation. Very irregular loadings may be reduced to a series 
of concentrated loads. 

Important Note : 

The 3-moment equation applies to beams whose Moments of Inertia, I, and 
Moduli of Elasticity, E, are constant over spans. Where either of these 
values varies in a span an average value is used. 

Where a number of spans are involved the setup for the 3-moments equation 
will be as shown diagromatically below. (Fig. 4) Joints are 1 to 7 inclusive. 
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Type of Load 
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Uniformly Varying Loads 

Loading Term 

in Left Bay in 
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Table 2 
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Assuming that the end joints 1 and 7 are pinned, (moments ® 0) or are 
known, as from a cantilever overhang, the unknown values are the moments at 
joints 2, 3, 4, 5, and 6 . These then require five applications of the equation 
of 3-moments for solution* Joints 1, 2, and 3 are taken for the first equation* 
Then span 1-2 is tho left hand and span 2-3 the right hand in choosing the 
loading terms* Joints 2 , 3, e.nd 4 are taken for the second equation. For the 
second equation span 2-3 becomes the left hand and span 3-4 the right hand for 
choosing loading'torms* IrT order to keep the nomenclature correct we would 
designate the unknown moments at the joints as 

( *» 0 ), M 4 , and M 7 ( *» 0 ) 


Then our first equation would read 

Mih 


1 L 1 , L 1 l 2 s 
— + 21“2 ( I7 + 


Equation 2 would read 




L.H. Load term + 
R.H. Load term 



1-pL-i 

- + 2i>-v ( 


1 


2 


l 2 . ^3 


3 'J- + * 

1 2 x 3 


m 4 l 3 

h 



Loading terms 


etc 


If the end moments are not zero but are known as they would be 
tilever overhang the terns involving and Id 7 would be composed of 
only* if tho ends of the beam are fixed, as into a wall, a special 

used* This will be given in the next Assignment. 


for a can- 
constants 
method of 


attack is 


Problem Assignment 


12:1 


Using the same attack as given for uniformly loaded spans in 
ment develop tho loading term for a beam with a concentrated 
span. Check your results against the loading terms given in 
ment ♦ 


this 

load 

this 


assign- 
in each 
assign- 


12: 2 Solve problem 11:1 (b) by the equation of 3-moments* Your results should 

oheck those obtained by the Unit Load Deflection Method. 
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Assignment 13 


I2!y 


CONTINUOUS BEAMS 
3-MOMENT EQUATION 
MOMENTS AT A FIXED SUPPORT 


Tho 3-moment equation may be used to solve 
by assuming that a "phantom" span equal to that 
and similarly loaded extends beyond the support. 


for moment at a fixed support 
adjacent to the fixed support 



By the unit load deflection method: 


Deflection at with reaction removed 


W L? 

8BI 


(loXioo.oao.oo o) 
WlTo, ooo. ooo)TiT 


=3 12*5 inch. 


Deflection at under 1 lb. load 


w l? 

3EI 


(l)(l,000,000) 
(3)(10,000,ooo)(i) 


l/ZO inch. 


Ki «= 12.5A , ra (l2.5)(30) 53 375 lbs. 

' V30 

Moment at wall » (375)(l00) — (10)(lOO)(50) ** 37,500 - 50,000 

« *12,500 M )r. \ 

Checking by the 3-moment equation putting a phantom span Lg in place of the 
wall: El is constant and is dropped from the equation. Also « 0, 

and v/-^ *= Wg, « Lg. 

Under these conditions the 3-moment equation simplifies into 

2M-(Lj+ L/s) * 2(v:]Li 3 ) 

4 


In. the problem of Fig. 1 

2H 8 (100 ♦ 100) - WL-JOH1 J 000 ! ®0) 

400M 2 « -5,000,000. Mg - -12,500"# (Checks) = M c . 

The phantom span method may be used where a beam continuous over several 
spans fixes into a wall but only if on the phantom span v/e duplicate the con¬ 
ditions in the next adjacent span. What we are actually doing is to set up 
conditions 'which will bring tho beam axis horizontal at the wall, which is our 
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definition of full fixity. In effect the phantom span and the adjacent actual 
* an balance exactly over the fixed support point (wall) as a fulcrum, bet 
us "take problem lisl (b) and consider that instead of having pinned joints 
ut a and c the beam is fixed at those points# Fig. 2. 



Fig. 2 

£ and I constant. 


i/>-= - 2> 6&Z" 


Fig. 3 



Equivalent P/^NToM 


Fig. 3 shows the equivalent phantom spans. Phantom span 1-2 has the same 
length and loading as actual span 2-3 and phantom span 4-5 has the same length 
and loading as actual span 3-4. In addition if we are to separate out the 
left hand spans 1-2 and 2-3 and have them balance completely over point 2, 
(horizontal inclination of the beam axis at that point), must equal Mg* 
Similarly Mg must also equal Mg. Then wo start with the following relations 


1 


M 


3 


(1) M 

(2) Loading 

(3) Loading 


* fc 5 
terns 


for spans 1-2 and 2-3 equal 
terms for spans 3-4 and 4-5 equal 


The solution is as follows: (leaving out I which is constant). 


(MjK-lO) + 2M 2 (40 ♦ 40) + (M 3 )(40) 

403^ + 160M 2 + 4Ok 3 = -640,000 

M x + 4M 2 + M 3 = -16,000 

But M x * Mg, so 4M 2 + 2kg - -16,000 

2M 2 + Mg * -8,000 


2(-20)(40) 3 


4 



-( 1 ) 


13-2 

Basic Stress Analysis 
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t 
























(M 2 )(40) + ZM3(40 ♦ 80) + M 4 (80) - 



+ ( -20)(80 ) 

4 


3 


40M g + 240M 3 + 80i* 4 - -320,000 - 2,560,000 * -2,880,000 


&2 + ♦ 2M^ a ••72,000 



(2) 


/27 


(M 3 )(80) + 2M 4 (80 + 80) ♦ * g (80) 


(2)(-20)(80) 3 


4 


80M 3 + 320k 4 + 80M 5 = -5,120,000 
ia 3 + 4M 4 + M 5 « -64,000 


111 


But M 3 « Mg 

Then 2Mg + 4M^ ** -64,000 

M 3 ♦ 2M 4 » -32,OCX) 

Subtracting equation 3 from equation 2: 

ld 2 + 6 M 3 * 2 M 4 » -72,000 

Mg + 2 Ma » —32,000 


^2 ’ f ^3 + 0 « -40,000 


( 3 ) 


(4) 


Mult# by 2 


2 M 2 + 10 M 3 « -80,000 


Subtr# eq# (l) 2&2 * Mg * - 8,000 

0 + 9Mg = -72,000 




M 

M 


3 

2 


4 


- 8,000 "it 
0 

- 12 , 000 "# 


The Effect of Deflected Supports# 


If the 
written* 


supports for a beam deflect the general equations of 3-moments are 


MiLi 

TT 


+ 215 


di + --) + 1,1312 


2 'll 


*2 


*2 




H. Load 
Term 



+ 6B (yi-y2> + 6E (ywz) , . where 

L 


1 


1-2 


yp an<i y 3 are tho dafiootions supports l f 2, and 3 

+ deflections are upward# Solution of a beam by this equation 
depends upon known or estimated deflections at the support 
points. Refer to notes of Assignment 12. When known 
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deflected values are equated to the deflections at the 
supports there is no change in the general equation, up 
to Eq. (l) but fron this point... 

<• __l. fW *(fe - “i) L i 2 _ v, i L i 4 

whore x 1 « Q i " 1 -*-- - 


/3S 


1 



z 


6 


24 


+ C 1 L 1 ♦ C 



^2 


where x^ » 0 



C 


2 


BI 1 


h 


from which 


1 

El 


1 



% L i 

2 


2 


(^2 - ^l)^! 


2 


6 


1 

El 


1 


M X Li 

~2~ 


2 


2 


6 


M X L X 


2 


2 


r'» 


n L i 4 

24 

+ ^ 

+ -yg 

T 4 
*1 L 1 

• 

+ C 1 L 1 J 

= y 2 - = 

45 EI 

24 

, 4 

n L i 

+ C^Lx ■ 

(y 2 - ypSI 

24 


y2 - yi 


i 


°ih 


U X Lx 


2 


2 


+ ( iiLl !l )L i 2 + v, i L r + ( _ 

6 24 y2 


yi)« 


1 


c 


r ia i L i 


^ - M-gjLx WnLi ^ 


6 


+ r- + (yg " yi) it 




( 2 ) 



2 


y 3 where x 


2 


Lg, and where x g * 0,^ 


C 


2 


1 

2 


IT 


2 


y2 


i 



2 



2 


4 


H g lA - ^2 )^2 ^ W2 l 2 + c 


2 


6 


24 




+ y 2 - ys 



4 


»&! + C*s - 1-h ii - I1 L £. + «*,! - (ys - yg) SI 2 

5 ^ 24 —i 



1 


c 1 l 2 = 



U 2 L £ 2 . _- 

.. • ■ 1 »•■■« T 


/; * , , 
(*•? - X ?j) 


L 


2 


r% 

o 


c 

2 


* Z*tl * (y 3 - y^ElH 
24 


C 



% l 2 0 4 - 


3 


6 


3?- * <n - ».> 


EI 2 


L 


2 




( 3 ) 


Subst. C-^ and 0-\ in Aq. (1)> 


ko * ko from continuity 


1 

I 


1 



(&2 - & l ) L 1 __ ^ 1 L 1 x 0*1 * ^ 2 } h l * 

6 


3 


2 


12 


2 


*1^1 

24 


+ Cy 


2 


- »■?] - 


1 

T 


2 



M 2 L 2 _ 0*2 w ^5 ) 
~~~ " 6 


3 


+ w 2 L 2 
24 


+ (y3 - Y2) 



- 0 
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M lLl 


M 2 L 1 


T 


M i L i 


M lLi 


M 


S 2 L 1 


1 





1 


21 


1 


21 


M2L2 MgLg M 3 I »2 


1 


6i 


1 


61 


1 


21 


2 



- 4 


2 



T 3 T 3 X 3 

W 1 L 1 W1 L 1 ^2 l 2 
1 “ 241 1 + 241 2 



^2 ~V] ) EI i (y3 - y2)Ei 

^ih 


2 



* 

Multiplying the equation through by 6.0 


6 M- 1 L 



3M 1 L 1 


I 




M 2 L 1 


1 


1 


1 


I 


1 


1 


1 


, 3 

W 1 L 1 


3 


41 


1 


W 2 L 2 6E(yi - Vz) 6E(y 3 - yg) 


41 


2 


L 


1 


L 


2 


»2 L 2 


i 


2 


MoL 


I 


2 


2 


2^2 


3 2 



2 


M 1 L 1 A 2K 2 L 1 2M 2 L 2 1vI 3 l 2 w 1 l 1 

*1 ^l“ + h * h~**h 


3 

W2l*2 


1 


41 


2 


. 6S <yi - Y2) 6E(y 3 - y 2 ) 

* . 4 — - -—- 


L 


1 


L 


2 


M 1 L 1 


I 


1 


+ 2M 


2 



L 2 \ 

♦ -r- } 4 


1 12/ 


M 3 L 2 


3 

W 1 L 1 



2 


41 


1 


3 

2 L 2 


WoL 0 


41 


2 


+ 6S(y i * 6E (y3 • y2 


L 


1 


L 


2 


Note: Hie above equation is based on the solution of Assignment 12 for 
uniform running load on the boam. For any other loading substitute the corres¬ 
ponding loading terms in the right hand side of the equation# The terms showing 
the effect of deflection do not change with changes in the type of loading# 


The three moment equation with supports deflected is used to solve for the 
moments on control surfaces such as ailerons or wing flaps which are influenced 
by deflection of the surfaces supporting them. For example in Assignment 10 
we used the moment area method to compute the deflection of a wing. Suppose 
an aileron is attached to this wing at three hinge points. The wing is so 
much stiffer in bending than the aileron that the effect of the aileron in 
restraining the wing from deflecting may be assumed to be negligible. It is 
good practice to attach ailerons to their supports by self aligning ball 
bearings which allow them to realign themselves without binding when the wing 
deflects. With such a method of support the aileron would deflect relative to 
the wing as shown in lig. 4. If the two outer hinge points are assumed not 
to deflect relative to each ether, the conter hinge may be considered on a 
deflected support and the solution for the moments on the aileron beam may be 
mado accordingly. 


ETI - Basic Stress Analysis 


13-5 


























t 3>o 


Uajqcflbctsp 4//s 





Fig. 4 


Problem Assignment . 


13 tl 


Solve for the moments and reactions and construct load, shear, and moment 
curvos for the deflected aileron shown below. E » 10,000,000 (all 
material aluminum alloy); I =» 1*0, all spans. Loading is upward on the 
aileron. Iho Wing is bent upward. The reference axis has been shifted 
in the sketch to show the original, unbent axis horizontal. 

Note: and Mg may be solved for directly. 
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k&"< 


T. 
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/■ 



- 30 


1 7 
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1ST 


Vi 



lr/ fv/? $LL 

SpfiPS* 

E-IOj 0G&, &&& 


Dff l, or 

■SpPPnrt rs 



-a> 



= -0.4- 


1> 




ft*® 


13:2 Solve for the moments assuming no deflection of the supports and note 

the difference. 
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Assignment. 14 

CCEBINED AXIAL AND BEADING LOADS 



When a beam candying a bending load is subjected to an additional axial 
lead the bonding moment on the beam is modified. An axial tension load decreases 
the bending moment in a beam and an axial compression load increases it# 


Pr imary moment is the moment in a beam before the axial load is taken 
into account. 

Secondary moment is that duo to the axial load. (The product of the axial 
load and the final deflection of the beam.) 

Total moment equals primary moment plus secondary moment, when the beam 
has reachedequilibrium under the side and axial loads; that is when deflection 

has ceased. 


If the beam did not deflect under side loads there would be no secondary 
moment, for under this condition the effect of the axial load would be merely 

stributed evenly over the cross section of the beam* 


Axial Tension loads lower the moment in a boom. The secondary moment 
s ub tract a frora the primary moment. This must always bo true since the tension 
loud is tending to keep the neutral axis in a straight lino between support 

points* See Fig. 1. 


4 > 


Axial Compression loads increase the moment in a beam. The secondary 
nomont adds to theprTmary moment. Furthermore the effect of axial compression 
is increasingly additive until equilibrium i3 reached (or failure occurs if 
the beam is under strength)* Consider the beam of Fig. 2, deflected under the 
side load only. Its moment and deflection curves are shown by the full lines. 
Low consider the effect of the axial compression load. For the deflection 
u>v,n it will increase the moment by an amount P x £), whore ^ is the deflectio; 
under the primary load only, at the section shown. If the P x $ values are 
uddad at each station a new moment curve is obtained which will have a corres¬ 
pondingly increasod deflection curve. The increase in deflection at eaoh 
station, when multiplied by the end load gives a new increment of secondary 

moment, P x ^ ♦ If the second increment of secondary bending moment is larger 
than the first the beam is unstable and deflection will continue until complete 
failure has taken place. If, however, the second increment is smaller than 
the first, each successive increment will be smaller than the one preceding it 
until the changes are infinitesimal; that is until equilibrium has been reached. 
Successive approximations will carry the work to any accuracy desired. If 
♦ho doflection due to the first increment of moment is increased arbitrarily 
ly a small percentage the second trial will give sufficient accuracy. 


Fig. 3 chows a simple beam, bending under a uniform load, with an additional 
compression end load. Assume that the beam is 100 inches long, has a uniform 
loud of 20 lbs. per inch, axial compression load of 5000 lbs., I ® 5.0 and 
K - 10,000,000. Then from the vertical load only on the boom, the deflection 
*t tho center is 



5wl 4 

384EI 


-5 x 20 x 100 4 
364 x 10,000,000 x 5 


-.521 inches 
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Maximum moment at the center « 


wl 


2 



20 x 100 
8 


2 


25,000"# (Primary) 


133 


First increment of secondary moment * (6000)(*52l) » 2505"#, an increase 
of 10.4#. 

Now wo can estimate that the second increment will be approximately 10# 
of the first* 

Tho total of the first two increments will bo 10.4 + 1.04 « 11.44# of tho 
primary moment. This will be .1144 >: 25,000 * 2860”#. 

Total moment * 25,000 + 2860 » 27,860”#. 

This value conforms to the moment at the cantor of a pinnod-end beam loaded 
with a running lead of 22*29 lbs. par inch., for which by proportion tho 
deflection at the canter would bo 22.29 


20 


x .521 « .581 inches. 


The secondary moment divided by the end load should equal the deflection. 


2860 

5000 


.572 inches 


The actual value will bo .56 inches at the center and the maximum moment at 

the cantor will be 25,000 + 5000 x .56 » 27,800”#. 

§ 

The exact solution of this case is as follows: (Niles and Newell, Air 
piano Structures, page 202, first edition.) 


Whan 


P 


1 

L 

w 


» axial compression load 
= Modulus of Elasticity 
« Moment of Inertia 
* length of span 
» running load + « upward 


5 




The maximum moment at tho center of the beam is 


,2 


max 


In our problem j 



= 100 


w 


-20 


1 


w 3 1 - cos L 


3 


2 


2j 


10,000 


L 100 
2j c 200 


.50 


cos 




= .878 from table of natural 


trigonometric functions, page 193 in Niles and Newell 


M^x = -20 x 10,000 (l - 


_L_) 

7878 ; 


= -200.000 (1 - 1.139) = (-200,000)(-.139) * 27,800"# 


Checks 


Now lot us introduce a moment at the left end of -10,000”# (Fig. 4). The 
effect is to shorten tho effective* pinned end span to a shorter span determined 
by the right hand reaction point and the inflection point (point of zero 
moment) adjacent to the loft hand support. The solution is given by both 
approximate and exact methods. 
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Fig- 3 


Fig. 4 


Solution of Problem of Fig;* 4 


By exact- method - "'Niles and Newell", page 201 - Unequal End Moments. 


Mom. is mnx. whore tan 


02 - Di cos k/ 


f . 

1 . 

v 


j 


'l) 1 sir’ L/ 


.1 


j 


3 


D 


M 


*max 


^ + w ;i 2 


J 


D 


1 « ^i - wj 


2 = -10,000 - (-20)(100) 2 = -10,000 + 200,000 = +190,000 


Dg = lug - wj^ # But Mg = 0 


Therefore Dg » - (-200,000) * +200,000 


l 
*. 

s 


Vj - 100 /l00 - 1 


COS 


V 


.540 


sin 


3 


V 


3 


.841 


tan x , „ 200,000 - (190,000)(•540) 


/ 


3 


rr30,000TU84l7 


.610 


From tables N. & Iff., page 193, x/. « .55 and cos x/. a .853 

' J ' J 




.853 


222,600 - 200,000 


M max9 e 22,600 lbs• 


/ 


14-3 


ETI - Basic Stress Analysis 


i 




a 


t 

t 



























J2S 


Approximate? Solution * 



20 x 100 10,000 

R 1 * 2 + ‘ 100 


1100 lb 


Rr> r* 900 lbs • 

Max* mom. in span where shear 
passes through zero, x * 55 in* 



To find distance from % to inflection point: 

Mom* equation, M x « -10,000 4 - HOOx - 10x^ 

2 

At inflection point M x = 0, or -10,000 4- HOOx - lOx K 0 
Solving for ,, x M 

x 2 - HOx + 1000 n 0, x 2 - llOx » -1000 
x 2 - llOx + 55 2 «= -1000 + 05 2 = 2025 


x - 55 - {2025 - 145 

M x = 0 where x = 10 inches or 100 inches (checks mom. at Rg) 

The end load will displace the inflection point toward Rj. Estimate a 
2 inch shift. Main portion of beam now is pinned end with length - 92 inches. 
Max. primary mom. at x *■ 55 inches = -10,000 + (ll00)(55) - 10(55)^ ; -10,000 
+ 60,500 - 30,250 = 20,250"#. This value is also fflf for a uniformly loaded 

8 

beam of 90 inch span. For such a beam with 92 inch span the mux. deflection « 

. .37 inches 

(384)(5)(10J 


First increment of secondary mom* * 5000 x .37 « 1850 
Mom* * 20,250 + 1850 «= 22,100"f 

22 100 

Defl* for this mom* ® 20^250 x a i*ich QS 

First + Second increments of secondary nom. « 5000 x .40 *» 2000 


Total mom* «* 20,250 + 2000 *= 22,250 "ft 

Successive approximations give the degree of accuracy desired* 
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Combined Axial and Bending Loads. 


The development of the exact solution for beams under any combination of 
end loads, side loads, and end moments is based upon the principle that if we 
integrate the k/SI curve twice we have the deflection curve of tho beam# This 
corresponds to the work we have already done in developing tho 5-beam curves. 

If wo are able to write on expression for the deflection of the beam after it 
has reached equilibrium, and differentiate this expression twice wo will arrive 
at the equation for the moment curve corresponding to the moment after the beam 
has reached equilibrium under the loads. The solution of the general equation 
has been made for different combinations of loading so that by use of tables 
it is possible to make the exact solution without doing the entire development 
work. The exact solution involves the solution of a differential equation 
which is beyond the scope of this work. The general solution is included 
here to show the student the principles on which it is based. For a more com¬ 
plete study of the procise equations the student is referred to Niles and 
Nowell’s "Airplane Structures", first edition, or Vol. 2 of second edition. 

The solution for tho exact moment from sido loads and end loads is essen¬ 
tially as followsi 


1. The equation for the moment at any point f x* is set up as in the derivation 
of tho Three Moment Equation already givon. Note that this equation was 
set up so that upward acting loads are + and + moments put tension on the 
lower fibers of tho beam. The effect of an end load moment ’Py* may be 
added numerically if we observe tho sign convention that for + deflection 
the deflected point is above its undeflected position. Then the equation 
for moment at any distance ’x* in the span bocomess 








14 il 


Note that for downward deflection y is minus and -P(-y) becomes +Py putting 
additional tension on tho lower fibers. 

t 

2. If wo integrate the moment equation twice with respect to x we obtain the 
equation of the deflection curve, the actual values of doflection in inches 
being found by dividing the ordinates by El. We can therefore sot up an 
expression for y in terms of the moment equation and substitute this value 
for y in equation 14:1. 

3. If we differentiate the moment equation twice with respect to x we obtain 
tho equation of tho load curve. For the case of equation 14:1 we obtain 
two part3 for the load equation. The differentiation of that part referring 
to the primary moment gives the term for the side loading, w. The differ¬ 
entiation of the term representing the secondary moment gives an expression 
for an equivalent 3ide loading on the beam which would replaoe the effect 

of the end load in producing bending. The essential portions of the 
solution follow. The simple rules to be remembered in differentiating ares 

(a) When differentiating with respect to x, x is the only variable 
and all other terms are considered as constants. 

(b) The differential of a constant is zero. 

(c) The differential of x n =* Nx n ~*. In other words decrease the power 
of the exponent by 1 and multiply by the original exponent. 




ETI ~ Basic Stress Analysis 


14-5 













/- 3 ? 

Tables of natural trigonometric functions similar to those on page 193 of 
MIgs and d owe 11 arc not required for the solution of the Precise Equations# 
When they are not available reduce tho values of which are given in 
radians to degrees by multiplying by 57#3 and uso the ordinary tables for 
functions of angles in degrees. 


Derivation of Formula for Combined Loadi ng# 

M2X Mxx y/Lx voc 2 p 

U * M-i » ~~ - - -w— + ~ *7 


(Uniform sido load) 


Integrating the above equation tY.dc 2 wo obtain 


El Q « Ely 


Mix 2 


li2 x ^ M^x 0 wloc® ^ r;x^ 

■*6L" " “ST" " U" + 24~ 


Pyx 


+ C^x +■ Cg 


IT 


fX* 

2 


M 2 x* 

+ “6ir - 


XU | A 


6L 


v/Lx J wx 
"Tz" + 24 


Pyx 


+ Cix 


o 


Substituting this value in the equation for moment in place of y and 
calling the expression inside the brackets 1! i M 


.. r, > 

Wt ss j + • 


Mgx 


M^x 


wLx 


vrx 2 ] PC''! 

+ T*J “ IT L P J 


i 

Differentiating each term separately twice with respect to H x n we obtain 
the loading equation. For the first tern 

dk ivip Mi wL , d 2 M 

— + wx and__ B w 

dx L L 2 J? 


For the torn 


‘SCKI 


the second derivative is Id since the term was 


obtained by integrating K twice. 


„ A p 

Then ^~2' - w - ■jrj 


If for ~ wo write ~ , 

Ex j2 


or 


d 2 M ^ P 

<b? + El 


w 


i-Y? 


„ . d 2 M . 1_ v 

&HU + £ & 

dx 7 3 6 


w 


This is a differential equation the solution for which is 


Uq sin * •+ Cg cos £ + wj 2 

J J 

Vihen x * 0, M = Mq and when x * L, Id 


(Cq and C 2 are constants of 
integration) 

Me 


Substituting in tho general equation 


M 1 0 Cl x 0 + Cg x 1 + v/j 6 , and Cg *» Mj-wj 

L L 2 

^2 “ Cq “t + ^2 oos '" r + w 3 

J. 0 
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L t t 2 

sin rr « Mg - Cg cos -r - * ^2 


V.'j 2 


- (Ml - wj 2 ) cos h 


U2 


- wj 2 - (% - wj 2 ) cos 


Sin L 


If - wj 


D 2 « M 2 - wj 


Then C 2 ® Dj 


P 2 - 


cos 
sin L 


And M 


I>2 - 008 

sin L 


sin - + D, cos £ + v/j 2 
0 ^ 


1 . No side Loads with Unequal find foments 


Mg cos 

sin h 


sin -7 + Mi cos ~ 

0 3 





A 4; 


A 


P 


At point of max* moment 

Mg — cos 


Tan 


ki sin Ji 

j 


L max 


Ml 


cos 


***** 


2# Uniform Side Load with Unequal End Momenta 


Dl 


- wj 


D2 ■» M2 - wj 


Ml 

G 







3^ 


d 2 - 


COG 


6 in 


, * . n * , .2 

sin -j + cos 4 -wj 


i. 


j 


p 


^max* 


Dl 


COS X 


w 3 


,2 


At point of max* moment 

P 2 - Di cos 


Tan~ 


sin 


***** 
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n 


Uniform Sid e Load with finned Ends 

Some as (2) above except 83 % » 0 


/39 


4 


M 


max 


■ * jZ 0 - 


1 


COS 


a 

2j 


at x o 0*51* 


(cos ~ 

M * _i 

x lT 


- i) 


sm 


oin ~ + wj 2 (l - oos ~) 


i 


***** 


U ni fo rm lv Varying: Load Increasing to the 
One qua1 End moments 


Right 


.2 


L 




Cl 


M 2 - wj - cos *J 


sin L 

I 


pV 



and Cg 


M 


1 




c 


1 


sin j + 


Co cos £ + n 

c d A* 


.2 


x 


At point 

Tan 


of maximum 

X C 1 

? = <j 


moment 



2 . c, 2 > »j 3 


C,C 2 »j 3 



***** 


5 . Uniformly Varying Load Incre asing from 
1£i ght » Une qua 1 En d i£ome nt s « 


▼ 

V at the left to M w + kw tt at the 



M 2 - (l ♦ k)wj 2 - - wj*)cos -r 


2 


L 


C 


1 



J 


C 


2 


TT -2 

Mi - 


M, 


C, sin 4 + C 2 cos i + Wj 2 (l 4- kx 
**■ J c 0 


L 


) 


For this case the solution for 
it is batter to compute enough 
scale the maximum moment. 


point of maximum moment is so long that 
points to plot a faired moment curve and 


***** 
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6. Sinaia Concent rated Load . Une qua l End foments . 



P 


l-er 


cf 




Mt 





L 



P 



$ 

^z 


Where x is loss than as 


» C3 - Vfj cos 


a 

C 

3 


C 2 


C3 


k 


1 

2 


H 


1 


sin 


a 


Sill 


r 

# 

3 



tun 


L 


C 4 * 


- Vfj sin 


a 

% 

J 


J 


M 


x 


C, sin -r + C« cos 
1 0 2 


3 


Where x is more then as 


/1 « X /> X 

iu x ® O3 sin -r + COS -r 

J 


J 


At point of max. moment 


Tan -s 


C 


1 




ax 


of + c | 
c 2 


3 0 2 
2 


or 


x 

cos rr 
J 


or 


C s + C 


2 


4 


C 

C 


3 

4 


C 4 


cos 


3 


Notes To find max. moment— 

(1) Compute x from the two expressions for tan * . 

C C J 

(2) If ™ gives a value of x less than a or ~ gives a value of 

v2 ^4 

x between a and L, x is at the point of maximum moment and 
should be used in equations for 


(3) If the x values fall outside the abovo limits 
is at the supports or at the load point. For 
load point use the general equation for 


the max. mom* 
mom. at the 


***** 


For any case in which the student has trouble in locating the point of 
maximum moment it is always possible to give values to x and plot the moment 
curve. It is then possible to find the maximum moment by scaling the diagram. 
It should bo noted too that the functions of the anglos shown do not represent 
actual angles but merely the solution of mathmatical series* 

***** 


If the tables of Kilos and Nev/oll are used the values of all angles will 
bo found plotted against the value L/j in radians. This vulue should bo shown 
11 either li/3 or x/j ! * since the values of the natural sines,, cosines and tangents 
are the same whether tho angle in radians is expressed in terms of L/j or x/j. 
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For example in our reference 
as *610. If we look up this 
ponds to an angle in radians 
cosine values for this angle 


/¥/ 

problem on page 3 the tangent of x/j is given 
value in the tables we will find that it cor es- 
of .55* Then x/j « .55 radians and the sine and 
are used. 


•JHKHHHttKr 


Use of the precise equations with different types of loading will be 
illustrated by problems. Note that the size of the beam must be known before 
it can be solved by precise equations, since they depend upon the value of I. 
It becomes necessary to assume sizes and check the actual strength afterward. 



1, No side load, axial load, unequal end moments, Case I. 


P = 6C00 


a 40CO in. lbs 


M 


2 = 



Co" 


3500 


in. Ib3. 



P = 6000 


E = 10,000,000 

1 = 3 in.4 


(10 



I 


6,000 


= 70.7 


L/j - 60/70.7 = .848 radians 


Sin L/j - .75 


Cos L/j = .66 


at point of 


tan x 

3 


s M2 - Hi 

_ _ _ • _ __ 

Mi sin 


moment 

L 

COS T 


'00 - (4000) (.66 

( 4000 ) (.75) 


- 860 
^ 3000 


= .287 


r 5 .28, point of max. moment, x - .28j 

J 

~ (.28) ( 70 . 7 ) = 19.8 inches to right of 1. 


Mmax. “Jt 


cos 


X 


- 1000 
: .961 


4160 inch lbs 


34 


10 
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2* Trapezoidal loading, unequal end moments, axial load 


Case V• 



w « 10 lbs* per inch, 
w + hr » 15 lbs. per inch 


k * 0.5 


E = 29,000,000 (steel) 


I * 10 in 


4 


3 


. \j (2 9 ~ 000 , 000 )( 10 ). 

3 i 6000 


48,300 


220 


C 


L 

i 


60 
220 


® .272 radians (» 15*65 degrees) 


. L 
sin t 

3 


•269, cos 


L 

* 

3 


.963 


Mg - (l + k)v/j 2 - (% - wj 2 )(cos j) 


L 


1 


sin 


L 

3 


C 


4000 - (l ♦ 0.6)(l0)(48,300) - [*5000 - (10)(48,300 £1 (.963) 


1 


t3 


.269 


4000 - 724,500 + 46 0,300 

.269 


-967,300 



- C 


1 


c 2 = M x - wj 


:2 ® 5000 - (l0)(48,300) 


5000 - 483,000 » -478,000 



C 


2 


The equation for moment at any point, x, along the span is 


M » Cn sin 4 + C 2 cog 4 + vrj 2 (l + k*) 

x 1 3 3 L 


This equation is conveniently solved in tabular form. Values 
of x are chosen at 10 inch intervals. 

Constants* C-^ » -967,300 

C 2 « -478,000 


”3 


,2 


♦483,000 


k » 0.5 


j ® 220 
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X 

(1) 

X 

3 

(2) 

. x 

■ in i 

(3) 

* 

oos * 
(4)^ 

l 

sin £ 

(5) 

« 

C ? oos £ 

, s 3 
(6) 

1 + k £ 

L 

(7) 

wj S (l+k £) 

JU 

(6) 

10 

.045 

.045 

.999 

- 43,500 

-477,500 

1.083 

♦523,200 

20 

.091 

.091 

.996 

- 68,000 

-476,100 

1.167 

+563,500 

30 

.136 

.136 

.991 

-131,600 

-473,700 

1.25 

+603,800 

40 

.132 

.161 

.963 

-175,100 | 

-469,900 

1.333 

+644,000 

50 

• 227 

.224 

.974 

-216,700 

! -465,600 

1.417 ! 

+664,300 


4 


Moment at any station =* (5) + (6) + (6) 

Numbers in ( ) refer to columns in the table above. 


x 

* 


10 

20 

SO 

40 

50 


Mem. - - 45,500 - 477,500 + 523,200 = +2200 

" = - 08,000 - 476,100 + 503,500 « - 600 

" -131,600 - 473,700 + 603,800 => -1500 

" * -175,100 - 469,900 + 644,000 » -1000 

" = -216,700 - 465,600 + 684,300 » +2000 


Moments may then be plotted to obtain the maximum value. In 
this case the maximum value i3 next the supports. 


Problem Assignment. 


14:1 


Mr- 3 * oe> 






c^n/e-N 





1 



M z -Zoao 


t/-# 


4-oodM 



. 4<aoo 





L-go 


tt 


2=Ao 


Find the maximum moment in the span when 

(a) material is Aluminum Alloy (E » 10,000,000) 

(b) material is steel (E » 29,000,000) 

14 f2 Solve the second example problem in the text assuming that I has been 

reduced to l* 11 ^ (was 10). 

1413 Solve the second example problem in the text assuming that the side load 

has boon increased to 20 lbs. per inch at 1 and 30 lbs. per inch at 2, 
leaving I =* lO- 1 **, and the ond momenta, U^ » 5000 in. lbs. 

Mg « 4000 in. lbs. 


t 
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Assignment 15 
CCMBIKjSD STRESSES 
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In Assignment 14 we introduced the effect of combining axial and bending 
loads* Our work was carried to the point of finding the final bending moments 
in beams subjected to end*loads as well as side loads* In order to find 
whether or not a beam so loaded is sufficiently strong it is necessary to find 
the combined unit stresses in the bom and to compare thorn with known allowable 
values. The combined unit stresses on an axially loaded beam are found as 
follows: 


Unit stress due to axial load 



End Load 
Area 


This assumes equal distribution of unit stress, that is that the end load acts 
at the centroid of area. 


Unit stress duo to bonding 



SiX. whore 


M is tho total moment on the section and y is the distance from the neutral 
axis to tho fiber being investigated. If the beam has an axial tension load 
tho unit tension will add to the unit stress due to bending on the tension 
side of the beam and subtract from it on tho compression, side* Similarly if 
tho axial load in the beam is compression, the unit stresses will add to tho 
bending stresses on the compression side and subtract from them on the tension 
side. 





4 #* 





C<n 


V// / 

Z/A 

• 

ft 

* * / 
/ •' / 









Fig. 1 


to a 
Fig. 

Fig. 

Fig. 


The unit stresses for a beam carrying compression end loads, and subjected 
bending moment which puts tension on tho bottom fibers is shown in Fig* 1# 

1 (b) shows the distribution of tho unit stress due to end load, P/A. 

. 

1 (c) chov,”6 the distribution of the unit stress due to bending, * 

1 (d) shows the distribution of the combined unit stresses. 



MC-5, Strength of Aircraft Elements, gives the approved methods of 
obtaining allowable combined stresses for a combination of loads. The methods 
given there are further explained in tho dime, 1937 issue of Aviation magasine. 
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The combinations treated inolude 

(a) bending combined with axial tension or compression 

(b) bonding combined with torsion 

(c) bonding combined with transverse shear 

(d) compression combined with torsion# 

The system used to obtain the values for combined stresses is known as 
tho s ^ ross ratio me thod # The stress ratio method is founded upon the assumption 
that if two or more types of unit stress exist together in a member the unit 
stress that can bo developed for one typo of stress depends upon the residual 
strength remaining after the other type (or types) of 3tross have boon taken 
care of* The actual stress ratio for any typo of stress is taken as the value 
obtained when tho unit stress existing in the member is divided by the allowable 
unit stress which could be U3ed if that type of stress only were induced in 
the member. (Soe ANC-5, pages 1-16 to 1-20 and 4-3 and 4-4.) 

No attempt will bo made to introduce allowable combined stresses for cases 
involving torsion until after this subject is covered in a later assignment. 

Note that tho allowable values for all types of loading are bused on actual 
teats. 

Combined Bonding and Ax ial Tension. 

4 

It is conservative for this case to assume that tho actual value of the 
combined tension allowable stress is tho ultimate tensile value of the material. 
Actually, for metals, when most of the stress is duo to bending, tho allowable 
stress on the tension side of tho beam approaches the Modulus of Rupture . The 
Modulus of Rupture is the theoretical unit stress, from the boom theory, at 
the extreme fiber when rupture of tho boom occurs. It may be 50 per cent, or 
even higher, abovo the tension value of tho material. Actually the outer 
fiber of the bourn can not carry a tension load greater than that which would 
be shown by a test coupon taken from tho boom. The fact that tho beam will 
apparently carry a higher tensile stress at tho extreme fiber is explained 
by saying that the outer fiber yields and transfers its load to tho loss 
stressed fibers underneath it. Tho shape of the cross-section then has con¬ 
siderable bearing on the Modulus of Rupture values. A bar or a tube has a high 
Modulus of Rupture because tho extreme fibers cr6 reinforced by other layers 
of fibers containing greater area than is represented by tho extreme fibers. 
Types of beam cross-sections which have high and low Moduli of Rupture values 
are shown in Fig. 2. [ 



High Moduli of Rupture * Lowor ftoduli of Rupture 

Fig. 2 
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The layer of highly stressed extreme fibers is shown in solid section on 
rig. 2, while the supporting fibers into which they unload are shown cross- 
hatched. It immediately appears logical that round bars or heavy walled tubes 
should have higher Moduli of Rupture than thin walled tubes, *his is the 
uctual cu3e. Pago 4-22 of AafC-5 chows the curves for Moduli of Rupture of 
Chrome Molybdenum stool tubing. It will bo noted that the values of F^, the 
allowable unit bending stress from the boom theory at the extreme fiber are 
plottod against the ratio D/t where D is the outside diameter of tho tube 
and t is its thickness. 


ANC-5 states that the allowable bending stresses for shapes other than 
tubes or round bars must be based upon tests. Two effects are being sought 
in such a tost* 

1. If the cross-section of the beam is such that local instability on 
the compression side is not present (that is no thin, edges are left unsupported 
to buckle locally and thus cripple the boom) the beam will have a usable 
strength higher than its tensile strength and hence an increase for Modulus 
of Rupture. 

2# If the distribution of area in the cross-section is such that local 
crippling can occur on the compression side of the beam, a lower value of 
bending stress is likely to be developed than the ultimate tensile stress 
allowable. In this case tho allowable bending stress is said to be reduced 
for Form Factor. The Form factor is the ratio of the maximum unit bending 
stress developed on test to the allowable tensile stress for tho material in 
tho beam. 

It would have been possible to express both the Modulus of Rupture and 
tho Form Factor in terms of the ratio of unit stress developed in a bending 
test, to the ultimate tensile stress. However, it is accepted practice to 
express tho Modulus of Rupturo in lbs. per sq. inch and the Form Factor as a 
ratio, some decimal less than one. For example suppose that the ultimate 
tensile stress for the material in beam (a) is 150,000 psi and that on a 
bending test the load carried corresponded to a calculatod outer fiber stress 
at rupture of 200,000 psi. We could have said that the beam had a form factor 
of 200,000/150,000 « 1.33. Instead wo say that it has a Modulus of Rupture 
iti bonding of 200,000 psi. Now suppose that beam (b) is made of material 
with a tensile value of 150,000 psi but that it has flanges on the compression 
side so thin that they fail by local buckling at a unit stress calculated by 
the beam theory to bo only 120,000. We us3 120,000 psi as the allowable 
stress in bonding and express our reduction in allowable below the tensile 
value of the material by saying that the boam has a Form Factor of 
120,000/150,000 =* 0.80. Then if we used the same shape beam and changed 
the material cay to aluminum alloy with a tensile value of 50,000 psi our 
allowable value for the compression stress in bending would be (50,Q00)(Form 
Factor) » (50,000)(0.80) =* 40,000 psi. 


Modulus of Rupture values from tests are secured on simply supported 
beams loaded at the centers or at the third points in the span. For the 
steels used in aircraft work the values may generally be used dirootly. For 
more plastic materials such as the aluminum alloys which do not have a well 
defined yield point, tho Moduli of Rupture indicated by tests will be very 


* 
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high but the doflections will bo excessive. For these materials an arbitrary 
yield point is established whore the permanent set becomes .002 inches per 
inch on the extreme fiber* Then the Modulus of Rupture is taken as 1.5 times 
tho stress at which this amount of permanent set occurs* The factor of 1*5 
is tho usual factor of safety between yield point loads at which the structure 
takes a permanent sot and ultimate loads at which it fails* 

An example of combined tension and bending loads follows \ 

Suppose wo have a steel tube pinned at the ends and loaded as shown in Fig. 3. 
Tho tubo size is 2 inches outside diameter by *065 wall thickness for which the 

Area, A » *3951 I » .1851 

D/t = 31 Sea table 8-1 of ANC-5. 

Hoat treatment is 160,000 psi* 



Fig. 3 


The unit tension load, f t » * 40,500 psi 


.3951 


The allowable unit tension load, F^. =* 160,000 


Neglecting secondary bending which subtracts from the primary bending when 
axial load is tension in a straight beam, the maximum moment occurs at the 
center of the span and is equal to 

( 10 °)(40)_ 2 a 20,000 in lbs. 


the 


wL 
8 


8 


My 

b 3 “f 


f. = -*r±- » « 


(20,000)(l) 


.1851 


t 108,000 psi. (Tens, or ccmpr.) 


=« Mod. of Rupture 173,000 psi. from Fig. 4-10, page 4-22 in 


ANC-6 (for D/t » 31, Hoat treatment » 160,000). 


f 


A *t 


t 40,500 

13 160/000 = #252 


£b 

*b 


108,000 

173,000 


.624 


The sum of the stress ratios is .252 + .624 « *876 which is less than 1.0* 
Therefore the design is satisfactory. 
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Combined Bending; and Axial Compression 




Suppose that the axial load in the tube had boon compression as shown in 
Fig* 4. Then the secondary moment would add to tho primary moment and the 
final moment would have to be calculated by the precise equations of Assignment 
14. This is case 3 whore &max is at the center and equal to 


n 


2 



1 - 


i ~7 

COS li j 

2j J 


Assume the conditions 
shown in Fig* 4 




p-z 7000'"' 



♦ 



)JJ ~~ /oo 




t 


I 



/ 


Lr*0 




t 



7 aao 




End foments are 
Pinnod ends* 


zero 


Fig. 4 


Tho tube is 2 inches O.D. x *065 wall and for this caso we will raise the 
heat treatment to 130,000 psi* E « 29,000,000 I » ,1851 
Calculating the maximum moment at tho center: 

i-J¥ - 


if(29)(l0?(.i85l) 


7000 


« \ 763 « 27*7 


L_ 40 

2j * wufTn 


.722 


oos 


L. 

2d 


.750 


wj 2 « (-100)(768) *= -76,800 


f 4ax a (-76,800)(l - 


1 


.750 


) 


(-76,800)(-.333) « +25,600 


This represents an increase of 5,600 in. lbs. over the primary moment as 
calculated in tho preceding example. 


botei The deflection at the center under the combined loads could be calcu¬ 
lated from the secondary moment which is equal to (P)(£*). In this caso 

(P) (& ) " 5600 j ^ » 0.80 inches 

The bending stress at the center o i Mi * t ^£5^ 600)( l) ^ + 138,200. 

i ilo51 ~ 

From Fig. 4-20 of AufC-5 the allov/able bonding Modulus of Rupture is 197,000 psi. 


Then 



138,200 

-- 1 - » .702 

197,000 
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To find the allowable compression stress for an axial load we must check 
the tube as a column. From A3C-5, page 8-1, » .6845. 


Then 


40 


<? 


T6:vi5 ** 58.5 which is a short column at this heat treatment* 


i-rom Table 4-1, i^age 4-2 of ANC-5 the allowable column 4- for a heat treatment 

A 


of 180,000 and column yield stress, i ? co e 165,000 
by the formulas 


(Table 4-5, ANC-5) is given 


Allowable 


Actual 




165,000 - (23.78)(A.) 


P c = 165,000 - (23.78)(58.5) 


83,700 psi 


1 = f c -§lr = 17 ' 700 P si 


A o 17,700 

F„ * 33,700 ” * 212 


£t> f c 

h 


= .702 + .212 ■« .914 


Since the sum is less than 1.0 this design is strong enough. 


Problem 


nment. 


15:1 


16:2 


Assinning that you are limited in diameter to z\ inches, design a round 
tube in 17ST aluminum alloy with yield point of 40,000 psi. to sustain 
the loading shown in the example problem of Fig. 3. Use Fig. 5-6, 
page 5-17 in ANC-5 to obtain Modulus of Rupture values. 

Assuming that you are limited in diameter to inches, design a round 
tube in 17ST aluminum alloy v/ith yield point of 40,000 psi. to sustain 
the loading shown in the example problem of Fig. 4. Use Fig. 5-6 and 
Table 5-1, page 5-2, from ANC-5 to obtain the allowable values and F 0 

Note: Use only the tube sizes listed on Table 8-1 of ANC-5. 

Use E « 10,000,000 for aluminum alloy. 
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assignment 16 



TRUSSES 


LEAST rVORK METHODS 


- WORK OF AXIAL L0jJ)S 


A statically determinate truss is one which contains just enough members 
to keep it stable. Its joint3 are restrained against motion in space so that 
it cannot collapse, and its panels consist of a series of triangles. The test 
for a statically determinate truss may be mude thus: 

Let j » the number of joints 

m * the number of members 
Then m « 2j-3 

If m is moro than 2j-3, the structure is redunda nt) and if m is less than 
2j~3, it is unstable; that is, it will collapse when eTload is applied on it* 
Mote that the above criterion applies only v/hen members can carry either tension 
or compression. If 3 hear is carried through a panel by tension rods then two 
rods replace one diagonal shear strut. Two cross w ires in a bay would there¬ 
fore be counted as one member in the above equation. Two cross struts would 
create a redundancy since either one could transfer shear across a panel, no 
matter in which direction the shear was acting. 


The method of least work is based upon the following assumptionst 

0 

1. Loads are applied to a structure so that tho average load is equal to half 
the final load, when the structure comes to equilibrium. 

2. The internal work in the members of a structure sum up to equal the external 
work done on the structure. That is, internal work equals external work. 
(vYork *» Force x distance which it moves in the direction of tho Force.) 


3. In a redundant structure, the total work done by an extornal load system 
will be a minimum consistent with the relative deflections of the members, 
as necessitated by their physical properties. (This is another way of 
stating that a structure will so work that the total internal work done is 

a minimum.) 

For our first illustration we will consider a truss which has only one 
redundant (extra) member. *AL1 work in the truss will be done oy axial tension 

or compression. 


1. The first step in tho solution is to remove the redundant member and solve 
the determinate framework remaining for tho given system of external loads. 
The axial loads in tho members for this condition we will call F 0 * 

Then P 0 * load due to tho system of external loads on the determinate truss, 

with the redundant member considered out of action. 


2. iisxt consider that a unit tension load acts in the redundant member, and 
that all other loads on tho truss are romoved. This is done by removing 
tho redundant member and substituting in its place unit loads at its ends 
pulling away from tho joints in the direction of the redundant member. 
Loads due to this unit tension we will call f a . 

Then P a * load due to unit load in redundant member, ,f a M . 
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3. If X 


a is 


/&* 

the actual (but unknown) load in redundant member, n a M , and P is 


the total load in any other member of the truss, then 




( 1 ) 


P 0 and P a are determined from the principles of statics* 

It remains then to determine X a by the principle of Least tfork. 


By Hooke’s Law the change in length produced by axial load in a member is 


PL 


where 


it 

E 


end load 
length 

area of cross-ceotion 
Modulus of Elasticity 


The average load producing the deflection is one-half the maximum (final) load 
in the member, or P/2 ► 

Internal Work ® External Work » (Force x Distance) 

The internal work done in a member by the axial load in it is (average load) x 

(distance) « P ^ P PL P^L , 

•g- x 0 ** TS * TS ** '23E » und for the entire structure 


w 


X p 2 l 


^4 


^ (P 0 + X a P a ) x 

<C»«. ' ” 1 ’ 


2AE 


( 2 ) 


Since from the least work principle the total work done will be a minimum 
we may differentiate the work equation with respect to X a and set the result 
equal to zero. In effect we are saying that load X a when applied on the truss 
as an external load does no work# This is true since its point of application 
does not move when the structure is in equilibrium# (The out faces of the 
redundant member do not move relative to each other#) To differentiate with 
respect to X u , X a is the only term in the work equation considered a variable 
and all other terms are considered constants. The partial derivative of the 
internal work with respect to X a is expressed 


ff-.( )-o 

# 

If we expand equation (2) by squaring the term inside the parentheses it becomes 


Vt - + X t; P a )(P 0 ) + (P 0 + X a P a )(X u P a )3 


L 

2AE 


w 


ifr#** XftV 


o + p oV a + X 


2p 2~1 l 

a a j2i 


L_ 

IS 


p 2 y 2 p 2 

-f- * W. * x .a 


1 - 

J AE 


ETI - Basic Stress Analysis 


16-2 
























/SS* 


Taking tho partial derivative of work with respect to X a and remembering that 
the derivative of a constant is equal to zero 



<f P P *Aa 

^ C ua 



-Jab 


l 


For convonienco let —tL- *3 Q 

AE H 

Then £ (P 0 + X P PjP a Q « 0 

1.WI * ^ 


from which X„ « 


n 


<r PoPqQ, 


4 i 


p n + x 


x&P(T] 4 


PaL 


0 


(3) 


Thus th$ load in the redundant member, "a”, may bo solved for directly 
in terms of P 0 and P a (which are determined by statics), and Q which is deter¬ 
mined by the lengths, -areas and Moduli of Elasticity of tho members. 


Several Redundant Members. 


If we have several redundant members in a structure our solution proceeds 
along the same lines as for one redundant member except that the actual com¬ 
putations are greatly increased. Suppose that we have three redundant members, 
a, b, and c. The solution would bo made as follows: 


1 . Remove all redundant members, leaving a statically determinate truss end 
solve for the P 0 loads. 

2. Consider a unit tension load P a , P b , P 0 etc. acting in each of the redundant 
members in turn, solv ing for only one unit load at a timo. 

J5. Then if X a , X b , and X c are tho actual (but unknown) loads in the redundant 


members the total load in any other member of the truss 


P * P 0 ^ X a Pa + X b P b + X C P C 
For thi 3 case equation (2) would expand to 


U) 



•Then the above tern is oxpandod it will be found to consist of terms in 
which each of tho unknown loads appears us the square alone and to the firsl 
power in combination with each of tho other unknown loads and v/ith constants 
ffhen we take the partial derivative with respect to each of the unknown 
loads in turn, all other unknown values uro considered as Constants. 


Taking them in turn 


& W 



and 


S’ w 


and equating them to 


$** s > -C 

zero we secure a series of three equations involving the three unknowns 
Xj«, X b# and X 0 . Solution of these equations simultaneously gives the loads 
in the members• 


STI - basic Stress Analysis 


16-3 






















A solution in tabular form will be 
member. Solution for several redundant 
by greatly expanding the tables. 

One Redundant Member* 


given for the case of* one redundant 
members can be made in tabular form 




w 

Solution is simplified by tabulating the work as follows* (lumbers in 


parentheses refer to columns in a table). 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


11 ember 
Size 

Length, L 
Area, A 

L /. - - * Q 


( 6 ) 

( 7 ) 

( 8 ) 

(9) 


P 0 

Pa 

P 0 m 

p* 2 q 


AE 


Then X, 


4 ( 8 ) 

£197 


Forces are entered in a table ( + ) for tension and (-) for compression. The 
load in the redundant member is always assumed to be tension. Tf the final 
result is negative then X a i3 actually compression. 


Since the 
of load in the 
design load in 


work done in the joints, etc. is not 
redundeoit member is discounted 25fo» 
each member would then be as follows 

(1) Member 

(2) P 0 

(3) P u 

(4) P u X a 


accounted for the effect 
A tabulation for the final 


( 6 ) 

( 6 ) 

(7) 


*25 Pa^a 
P 0 + P a X a 

(6) ~ (5) depending 
on which sign gives 
the maximum value 


The method will be illustrated on the redundant space frame work shown 
in Fig. 1. This figure represents a system of tubes supported at points 1 
and 5 and loaded at 4 with an external load of 10,000 lbs. Point 1 can 
resist side load but is slotted in the vertical direction so that all vertical 
reaction must be taken at 3. 

Fig. 2 shows the loads in the statically determinate structure which 
results when redundant member 1-4 is removed. Roto that either 2-3 or 1-4 
could hove been considered the redundant member. 


Fig. 3 shows the loads in the members when all loads on tho structure 
are removed except those resulting from a 1 lb. tension load in tho redundant 
member. The solution for the truss illustrated appears below. 


1 


Member 

Size 

Length 

/irea 

Q 

p 0 

Pa 

PoPa* 

vs 

1-2 

1-.049 

30 

.146 

2.05 

+10,000 

-.707 

-14,500 

1.025 

1-3 

1-.058 

50 

.172 

1.74 

0 

-.707 

0 

.87 

1-4 

1-.049 

42.4 

.146 

2.90 

0 

+1.0 

0 

2.90 

2-3 

1J-.033 

42.4 

.370 

1.15 

-14,140 

+1.0 

-16,250 

1.15 

2-4 

1-.065 

50 

.191 

1.57 

+10,000 

-.707 

-11,100 

.785 

3-4 

1-.058 

30 

#172 

1.74 

C 

-.707 

0 

.87 

4 • 


. 

t • • • 

• • • • 

♦ • • ♦ 


1 # » # 

-41,850 

7.600 
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Since E is 


stant it is omitted in tho solution for Q. Then 







for convenience) 


£ PqP.^ 

IP* 





(-41,850) 
7.600 


+5,500 lbs. (Tension) 


Design Loads for Members 


r 

Member 

a) 

1-2 

1-3 

1- 4 

2- 3 

2- 4 

3- 4 

t - 

P o P a 

(2) (3) 

P u X a 

(4) 

.25 P a X a 

(5) 

+ P a X a 
(6) 

(G) t (5) 
(7) 

+10,000 -.707 

0 -.707 

0 +1.0 

-14,140 +1.0 

+10,000 -.707 

0 -.707 

1 _ 

-3890 

-3890 

+5500 

+5500 

-3890 

-3890 

i 

■ 

-970 
-970 
+1375 
+1375 
-970 1 

1 -970 

■ 

+6110 

-3890 

+5500 

-8640 

+6110 ! 
-3890 

+7080 

-4860 

+6875 

-10,015 

+7080 

-4860 


Xa w +5,500 lbs. 


Notes Column (6) gives th3 actual computed load in the member. Column (7) 

includes the 25?o allowance for orror in tho least work solution required 
in obtaining values for design. Values aro tabulated on Fig. 4. 


Problem Assignment . 

16:1 Check the solution given by using 2-3 as the redundant member. 

16:2 Using member 1-4 as the redundant member change the tube sizes as follows* 

Make 2-3 lV - .065 

Make 1-4 1 - .065 

Find the margins of safety for the design loads, using C « 1 (pin end), 
and all tubes O. steel, heat treated to 95,000 psi. Use A^C-5 values. 
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Assignment 17 

THE INTERNAL WORK OF BENDING 




In As a i granent 16 we developed an expression for the internal work in an 
axially loaded member, p2^ This expression was founded upon the assump¬ 
tions: ** 2AB 

1 . The load in the member increased linearly from zoro to its final value, so 
that the average value was one-half the final value* 

2* The cross-sectional area of the member, A. was constant throughout its length 

# 

The final expression for work can always be reduced to W » (Force)(distance 
through which it moves in tho direction of the Force)* 

Now to develop a closer analogy to tho expression for the work of bending, 
let us consider a member loaded axially in tension, for v;hioh the area. A, 
varies at different sections* For thi3 member tho exprossion for the work of 
axial load would not be written over tho orrtire length but would be written 
over partial lengths for which tho area could be considered constant, and tho 
total internal work would be the summation of the internal work in the separato 
segments* This is still equal to the external work, which is equal to tho 
average force times tho deflection in the entire length* 


20,000 f 


E * 10,000,000 

Fig. 1 


20 , 000 # 




8 ©« 



r- 2o"— 40" 


( 1 ) 


( 2 ) 


(3) 


Fig. 1 shows an aluminum alloy tension member for which the areas vary as 
shown* 


In segment (l). 



1 


PL (20,000(30) 

ae ** UKio,qoo7ooo7 


.06” 


In segment (2). $2 » T? ) froiS o[flo) 


• 01 ” 


In segment (s). 



3 


(20,000)(40) 

(e)"(io, ooo, ooo ) 


» . 01 " 


Internal work, W =» f (i5i + &2 + S 3 ) 


20,000 

c 


(.06 + .01 + .01) 


800 in. 

lbs. 


**** 


(Note: Tho expression given above is the summation of the internal work 
for tho three segments.) 
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Wow If the are a were not constant over any portion but varied from one 
section to another we would divide tho length into small segments, & x , over 
which tho area was considered to bo constant at the average value for the 
segment* If an expression could be written for the variation in area with 
respect to x we could resort to integration to solve the work equation ; that is 

fient length instead of being a finite value /} x , would bo the very small, 

dx * OeotNA-f&s /)$?£&$> 


1 faSMQJLE 2 


®REf> - f (>0 





//YM///W/ 



T 



T 




•"iN 



L 


(a) 


T^dx 

111 2^ve » whero A is in 
o terns of x. 

(b) 


Fig 


2 


**** 


In evaluating the internal work of bending it is necessary to determine 
the work done on a cross-section of a segment of a boaia of small length, and 
then to sum up the effects of the work don© on all the segments which make up 
the length of the beam* Let us consider a small length of beam, dx. This 
length is taken so small that over it wo assume: 

1. A constant value of the moment. 

2. A constant value of the section; that is a constant value of I. 

(This is analogous on an axially loaded member to using a constant value of end 
load and a constant valuo for Area, over a given segment.) 

Then considering the deflection duo to bending for the small segment only: 

Fis ’ 3 * ftee* 

^ Duo to bending: 

The unit stress on 
any strata of fibers 
on the beam is My 

X * 





$s- 

%ECTfOAi 


where M is the bending 
moment and y the 
distance from the 
neutral axis to the 
strata of fibers 
being investigated. 
Considering the work 
done by one strata of 


Fig. 3 
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Uz 


fibers only, say that at a distance yg from the neutral axis# The unit fibor 

rfross in compression for the boom segment of Fig. 3 is My 2 ‘ 

E,u —— «= ( ) Ibs/eq.in. 

' P 

compression* This value corresponds to in the axial load equations. . 

, . <T Ph i . *i i • _n l > * _ 


S » , the deflection of this strata 


of fibers in length dx is 


s 


(£) (~) = ( M y2)(4r)j the length in this case 
Ah j h 


being dx. The area of the strata of fibers we will term dA 
inch on this small portion of the area is My 2 from which 


The load per sq. 
the total lead on 


the strata is (!!Zi)(dA). The aver 

bourn, is one—half the final value, 
then (Average Force)(distance) 


The average value, as the bending load comes on the 


The work dono in the strata of fibers is 


(i,&)<<*)&<!& - 


te)(yp" 


This expression represents the work in the one layer of fibers only. Tf we sum 
up the work in all the layers of fibers both above and below the neutral axis, 
using the calculus form and the variable distance y to any layer of fibers 
instead of the specific distance y 2 to a specific layer of fibers, the total 

work across the beam section for the segment length dx would be written 

r c 2 


w 


X 


Mfdx 

El 2 


y 2 dA ; but M, dx, E and I are constants and the only 


variable is y which varies between C 2 and C-^. Then the expression may be written 


w » 


M 2 dx 

2EI 2 


y 2 dA 


If we refer back to our calculation 
find that 

1 Co 


of the section properties of beams we 


X. 


2 dA is the expression 


for the moment of inertia of a beam 


M 2 dx 


cross-section about the x-x axis. Then W » (l) 


M 2 dx 

2E1 


This is the 


internal work of bonding in length dx. If wo sum up all the work in segments 
of length dx across the entire length, L # of the beam, the total internal work 
of bending in the beam is 


W 


J. 221 
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The foregoing equation is valid only across sections of a beam where the moment 
and the moment of inertia may be expressed as functions of x# 'rthere this is 
not possible the bourn must bo divided into segments for which the moments may 
be expressed in terns of x, and for which the moments of inertia may either bo 
expressed in terms of x or taken as having a constant value* 


It is perfectly valid to choose starting ordinates at either end of a beam 
or a segment in order to simplify the expression for the bending moment. This 
point will bo illustrated in the examples to follow. Suppose a beam to be 
acted upon by a moment, to 2 , one end resisted by oppositely directed 

forces of a shear couple# Fig. 4. 



Fig. 4 


Choosing joint 1 as the origin in 
writing the moment equation M » Rx 



k 2 x 2 dx 

2KI 







Then 1Y 



?. i 2 


but k£ » Ri» from which rL 


k 2 


2 


where M 2 *» value of the end moment# 


It would have been just as valid, but more complicated to have taken the 
origin for moments at 2. If this had been done the expression for the moment 
at any point working from 2 toward 1 would havo been 




- Rx « EL • Ex * R(L - x) 



which reduces to 



The advantage of the first choice of an 
origin is obvious. 
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/ & ( h 


For a pinned end beam under 
be expressed as follows: Fig* 5 


uniform load tho internal work of bending would 


«cm. 


wLx 

2 




Loffc? 


wx 


*? (*'-*> 


-bJ L 
2, 


n 



- L 

X CeMSTAwv 

Fig. 5 


W 


L 


-i. 


w 


1 

2EI 


* 

M^dx 


2BI 


f(L 


- *0 

2EI 


dx 


3S?2® (L 2 


- 2Lx + x 2 ) 


dx 


f fw 2 L 2 x 2 w 2 Lx° w 2 x 4 

J L 4 " 2 + 4 


1 


dx 


1 

2EI 


2t 2 3 
w L x 


w 2 Lx 4 


2 5 
w x 




i r W 2 L 5 

52 2EI L — 


1 / W 2 L 5 x 

2EI V 120' 


6 


2 t 5 
w L 

240EI 


w 2 l& 

20 J 


Note: Tho student who wishes to broaden his understanding may put values into 
tho problem given on Fig* 5 and check his results by calculating the deflections 
of the beam ho assumes. The calculation for the internal work may then be 
checked by summing up the external work. The external work is the summation of 
the products of the average loads on the beam times the distance through which 

they move,in the direction of the load. Thus if we let w » -10, L * 100, 

I ® 1.0 iu4 , E « 10,000,000 the equation for internal Work gives 


W 


2i 5 
wL 



(-10) 2 (l00/ 5 
58 U40)(10) 7 U) 


= 420 in. lbs. 


**** 
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Dividing the beam into 5 segments of 20 inches length each and calculating 
the deflection at the center of each segment - Fig# 6# 

Iho actual loud3 arc replaced by concentrated 
loads of (2Q)(lO) » 200 lbs* each. 



<@ 2 o /o& * 


Fig. 6 


From integrated 
area method the 
as follows: 


curves or from the moment- 
deflections are found to be 


a and e » 
b and d ** 

c « 


.60 

1.04 

1.20 


inches 

inches 

inches 


The average load causing deflection is 
half the final load, from which W (external) 
= (100)(1.20 + 2.08 + 1.20) » 448 in* lbs* 


The value of the Method of Internal Work lies in the solution of statically 
indeterminate problems. For example it could be used to solve for the indeter¬ 
minate reaction at the end of a restrained cantilever beam by writing the 
equation of work of bending on the beam in terms of the unknown reaction* The 
work equation would then bo differentiated with respect to the unknown reaction 
(the partial derivative with respect to the unknown being taken considering 
the unknov/n ae the only variable). The partial derivative is set equal to 
zero sincG the unknov/n reaction can do no work because its point of application 
is fixed. If we consider the beam shown in Fig. 7. The reaction R could bo 

solved for by the unit load deflection 
method. It could also be solved for by the 
equation of 3-moments using the method of 
"phantom spans". The third solution by 
the method of internal work proceeds as 
follows. 

The equation of moment in the span, proceeding 
from H to the right is L = Rx - 5x^ 

L 





£ 5 . /O. 0GO,O4<b 


The work of bending, W = 


Fig. 7 




100 


2 


(Rx - 5x^) dx 


2EI 



100 


(KV - 10Rx 3 + 25x 4 ) dx 


Z&l 


IV * 


1 


2EI 



100 




0 



1 


(2 ) UoTooo, ogoTCiJ 



w 

R z (ioo) s icr(ioo) 4 


o 


+ 5 (100) 
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+ 2500 


"z> a 2E 50 
it ” 60 " 4 ’ 0 

2R 50 _ . ,, v 

60 " T S 8R a (60)(50) > 3000 

R a 375 lbs* 

This result should be checked by one of the other methods you have boon 
given. 


**** 

* 

Tho internal work of shear in beams is generally unimportant and is almost 
always neglected in problems involving internal work. The work done is again 
the summation o1 the products of the average shear loads times the shear 
deflections over the entire beam. The average shear loads are assumed to bo 
one-half the maximum shear loads. The work of shear is important in problems 
involving twisting or torsion which will be treated in Assignment 18. 


Problem Assignment. 

17:1 Given the continuous beam shown in Fig. 8. 



Find the reactions and moments by 
the method of Internal Work• 

Suggested Method of Attack . 

(1) Assumo that is the unknown 
reaction and solve for R 2 and 
R 3 in terms of lti and the 
external loads. 

(2) Write the shear and moment 
equations for the beam in terms 
of tho loads and the reactions 
from (l) and find the internal 
work of bonding. In summing 
up over this continuous beam 

8 you will find it necessary to 

uso 4 segments, 1-a, a-2, 2-b 
and b-3. It will be simpler 

'to write your moment equation from Rj.toward 2 and from R 3 toward 2 . 

It is perfectly valid to take your origin for moments at either end of a 
span so long as your work is consistent. It is generally possible to 
simplify the work by choice of tho origin, '//hen such a simplification 
is made it is advisablo to check your moment at R 2 by using the equation 

from each span before proceeding with the evaluation of tho internal 
work of bending. 


17:2 Check the results obtained in 17:1 by using the equation of 3-momont s • 
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Assignment 18 

INTERNAL WORK OF SHEAR AND TORSION 


/6S 


So far our study of internal work has been concerned only with the work of 
axial stress and bending stress* In both types of internal work the deflection 
(and therefore the work done which is the summation of the products of the 
average forces times the distances through which they deflect their portion 
of tbe structure) has depended upon the modulus of Elasticity* We now intro¬ 
duce a new concept, the Modulus of Shear, which is the determining factor in 
the work done by Shear or Torsion* 


The Modulus of Shear is defined as the unit shear stress divided by the 
unit defoliation in shear. 

G « f s , v * V 

u "KT es 

The value G may be taken as 12,000,000 for steel and 3,700,000 for aluminum 
alloy. The work of shear is expressed 



The work of direct shear is nearly always neglected. 


Torsion. 


Torsion indicates twisting and pure torsion exists only when a member is 
subjected to equal and opposite couples in parallel planes at right angles to 
the axis as shown in Fig* 1* Torsion generally does not exist alone, but in 



Fig. 1 


combination with bending and shear. To illustrate this point let us consider 
a wing beam which is bent at an angle at some point along its length. Fig, 2. 
Suppose the beam is cantilever and subjected to distributed loads* If the 
outer log of the beam is 30 inches long the total load on it is 300 lbs. which 
may be considered concentrated at the halfway point. Up to the joint, j, all 
of the load on the outer portion may be carried by straight shear and bending, 
but inboard of that point the beam would carry its load in shear, bending and 
torsion. The solution could be made in two ways, first calculate the moment 
at the joint, taking the 15 inch lever arm along the beam, ^outer * (300)(l5) 

* 4500 in. lbs. This is the true moment just outboard of joint, j. Just 
inboard of joint j, the moment is converted to bending along the straight 
axis of the beam, and torsion around it. The amount of each may be determined 
by a vector summation thus 


■Torque 
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/<S9 



m 


Fig. 2 

In this case the components are as follows: 

k 2Ai3A 

“inners 15 (4500)r 4240 in, lbs. 

Torque - j> (4500) z 1500 in, lbs. 

15 

Shear at j ~ 300 lbs. 


The vector resolution 
inner beam could have been 
perpendicular to the axis, 


of outer Moment into moment and torque on the 
obtained by taking our lever arms parallel and 
in plan view, of the inner beam. 


Moment= (300)(14.14) * 4240 in, lbs. 

Torsion (twist) 5 (300)(5)- 1500 in. lbs. 

The torsion is constant from j to m while the shear and moment increase. 


At m , Shear - 300 + 200 = 500 lbs. 

Moment *(300)(14.14 + 20) +(200)(10) - 
Torsion = (300)(5) + (200)(0) - 1500 in. 


10,240 
lbs. 


2,000- 12,240 in. lbs. 


* 

Torsion is transferred by shearing stresses in a member, that is it 
tends to shear one plane of the member past another, by twisting. The 
amount of the shear stress produced is assumed to be proportional to the 
distance from the torsional centroid and the shear deflection is assumed to 
vary in the same way. This is analogous to the distribution of bending 
stress on a cross-section of a beam except that the deformation of material 
is at right angles to the axis of the member, v/hereas in bending the in¬ 
ternal deformation is parallel to the axis of the member. Fig. 3 shows a 
plot of unit shear stress against distance to the center for a cross-section 
of a rod subjected to 


18 - 2 


ETI - Basic Stress Analysis 



























/7o 


torsion. Since tho relative displacement of a ring of material at radius !, r t? 
is proportional to its distance from the center and the unit stress is also 
proportional to the distance from the center tho ratio of unit stress to dis¬ 
placement is a constant for all rings in a givsn cross-section. This is 
analagouc to the beam theory. 



Internal Kosisting 
stresses 


Maximum stress at 
outer fiber 


The Polar Moment of Inertia. 


. Pig. 3 


For a beam the index of the resistance to bending of a cross-section is 
t he Moment of Inertia . For a member subjected to torsion, the index of the 
resistance to twisting of the cross-section is the Polar foment of inertia . 


The Polar Moment of Iner tia referred to any set of rectangular axes 
the summation of tho products cf the small elementary areas, dA, and tho 
squares of their distances to the origin. It may bo expressed. 


is 


I 


polar 



r 2 dA 



But 

/>«* 


+ y 2 from which 
J^U 2 + y 2 )dA 


» ^/~x 2 dA ♦ ^ y 2 dA. 
Prom the Beam Theory % 




x^dA » the Moment of Inertia 

about tho y-y axis 

y 2 dA « the Moment of Inertia 

about the x-x axis, 


from which it follows that the 
Polar Moment of Inertia is tho 
sum of the moments of Inertia 
about the x-x and y-y axes. Since 
the Polar Moment of Inertia does 


ETI - Basic Stress analysis 


18-3 


X 

























not depend upon the direction of the coordinate axes it follows that it is the 
sum of the Bending foments of Inertia about any two rectangular axes passing 
through the centroid of the section* Since the Polar Moment of Inertia io a 
constant it also follows that the sum of the foments of Inertia about any two 
sets of coordinate axes through the centroid of a section is a constant. Then 

I X ♦ ly - l X t + lyl in Fig* 4. 

For a section symmetrical about both coordinate axes, such as a circular bar 
or tube the Polar Moment of Inertia equals twice the bending Moment of Inertia. 
Thus for a tube I p » ^bending. 




Fig. 5 (a) shows a short lengthjdx^of a tube subjected to torsion* The 
twist between the faces at A and B is assumed sufficient to displace B with 
. respect to A until a point originally at e is moved around to d. Fig. 5 (b) 
is an enlarged view of the end of the tube at B, showing the relative dis¬ 
placements. d Q is shown exaggerated. Aotually it will be very small, 
d €> is an angle in radians. 


From page 1, G 


fs Unit shear stress 

- m . ■ . . - 

Os Unit shear displacement 


For the tube of Fig. 5 the 
dx » de s rd0 • Then tho 


G 


f 


smax 
o 


f 


St 


smax 


rd 0 
dx 


or 


shear displacement at the circumference in length 

unit shear disDlacoment e s » and 

dx 

ss fl ' ** 

^ B max 


In the preceding equation fs ma x stress at the outer circumference, r. 

However we have seen that the unit shearing stress on this cross-section is 
proportional to its distance from tho centroid from which, if we take f 9 as 
the unit stress at any variable radius, a, from the center we may writo 




(VYe havo merely stated that the unit stress at “a" is to the 


unit stress at V as f V r is to ,, r n .) 
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Now let us consider the resisting torque on an elementary ring at a dis¬ 
tance f V* from the center* The width of this ring is the small increment of 

radius, da, and its perimeter is 2 7f ft from, which the area dA * (2fTa)(da). 

* 

The unit stress acting f s ® G a — 


Its lever arm is "a". Therefore the internal resisting torque is (27fa)(da) 
(fs)(a) on the elemental ring and for the entire cross-section the internal 

torque 

r 





r l 


the summation of the effects of all 
rings between the outer and inner walls 
of the tube* 


Tq 



(G a 4^)(2T?a 2 da) 

ax 


G IS. 
dx 


1 


I 2TTa aa a 

Jr x 


2 


But the Polar Moment of Inertia 


h - 


C v 

j 2TTa da a 

' r l 


2 


the summation of products of elemental area 
times the squares of their distances to the 
centroid* 


Then Tq » (G ^-)'(Ip) 


If d G is the twist 
be 0 , from which 


of the tube 

±0 a €> 

dx ~L 


in length dx the total twist in length L will 


Then we may write 


Tq 


(G)(|L)(lp) 


or 


© 



0 is an angle in radians* 


The interns! work of torsion is equal to the external v/ork 
(Angle of twist). 


(Average Torquo) 


Work 


(^)( 0 ) 


For a tube or bar Id ® 21 


,22 (Tq)(L) (Tq) 2 (L) 

' 2 ' 


Therefore Work =* 


2 


(Tq) (t) 


4GI 


***** 


Having developed this tool we will apply it in the solution of a chassis 
which is indeterminate with regard to the distribution of torque from the 
brakes* The method we will use is as follows: 
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1* The components of all members are computed in the three reference plants 
for use in the equations of static equilibrium* 

* 

2# The ways in which the members can carry brake torque load are considered 
(bending and torsion) and the equations of equilibrium are written for 
the reference planes, expressing all values eventually in terms of one 
which is unknown, such as the bending in the axle* 

3* The equations of work in the members arc then written and summed up for 
the total work* These equations will contain only one unknown in our 
example problem but are capable of solution with any number of unknov/ns. 


4. 


The internal work in the members equals the external work and holds the 
force causing the external work in equilibrium* That is, the structure 
is held static and does not rotate under the action of the external torque. 
Castigliano*s Theorem of J^east Work states 

"The first partial derivative of the total internal work with respect 
to any external force equals the displacement of the point of application 
of the force in the direction of the force*" 


If the point of application of the force does not move then the first 
partial derivative of the total internal work is equal to zero# This is 
expressed r 

o w 

•* 0 where X is tho only terra in the work equation con- 
^ sidered a variable and all other terms are considered 

constants• 


5* Partial derivatives are taken with respect to as many unknowns as exist 
in the work equation and the resulting equations are solved by placing 
each derivative in turn equal to zero and solving for the unknown values# 
The method is illustrated in the following example* 


Note: The example given herewith does not intend to illustrate a recommended 
typo of landing gear. It merely serves us a medium to illustrate the method 
by which Internal work may be used to solve this indeterminate problem# The 
points of attachment of the landing gear on the fuselage are considered fixed. 

The vector diagram for torque and bending shown on Fig. 7 is not plotted 
according to the conventional rule# It is plotted as follows: 

Bonding in a member is shown paralleling the axis of that member. 

Torsion (torque-) in a member is shown perpendicularfethe axis of that member 

(The conventional, "Right Hand", rule is stated as follows: (l) For torque 
on a member if the right hand is thought of as being placed around the member 
with the fingers extending in the direction in which tho torque acts, tho 
thumb will extend in the direction of a vector, parallel to tho axis of the 
member, representing the torque#) 
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Member 


A 

Axle 


B 

Strut 


C 

Strut 


Length 


28.75 

5.5 

40.0 


49.57 


28.75 

20.5 

15.0 


38.36 


.7 

5-5 

5,0 


32.89 


Length 


Co 


1.600.0 


2 , 456.8 


826.6 

420.2 

225.0 

1,471.8 


1,031.8 


.5800 

.1110 

.8069 


= .7495 
• .5344 
= .3910 


. 8741 
. 1672 
.45 6 


A 


rjUi 


B 

23.75 

826.6 

28.75 = .8865 
32.43 

V 

And 

15.0 

225.0 

15 

32.43 = .4625 

s 

C 

32.43 

1,051.6 
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ToRQOC 



Diagram by 
Conventional 
R.H. Rule 


Diagram with Torque 
and bending shorn in 
the plane in which 
they act. 


The torque duo to braked landing is assumed to be 
taken in three ways* 


(1) By bonding in the axle, Y. 

(2) By torsion in the axlo, Z. 

(3) By bending in the V struts. 





X. 


V-Strute Bending 


The torsion in the V-Struts is considered negligible-• 

The distribution of torque load is calculated by Loast Work* The work of 
bending and direct stress in the fuselage members, duo to torsion in tho axle 
is not considered, this quantity being too small to materially affeot tho 
result. 


In the solution, tho two V-Strut3 are replaced by an "equivalent strut" 
which is vortical in the sidu view and in the plane of the V-Struts in the 
front view. Witer tho bending is apportioned to the struts according to 
their rigidity ratios. (l/L ratios) 


Y and Z are expressed in terms of X, tho bonding in the V-Struts, by 
applying tho equations of static equilibrium at joint a. 

(1) ^ in tho vertical plana « 0 

(2) in the side plane « 0 

Referring to Vector Diagram Fig* 7, 


iv = o 

(X)(Vert 


Comp, of V Struts) - (Y)(Vort. Comp, of Axlo) + (Z)(Side Con 

in front view 

of Axlo) « applied torque 


£ S « 0 

(X)(Sido Comp, of V-Struts) 

in front view 7 


- (Y)(Sida Comp, of Axle) - (Z)(Vert. Comp. 


of Axle) * 0 


* 

♦ 


ETI - Basic Stress Analysis 


18 




















I ?6 

j 

* 

S g lut ion of Example - Unit load at who el circumference 15 in* lbs. torqt e load- 




0 


.0865X - .6800Y + .8069Z » 15 
Z + 1.G98GX - .7188Y = 18.5897 


( 1 ) 


is = 0 


•4625X - .8069Y - *50002 * 0 
-2 + .7974X - 1.3912Y » 0 


( 2 ) 


Adding (l) and (2) 

1.8960X - 2*1100Y » 18*5097 
Y » .8986X - 8*8103 


Subst* in (2) 


2 

Z 


•7974X - (l.3912)(.8986X - 8.8103) 
-•4627X + 12.2569 


The sizes of members must be assumed in order to apply the least work 
solution* Use the following C.M. stool tubes: 


Axle A 
Strut B 
Strut C 


Bonding in tf B TI and 


1 7/8 x 

1 3/4 X 

2 1/4 x 


.125 wall 

.058 

.095 


I 

I 

I 


.2644 

.1105 

.3741 


"C" 


Bending in B 


X 


1 + (>5741) 

1711057 


(38.36) 

(32.09) 


•2021X 


Bending in C = - 



riso^y 

173741) (38.'367 


» .7979X 


For this case: 


Work of Bonding 


Work of Torsion 


M 2 L 

6E1 

T 2 L 

2GIp 


E 


a 


9,000,000 


T 2 L 
4G I 


G = 12,000,000 


Then tho work in the members may be expressed as follows 


Bending in B * 


(.2021X) 2 (38.36) .2611X 2 


6EI 


El 


n j. . „ (.7979X) 2 (32.89) 

Bending in C = -ggj- 


3.4S99X 
El 


2 


Bonding in -wlo = (* 8986X ~ 8«BIOS(49.57) = 6.6173X * - 130.8136X + C 

6E1 


2 


El 


2 


__ . , . (-.4527X + 12.2569r(49.57) 2.5392X*' - 137.5245X + C 

torsion in Axle •-» — — —■- ttt? 


GI 


(Constant terms are dropped since they do not appear in the first 
derivative.) 


I 

i 
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Values of El 


/?? 


EI - (2.9)(10) 7 (.1105) * (.32Q5)(10) 7 

fX - (3.1201)(10) 

El = (2.9)(10) 7 (.3741) - (l.O049)(lO) 7 

|j- - (.9217) (10)" 

EI » (2.9)(10) 7 (.2S44) * (.?668)(l0) 7 

= (1.3041){10) 

GI - (l.2)(l0) 7 (.2644) - (.3173)(l0) 7 

* (3.1516)(10) 


n 

(10" ) being a common term i3 dropped) 


Total Work 


Bonding in B - (.2611X 2 )(3.120l) 
Bending in C = (3.4899X 2 )(.9217) 


-7 


-7 


-7 


•8147X 2 

3.2166X 2 


Bonding in k - (6.6713X 2 .- 130.S136X)(l.3041) - 8.7000X 2 - 170.594X 
Torsion in A * (2.5392X 2 - 137.5245X)(3.151C) » 8.0025X 2 - 433.4222X 

Total Work - -20.7338X 2 - 604.0162X 

Differentiating and equating to zero 


41.4676X • 604.0162 

X « 14.566 

Bending in B » 2.9438 

Bending in C » 11.6222 


Problem Assignment. 


18:1 Do the braked landing condition for the indeterminate chassis from this 

Assignment using 


Axlo ** 
Strut B « 
Strut C « 


1 7/8 x #125 wall C.M. Steel Tube 

2 11 x .083 round dural tub© 

# 

2 l/2 x 5/32 round dural tube 


and find bending in the V struts and bending and torsion in the axle 
for a brake torquo of 15 in. lbs. 


Note: Uso E => 10,400,000 for dural. 

E » 29,000,000 for steel. 
G ■ 12,000,000 for steel. 


Follow the method shown in the example and check your own results by 
substituting tho values obtained for the members in a vector summation 
similar to Fig. 7. 
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ASSIGNMENT NINETEEN 




















Assignment IS 
FITTINGS AND JOINTS 
(SPECIAL CONSIDERATIONS IN ANALYSIS) 


J&o 


Any part which connects one member of a structure to another may be termed 
a fitting* Those which connect members of the primary structure are termed 
Primary fittings and receive the most careful treatment in design* 
fittings &r©~thoa© which connect members whose failure ’would not jeopardise 
the safety of the airplane as a whole, such as seats to floor fittings, etc* 
Design requirements recognize a difference in degree of importance of fitfcing3 
in most cases although this is not always the case* 


Fittings must maintain extra strength over that of the members they 
connect. The purposo of this extra margin is to allow for manufacturing 
tolerances, and for workmanship. The extra margins required are set at 157* 
for the army, 20$ for the Department of Commerce and different values ranging 
from 15$ to 100$ for Navy designs, the amount of extra margin for the latter 
boing dependent upon the importance of the fitting to the overall safety of 
the airplane* For example a wing to fuselage fitting might require a 50$ 
margin of safety while a floor connection would require 15$. In general for 
Navy work the extra fitting factors are givon in detuil specifications, so 
that an exact statement of their value cannot bo given hero. 


Welded Fittings and Joints . 

The use of welding for structural joints and fittings is limited to steel 
parts except in the case of aluminum alloy tanks. When welded joints are used 
the material built up in the actual wold is cast structure, while that adjacent 
to the weld becomes annealed. It is therefore necessary to reduce the allow 
able unit stresses in the welds and in the adjacent structure* For the adjacent 
structure the allowable unit stresses are reduced by 20$ for the effect of 
welding. This moans that if a member has an allowable tensile strength of 
100,000 psi. before welding, the material adjacent to the weld will have an 
allowable of only 80,000 psi. after welding. The amount of material affected 
by this limitation is different for different types of welding being greater 
for torch than for electric arc welding because of the greator heat involved 
in the torch welding process. Torch welding is allowed for all typos of 

' connections of steel to steel. Arc welding is allowed by the army and is 
preferred for joining heavy pioces together. Arc welding is permissible on 
commercial aircraft only by special permission of the Bureau of Air Commerce 
and is not allowed at all on Naval Aircraft* Thermite or resistance contact 
welding are not used in aircraft work to dato, except in fabrication of 

, stainless steel. 

When members are joined by welding, the cross-sections through the welds 
themselves are greater than those through the adjacent members. This accounts 
in part for the fact that, on test loads, wold assembles rarely break in the 
wolds themselves, but fail in the partially annealed structure just outside 
the wold. Because of the uncertainty as to the structure in the weld, the use 
of wolds in tension is avoided. Welds should always be used in shear, or in 


« 
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;»uch a i ashion 'that; "tne 2 * 6 sultant loads on "theiri day bo broicoxi up into shoar 

components parallelling the lines of welding. In calculation of the shear 

strength available the following formula from ;a*C~5 is used. (For chrome- 
molybdenum stools) 

Weld strength = P =» *43 Lts 


where P « allowable load in lbs. 

L * length of welded seam in inches. 

t » thickness of thinnest material joined by the weld in the case of 

lap welds Between, two stoal plates or between plates and tubes, in 
inches. 


t 


s 

s 




average thickness in inches of the wold metal in the case of tube 
assemblies (but may not be assumed greater than 1.25 tiroes the 
thickness of the thinnost welded stock.) 

90,000 psi for material not heat-treated after welding. 

ultimate tensile stress of material heat-treated after welding, but 
not to exceed 150,000 osi. 


It is generally necessary to use gussets to assist in transferring the 
loads in a joint, iension members in particular are apt to have insufficient 
weld to develop the strengths necessary. Where tubes are joined in a cluster 
fitting which includes an assembly of "fishmouthod" sleeves joined by gussets 
it is not necessary to calculate the strength of the weld between tubes and 
sleeves if standard fishxnouth angles of 30° to 37° are maintained. In this 
case the weld will always develop at least 80/. of the strength of the original 
tube before it was welded. Where more than six tubes join in a weld cluster 
the allowable weld values are reduced by half to account for the large amount 
of heating necessary in joining so many members, f’ishmouth sleeves in clusters 
should be at least equal in gunge to the members which they connect. Typical 
welded connections are 3hown in Pig. 1. The non-standard fishmouth weld of 
Fig. 1 (a) has the following strength! 


Length of weld =4x2=8 inches = L. Member is not heat-treated. 

(Normalized only) 

t assumed .058 » thickness of thinnest tube. Tube Area = .240 sq. in. 
P = 8 x .058 x 90,000 x .48 = 20,000 lbs. 

Tensile strength of tube at 80,000 psi = 19,200 lbs. = (.240)(80,000) 
Efficiency of welded joint ■ 100/! of rated tube strength. 













JSl 

i^ora tubas attach to fittings machined from bar stock it is possible to 
soeuro a shorter fitting if tha wold pattorn of Fig. 1 (b) is used. 

Machined fittings should bo drilled out so that tho ratio of thicknesses 

of tho parts welded together dous not exceed. 2 to 1. Otherwise the thinner 

metal is burred away before the thicker is heated sufficiently to insure a 
good wold. 


Corner gussets which arc frequently used as fittings whore the cross 

bracing consists of a pair of wires arc assumed to carry thoir load in shear 

along the wolds and not in tension. This assumption requires that the lug be 

strong enough to prevent buckling in compression* Tho strength of tho weld 

will nearly always bo determined by the guagus of the adjaoent tubes* See 
Fig. 1 (o). 


Bolts Attaching Engine Mount to Main otructure. 


The bolts attaching the engine mount to tho main structure must allow 
close adjustment to prevent pounding from reverse loads and vibrations* If 
tho bolts arc primarily in shear, taper pins arc used so that a very close fit 
is assured and takoup is available if there is any wear. Tension bolts allow 
a pro-stressed joint. When they are used provision should bo made in tho 
fitting design to take out tho shear loads without stressing tho bolts in 
shear, or large margins of safety should be used to allow for an increase in 
the maximum tension stress due to tho effect of shear. Values are available 
in Machinery handbook” from which the maximum tension and shear unit stresses 
may bo calculated for any combination of shear and tension loads in a bolt. 

Where tho bracing is such that tho shear loads may be taken out on the com¬ 

pression side of the trues it is possible to relieve the tension bolts of all 
shear loads by providing oversize holes. Hot© that where shear and tension 

exist together in a bolt tho effect of Gaoh is to increase the unit stress 

due to the other. The overall strength could also bo examined by using the 
stress ratio method doscribod in ANC-5. 


Bending in Joints and Members. 

Where itoms such as batteries and oil coolers are attached to tho engine 
mount structure, their effect in bonding the members and joints must be taken 
into account. For the members to which tho parte are attached it is conserva¬ 
tive to consider pin ends and to design for tho combined loads from bonding 
and end loads on that basis. 



For tho adjacent members this system is non- 
consarvative, since moments are actually set up 
at the joints. Also there are conditions in which 
largo external moments are applied from braking 
notion on landing gear which is attached to the 
fuselage, etc. or from eccentricities in fittings. 
Consider a side supporting truss in which moment 
is introduced by an eccentric load from the 
engine mount. Fig. 2. 

The moment at V 1 is equal to 5000 x .5 « 2600”#. 


ETI - Basic Stress Analysis 


19-3 






























It is divided between, tubes A, B, and C in pro¬ 
portion to their Rigidity Ratios* The Rigidity 
Ratio s» i/JL. which means that the moment will bo 
distributed to the tubes in proportion to their 
Moments of Inertia and inversely proportional 


to their lengths* Aas 

umo the 

following 

conditions 

Tube Size I 

L 

R a l/L x 

ioi K/ i R 

A lV 7. .065 .0756 

V# 

30.0 

2.52 

.613 

B lx .049 .0166 

43.87 

.38 

.092 

C li x .058 .0387 

m 

32.0 

1.21 

.294 

4 


4.11 

.999 


The actual moment to each tub© is as follows: 

A a .613 x 2500 = 1534"# 

B * .092 x 2500 * 230 
C = .294 x 2500 « 736 

2500"# 


Fig. 3 shows the moment distribution. Design of tho tubes should bo 
made with the precise equations using end load plus bonding. The method is 
illustrated in tho following example• 


(♦Note: The moment diagram of Fig. 3 is b&sod on the assumption that there is 
no fixing moment at the ends of tho members at 1, 2, and 3.) 

Assume that member "c” of Fig. 2 is carrying a compression load of 6000 lbs. 
in addition to tho end'moment of 736"# due to eccentric application of the 
fitting load. Then the loading condition on tho tube is as shown on Fig. 4. 


6000 




From our work with the precise 
bending at point of maximum moment 

L 

vr - A ^1 C0S 


equations for combined end load and 


t 


an 


.1 


3 


: U 

wi sin - 

3 


U 




1 


ax cos £ 


3 


( EI)1 
P 9 


3 


cos 


L 

* 

3 


sm 


L 

3 


( 


29,000,000 x 


6,000 


f = (187)« = 13.7 
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h 

d 


32 


13.7 


2.34 radians 


cos 


L 

J 

L 


-0.696 


AS 4 


sin ~ +0.718 

J 

from tables of functions of angles in radians. 


tan 


x 

3 


-0. 696 

+0.718 


a +0.97, COS -7 a 0.718 


a 


736 


*Vax ~ Q.718 ** 


p 

For the strut under compression alone the allowable •- 

L 1 1#5 

F 0 « 79,500 - (51.9)(-f) ® 45,000 psi. 


F 


c 


45,000 

(ANC-5) 


*e “ 


actual L « „ 27,600 

A .217 


psi 


R - 27 > 600 

c " 45,000 “ 


»b-¥ 


1025 x .625 
.0387 


a 16,150 psi. 


F b allowable « 102,000 

Modulus of Rupture from ANC-5, page 4-35 

D/t = 21.6 

„ . f 16.150 

Rb fb /i’b “ 102,000 * 158 


R 0 + R b = .613 + .158 » .771 


Since this value is less than 1.0 the tube is adequate 


**** 


Continuous welded joints in structures or continuous riveted joints in 
monocoquo structures are not required to show the extra margins of safety 
required for fittings. 

% 

Riveted Connections. 


Concentric riveted connections which carry no moment are assumed to be 
loaded evenly; that is the load is distributed equally to the rivets. This 
is approximately true, even when the rivets are in a single line, the end 
rivets not being overloaded as might be expected. Riveted joints are checked 
for the shear value of the rivets and for the bearing value of the rivet in 
the attached shoets. According to ANC-5 the bearing value of the sheet itself 
may bo used up to a maximum value of 90,000 psi, where the rivets used are 
A-17ST aluminum alloy or better. This represents a considerable increase over 
the value of 60,000 psi. in bearing previously allowed for the rivets them¬ 
selves. Where rivet clusters must carry bending loads as well as end loads 
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in members they must be investigated for combined loads on the rivets as followss 
See Fig* 5. 

Assume a symmetrical rivet pattern* of 5 rivets, carrying a shear load 
of 1000 lbs# upward and a moment of 1200 in# lbs# acting as shown# For this 
oaso the centroid of the rivet joint about which bonding will take place, 
is by inspection at the center rivet# The resistance of the rivet pattern to 
bonding may bo calculated just as if a moment of inertia of a cross section 
wore being computed neglecting the values of X Q and using the moment arms for 
the 11 areas’* represented by the rivets as being'the radii from the centroid of 
the rivet group to tho centers of the rivets* *n short a load on u given 
rivet is proportional to its distance from the centroid, its arm is also pro¬ 
portional to tho distunco from tho centroid and tho moment it can resist is 
proportional to tho squaro of its distance from the controid. For the simple 
symmetrical pattorn of Fig* 5, tho center rivet ounnot take any bending load 
because it has no lover arm, being at tho centroid# The four outer rivets 
are equidistant from tho controid and take equal bonding loads. The forces 
on the rivets are shown# Tho resultant forces on all rivets are different, 
being the resultants of tho forces duo to shear and bending loads# 

For tho condition shown rivets 1 and 4 carry the greatest loads and 
would be critical. This can bo proved by constructing the vector diagrams 
for the loads on all rivets# 

Where different sizes of rivets are used in a joint tho calculation of 
bending loads should be made twice, once for shear and once for bearing since 
the shear value varies as the square of the diameter whilo bearing value 
varies as tho diameter# One size of rivet is taken as standard and the 
remaining rivets are expressed as a proportion of its strength. Suppose the 
rivets in a joint are l/b H diameter, 5/32 diameter, and 3/l6 diameter# Taking 
the l/8 diameter as 1#0 unit for shear, the 5/32 rivet is 1#56 and the 3/l6 
rivet is 2.25# For bearing (in the same guage shoot) tho respective values 
would be 1.0, 1*25, and 1#5* 
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J 


f ^ 


f . 


{. i 


Fig. 5 




■ *1 


Centroid of Rivet Group ie at 
5. Therefore rivet number 5 
has no load from moment* 




J BA Tf/z a//?£ MoMizMrx /ZOO m 0 


\ 

’ 




£*T££N4l $HE/)g s. 


3b 


Per rivot shotvr loads are -~2 = 200 lbs. eaoh « s 

9 


Moment loads are 



212 lbs* each » m 


The final loads on the respective rivets are the resultants of the shear 
oment loads, r, shown bv dashod linos on Ftp*, fi. 


**** 


If the solution had been made using the "foment of Inertia” of the rivet 
group the work would be as follows: 


Centroid of rivet group is at 5* Radial distance to each rivet effective 

v.« _ 1 >11 J ... _ L._ 


in bending « 1*41 inches* 



I * 


2 


(4)(1.41) 2 * 8 


Md 


Then the load on any rivet, m * ~ whore M is the external moment on 


the rivet group. In this case 


m 


(I200)(l*4l) 


8 


212 lbs. which chocks our initial result. 
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Analysis 




» 
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The solution of foroes for a group of rivets in line subjected to bending 
is rather simple if we continue the beam analogy that the force on each rivet 
is proportional to its distance from the centroid. See Fig. 6* Ibis is true 
of courso only if the rivots are all of the some size, ^hero rivets have 

different sizes an additional factor k is 
introduced. To illustrate the case of 
rivets of different strengths let us assume 
that rivets 1 and 5 of the cluster shown 

a \ on Fig. 6 are 3/l6 diameter and rivets 2, 

j 3, and 4 are 1/0 diameter and that the 

I rivets are critical in shear; that is that 

I the bearing strength is ample. Then if wo 

J...7N jo oq say that the strength of rivets 2, 3, and 4 
( Jy is unity, (l.O) that of rivets 1 and 5 is 

2*25. This value we term k. 


•n 

4- 


4 

■S’ 


1/6 


2.25. This value we term k. 


The moment of inertia for this rivet group 
which has a centroid at rivet 3 would be 

j£k(d)^. Putting the solution into tabular 


Fig. 6 


form 


Rivet 

1 

2 

3 

4 

5 


Mo. 


£ 

4 

1 

0 

1 


k 

2725 

1.0 

0 

1.0 

2.25 

I * £ 


kd£ 

9.0 

1.0 

0 

1.0 

9.0 

20.0 


Note that the above solution is made as if we had replaced each 3/l6 
diameter rivet with 2*25 l/8 diameter rivets. Then the actual load on any 
rivet is equal to (k)(M)d 

1 


The load on rivet3 1 and 5 is 


(2.25)(2)(1000) 


20 


- b 225 lbs. and the load on 


rivet8 2 and 4 is 


( 1 )( 1 )( 1000 ) 
20 


50 lbs. 


As a check consider the total resisting moment which is equal to the 
summation of Force times distance. 


Resisting moment =* v.2) 
oquale the external moment. 


(2)(225)(2) + (2)(50)(1) * 900 + 100 » 1000 which 


A similar solution can bo extended to cover any combination of rivets or 
bolts in a joint. Such a solution is good only v/hen the rivets or bolts are 
used in metal construction, and would not apply to a joint in wood, where the 
direction of the load with respect to the grain would determine the bearing 
value of the rivet or bolt. 
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19il Calculate the strengths of the following welded joints t 

(a) 



Tube is .065 wall 
Gusset is *125 thickness 
Heat treatment 125,000 





r- 

• f 

* 

Plates are *093 C.I&. 

Steel. Heat treatment 
is 180,000 psi. 


) 



\ 
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Outside Tube i3 l|- - .065 

Inside Tube is 1 3/8 - #058 

Tubes are C.&. steel 
normalized. 
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19*2 


Calculata the maximum loads on the rivets in the joints shown 
pare them with the allcwablo loads for rivets shown in ANC-5. 

(a) 


4 

n 


1 p/fi, %mT$ A/7ST //V SibJGlE 
6 pfihJ/MUM Tb/JCY.»ess Of 

- Sff£T - . OG7- 

_ ISftffT /S £4 ST 

j /)L OM /// ^>^4 /0£T 4 f 

n L^#- 




10 



•too 




A 


Jp/# t Z\V£T$ ~ 24 ST /2AVMIA/4M /OnOf 
4 4- i? DtA. J?i V£ TS - 24 ST /Jl . /Yf-0 Y 


a 


£ 


? 


• m / 


MS 


77 

A 


/" 


r. 

z 


6 


r 

3 


7 


y 


s 


Vo 

V - . 

v 7/ 

( \ - - i 

/z 

in_ 

/*? 

/s 

7 6 

9 Ts 

* 

0— 4 

/? 

j J ZO 

r 

A Nfe 

r 

/ 





V*iO, 


r 


/" 


fl*3oo6 


.s 




t* 


Assume that rivets 
are in double shear 
and bear in 5/32 
24ST Plate* Inves¬ 
tigate for shear or 
bearing whichever 
is critical* 


Note t If an accurate 
layout is made of the 
joint it is considered 
satisfactory to scale 
the distances from the 
rivets to the centroid 
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ASSIGNMENT TWENTY 














Assignment 20 
FITTINGS AND JOINTS 

(ANALYSIS 0? LUGS At;D THREADED COMECTIONS ) 



Lu g. » 

Lugs are present in nearly every type of fitting and their analysis pre¬ 
sents a general outline applying to all types of bolted connections. Lugs are 
investigated for their shear strength, tensile strength and bearing strength. 
End connections for standard steel tie rods have been reduced to standard 
sizes and are listed in AHC-5, page 4-26. Since it is often desired to design 
a lug which is decidedly non-standard a brief discussion of the process is 

given here. 



Wg. 1 


Let us assume for example that we are 

# 

designing the lug shown in Fig. 1, 
from 24 ST. - Al. Alloy plate. 


This plate has the following physical 
properties t 


Ultimate tensile 
Yield in tension 
Shear ultimate 
Bearing ultimate 


62,000 psi. 
40,000 psi. 
37,000 psi. 
90,000 psi. 


f 


Assume wo aro transmitting a load in tension of 15,000 lbs. and that for clear¬ 
ance v.dth tho mating ports it is advisable to use a l/2 inch diameter nickel 
steel bolt, heat treated to 125,000 pci. If the part were on a commercial 
airplane a margin of safety for all fittings of 20/* would be required and the 
bolt would be considered a part of the fitting. The design would procood as 

follows: 


1/2 


2 x 14,700 - 

29,400 lbs. 


K.S. 


29,400 

15,000 


- 1 


• 96 


o.k. 


.20 required 


Required bearing width in lug, w vr M is found next. 

w x \ x 90,000 » 15,000 x 1.20 

15,000 x 1.20 _ . , 

w « -- ® *40 inches. 

A width of 7/l6 inches will be used. 

• • 

Actual bearing value =* 7/lG x l/Z x 90,000 » 19,700 lbs. 


u - 19,700 _ 

M,s * " TsTooo ’ 1 " 


.31 
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The uso of the full 90,000 psi. in bearing would be permissable only where 
thero was no shock load or reversal of stress* iiYhore shock loads were carried 
a bearing value of only 45,000 psi* would be allowed, and if the lug were sub¬ 
ject to loads reversing from tension to compression only 60,000 psi. would be 
used* Bearing between metals is of course always computed on the basis of the 
softest material* In this case it would have been possible to increase the 
bearing value of the lug by inserting a steel bushing, the bearing value in¬ 
creasing in direct ratio to the outside diameter of the bushing* 


The shear value of the lug is oomputed by taking the shearing area as 
twice that of section B-B* Dimension ,! S” is then computed as follows* 

2 x S x 7/lS x 37,000 « 15,000 x 1.20 
„ 15,000 x 1*20 

b « *2^c*77l6 x 377000 “ inches, use 5/8 inches 

5 7 

Shear value » 2 x *g x x 37,000 « 20,200 lbs* 



20,200 _ 1 

15,000 " 



It is actually impossible for the bolt to shear through the lug at section B-B 
but uso of this section as the shear plane has been standardized in ANC-5* 

♦ 

The. tension width, M t ,f , is computed* 

2 x t x ~r x (40,000 x 1.5) •» 15,000 x 1.20 

15,000 x 1.20 ....... „ a . . 

t = 2 ~ x f'/l 6 ~ x" ' 60 " 00 0 “ * 343 * nclies < us0 3 / 8 inches 

3 7 

Tensile value » 2 x j x •g x 60,000 = 19,700 lbs. 

M c 19,700 , 

M * s * " TsTooo " 1 " *11 


Note particularly that instead of 
62,000 psi, we have used 1.5 times the 



*’ig. 2 


using the ultimate tensile value of 
yield point value of 40,000 psi. This 
reduction is made wherever the ultimate 
tensile value exceeds 1.5 times the 
yield point. Its purpose is to insure 
that the part does not yield at the 
expected (or yield point) load* 

It is sometimes possible to intro¬ 
duce more than two shear planes on a 
bolt connecting a pair of lugs and thus 
keep down the bolt size* A typical 
example is shown in Fig. 2. 

Assume the parts oonnootedWe of 
steel heat-treated to 125,000 psi* 

Then the bearing value is 175,000 psi 
and the shear value 75,000 p3i* Let 
us transmit a load of 75,000 lbs*, 
and assume that we may have reversal 
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m 

of stress. This moans that wo may use only . .-? ■ £? . 9 . 02 . or 116,500 as our ultimate 

1 * 

value in bearing* Me have three shear planes on the bolt. A, B, and C. It is 
therefore possible to uso a 5/4 inch diameter nickel steel bolt, heat treated 

to 125,000 psi# 

Shear value of bolt « 3 x 33,135 =* 99,400 lbs* 

99 400 

M*S* * 75^000 ~ Hequired « .20 

The required thickness of lugs is oomputed as follows* 

Lugs above A and below C must each carry the load from one shear plane of the 
bolt while lugs between A and B, and between B and C carry the loads from two 
shear pianos. The thickness ’V* of the outer lugs is calculated: 

w X £ x 116,500 »ix 75,000 x 1.20 
4 3 


25,000 z 1.20 
w “ .75 x 116,500 


.344 inches, use 3/8 inches 


Lugs A-B and B-C would each have a width of 3/4 inch. The shear and tension 
allowables for each lug would be computed the same as for the example shown 
in Fig. 1. 


Bolts t 

Aluminum Alloy 


It is not good practice to use aluminum alloy bolts and nuts in sizes 
less than 1/4 inch diameter becauso of the danger of stripping the threads in 
tightening down the nut. Aluminum alloy nuts should not be used with steel 
bolts, even when the bolts are in shear, for airplanes which are to be used 
around salt v/ator* This combination should nover be used where bolts are in 
tension. 


Special Steel Bolts 


It is often possible to obtain a more economical joint by using a bolt 
heat treated to higher values than the 125,000 psi. standard, Nickel steel 
bolts are used up to 150,000 psi* minimum value, but above this value special 
Nickel Chrone-Lolybdenum steels are advisable. In choosing the steel to be 
used it is necessary to consider the ultimate tensile, yield point, elongation, 
the fatigue resistance, and susceptibility to impact loads or to notch effect* 
A balanced value of ultimate tensile where the other properties are also good 
is desirable. The ability to machine the 3teel must also be considered. 


It is sometimes advantageous to use hollow pins . Where the P/t of the pin 
used exceeds (4) reduction in the shear value must be made to account for 
distortion of the pin by crushing. This reduction varies from (l/3) at 
D/t » (8) to no reduction at D/t * (4). The variation in allowable shearing 
stress is assumed to bo linear and is based on results of tests. 
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Threaded Joints* 

Threaded joints in axially loaded members must be handled with caution 
since they represent one type of fitting in which the load carrying capacity 
decreases sharply as the component parts deflect under load* In addition they 
are subject to stress concentrations from the notch effects at the bottom of 
tho threads. Consider one tubular member threaded into another as shown in 
Fig. 3. Consider this joint to bo carrying an axial tension loud in the 
members# The component parts are subjected to 

1* Tension loads on tho not area of each tube critical oither in tho solid 
section or at the root of tho threads, .'here possible the not area at the 
root of the threads should considerably exceed tho area of the tubes con¬ 
nected to allow for concentration of stress at tho bottom of tho threads* 

2. Shear loads across the threads at Section A-A for inner member and across 
Section I3-B for outer member# 

3. Radial tensile loads in outer member due to "wedge” aotion of tho threads. 



4* Radial compressive loads in inner member due to wedge action of the threads* 


The following standard nomenclature i6 used for the threaded joint: 


T » Design Axial Tension on joint. 

O. D* »= Body diameter for threading. 

I.D. » Internal diameter for threading. 

R.D. « Root diameter or minimum diameter of internal member. 

P. D. « Pitch diameter of thread. 

L a Length of engagement of thread. 



Fig. 3 


p **♦ pitch of thread » 

_ 1 _ 

no. of threads per inch. 

h » height of sharp thread » .866 p 

t 0 « Wall thickness of outer member/ 
measured from pitch line. 


t i 


Wall thickness of inner member/ 
moasured from pitch line. 


S e Modulus of elasticity. 


+*** 

The analysis of the joint is made as 
follows: 

1. The minimum area of each connecting 
member is computed. This will be 
either in the unthreaded section, 
at the thread relief or at the root 
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of tho threads for the inner tube; and in tho unthreaded section, the thread 
relief or at tho bottom of tho thread on the outer section. With no allow¬ 
ance for stress concentration, tho average unit stress is of course ^ ^ 

Stress concentration factors may bo taken from Timoshenko, Strength, of / n 
Materials* 1 or from Product Engineering, April and May, 1938 - Roark on /■ 
"Factors of Stress Concentration' 1 • 

It is sufficient on materials which have good elongation, such as 17ST 
A1• Alloy and the Chromo-Molybdenum and Nickel steels to use the yiold point 
stress in tension as tho a verage stress for design purposes. 


♦ m 

£Z ZZ Z$i 

?n -n 

- b — 


r 


if 


Fig. 4 


2* For standard threads the radial unit tensile 
stress in the outer member is computed from the 

formula 

f t - .0919 x . 

Good practice demands that this value not exceed 
the yiold point for steel or 75f* of the yield 
point for Aluminum Alloy or bronze. 

3 . lhe radial unit compressive stress in tho inner 
member 


Et7 


(3) 


The allowable stress for f c is the same as for ff 


r 

f 


4. For axial load along section A-A 


2.k 


combined shear => (f 8 + (_£) ) 


Area along A-A 


and maximum unit 


The effective section along A-A is dependent upon tho following variables: 
(a) Deflection duo to radial stress in both the inner and outer members. 


f c x P.D. 


ft x P.D 



(b) Amount cut off sharp thread for flat generally .25h. 

(c) Pitch diameter tolerance of both inner and outer members 

(d) Internal diameter tolerance on tube. 


The shear area along A-A 
« ,75h - - P.D. tolerance 

times L(I.D. + X«D. Tol.) x 


I.D. Tolerance 

2 


• 577T 


c is either that from formula (3) abovo or f c » Ar ' ea^along" ' "^! 


whiohevor is the greater# Tho unit stress 
not exceed 50% of the ultimate shear value 
If the ratio of net shear length to length 
•45 a ooarser pitch thread should be used. 


for this condition should 
of the material used, 
of thread is less than 
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5. For axial load along section B-B 


and maximum 


f « - 1- - 

s Area along B-B 


combined 


f‘ 3 max* 




/9b 


o OKU p n +-,0 

c . i n r» •O/Oil - , « —» '■- . - - X *D * tol* - -— ■ y- 

Shear area along B-B » 2 2 

h 


times L(0.D* - 0*D. tol#)7T 


ft ^ taken from the formula of item 2 

f 1 „ »577T 

c Area along B-B 

It is desirable to reinforce the free end of a threaded member with a ring 
or a bead to prevent excessive deflection from eccentric loads or from secondary 
bonding in the members connected* 

/ 

Materials » 

Machined fittings are made from bar or plate stock or from forgings or 
castings* Choice of the material will be governed by the number of parts to 
be used, the space limitations, the strength v/eight ratios and the special 
limitations sot up by the procurement or licensing agency* In general, parts 
machined from bar or plate stock or welded up steel sheet stock fittings would 
be used on an experimental airplane, to be replaced by forgings or castings 
on a production airplane* Choice of the material will also depend upon whether 
or not a shock load is to be carried* 

Machined Fittings* 


The direction of the grain is important in most fittings since there is 
generally a choice* The major axial stresses whether duo to axial load or to 
bending should parallel the grain* Sudden changes in section or sharp corners 
are to bo avoided since these produce stress concentrations which may causo 
failure in the part. Stress concentration is more important in a brittle 
material than in one which is ductile, since a ductile material if overloaded 
locally will yield and transfer load into the remaining material* Stress 


concentrations can not be entirely eliminated but they may be held to a minimum 
by careful design* As an example let us consider the part shown in Fig. 4, 
taken from Timoshenko "Strength of Materials", Vol. II. The maximum stresses 
occur at points "m u and "n n and may be represented by the equation 

*mux* a K x f Q where f 0 is the uniform tensile stress at the end of the 
narrow portion and ^ is a factor depending on the ratios b/a and r/a* Typical 
vccluos aro given in tho table below taken from the above reference, page 618. 
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/?? 


Stress concentrations are also present v/hen parts are 
drilled out of solid sections• Tho use of oven small 
the stress concentrations considerably. 


notched or have holes 
radii as relief reduce 



:?o. 


that 


torrinps have a deoided advantage over parts machined from bar stock in 
the direction of grain may be more flexibly controlled. In general the 
sam* considerations apply to parts made from forgings as to those machined 
from nl<it» or bar stock. Certain of the Aluminum Alloy forging material-, must 

STtSfe Ztl Lro, in p,rtionl«n MSI. Mr, m«*M >». * *14? 

in tho elongations and fatigue resistances with and across the gram and should 

bo used with extreme caution where any appreciable loads will bo carried across 

tho grain. 



Because of the difference between physical properties of actual castings 
and parts oast from the same molts in the form of tost bars it is necessary 
to reduce the physical properties of castings by one-half for use in design. 
This allowance of 100# margin is also depended upon to cover blowhole , 
shrinkage, etc. in a small degree. Oustings should bo used with caution 
w'hei'o shock loads are expected because they are susceptible to fracture. 


they do 
merely of 


Eccentricities. 

-- ■■ ■ -. ** 11 

Eccentricities should ho avoided wherever possible, but where 
exist should bo accounted for in design# In general this consists 
designing certain component parts for end loud plus a bonding load 

Fatig ue . 

The normal working load on any part (tho load to which it will be subjected 
steadily over long periods of time) should never produce a unit stress in 
excess of the fatigue limit of the material. Fatigue limits ^re expressed 
in terms of tho unit stress at which fatigue failure will occur when 300,000,000 
cycles of completely reversed stress are appliod in bending or 20,000,000 
oycloo of completely reversed stress are applied in torsion. 
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ASSIGNMENT 1 

ADVANCED AIRPLANE STRESS ANALYSIS 


ZOQ 


Introduction . 

You have now completed the basic stress analysis study material. 

Beginning with this lesson, we shall deal with problems intended t» pre- 
pare the student for responsible analysis work in the industry. So that 
we may thoroughly be in eccord in later discussions, we shall first care¬ 
fully review the fundamentals required. 

The methods presented in the Advanced Analysis Course will be based 
upon the requirements and accepted practices of the Civil Aeronautics 
Authority, the controlling regulatory body for.commercial aircraft. It 
will be to the student's advantage to supply himself with copies of 
Bulletins 6-CFR-04 and ACM-04 of the Civil Aeronautics Authority. These 
may be obtained upon request to the United States Government Printing 

Office, ’Washington, D.C. 

The examples used will be hypothetical but will closely parallel 
practical applications on modern commercial airplanes. No reference will . 
be made to Army and Navy work, since the analysis practices of these agencies 
are held confidential. The student, however, may be assured that the fund¬ 
amental methods presented here will ground him thoroughly in the work, so 
that, as the opportunity presents itself to him to work on Army.or Navy, 
models, he will have no trouble in adapting himself to the special require¬ 
ments involved. On certain points the Army, Navy, and Civil Aeronautics 
Authority are already in exact agreement. For example, Army,.Navy Commerce 
Bulletin 1 (ANC-l) giving span distribution ef air loads on wings, and ANC-5 
the strengths of materials handbook are equally applicable.to all types °i 

a i rplanes.^jThese^Builetinsjay^be^pr ocured fro^^^^pog^^nt^ 0 


ANC-l 

ANC-5 


recommended 


6CFR~^4 

ACM-OA 


ANC-l 

ANC-5 


It is advised that 
the Bulletins as soon a 
from the course. 


the student wh* has not already done so, procure 
; possible, in order to obtain the greatest value 


Basic Aerodynamic Theory. 


Before we nay proceed to the calculation of loads on an airplane structure 
we must know ssmething about aerodynamic loads. A brief resume »f the basic 
aerodynamic theory will be given here. Forces on an airplane in flight are 
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* 

generated by the relative movement between the air and the airplane, by the 
tractive forces set up by the propeller and by inertia forces due to gravity 
and to accelerations and decelerations set up by the air loads and the pro¬ 
peller* 

Direction of Relative 



+ C| o a moment tending 

to increase the Aerodynamic Forces on an Airfoil 

angle of attack. 


The aerodynamic theory is based on the premise that air is a low density 
fluid, and follows the laws of fluids, for all practical purposes. 

Bernoulli*s Theorem . 

Bernoulli's Theorem states that the total energy of a fluid particle is 
constant at all points on its path in a steady flow. The equation is 



+ h 


K (a constant), where 


H 



is the pressure head 


i is the velocity head 

h is the potential head, duo to position 

In its original form tho equation was intended to apply only to stoadv 
flow in an incompressible fluid* It may be applied to solution of aerodynamic 
problems also if each tern is given its proper relative significance* 
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Pressure Head* 





In general the airplane is moving through the medium in such & fashion 
that the pressure in the undisturbed air ahead of it is the same for the portion 
which passes under the wings as for the portion which passes over them* The 
pressure head therefore is of minor importance in providing a lifting force on 
the airplane* 

P otential head * 

The same argument may bo advanced as for the pressure head to show that 
this item is of no great importance* 

^Velocity Hoad or Dynamic Pressure. 

This item constitutes practically all of the energy available in the stream 
of air moving past the wings and from it must come the forces which counteract 
the effect of gravity in .flight* The dynamic pressure is designated as "q"* 

\ P 

q a i kLV where M ® mass of air 

V «• velocity in fps* 


?or standard air at soa level this formula may be reduced as follows* 


Wt. por cubic foot of air at sea level • ~ lb. 

lu 


M a Mass » ~ a 

6 


l/l3 


32.2 


?r 3 .00238 


Then q « } x .00236 x V 2 * .00119V 2 , (V in fps.) 


„2 


fc&le 


When V is given in miles per hour 

q a (,00119)(l.46av) 2 » ,00256V 2 (V in mph) 

The dynamic pressure at any other altitude is given by 


q 


.00119V 2 & # where <f 


P altitude ,, r , 


> 


1 : 


The purpose in using an "airfoil section" for a wing is to provide a 
lifting surface that will provide a maximum, of lift with a minimum of drag. 
The drag forces are those which slow up the airplane* For purposes of com¬ 
paring airfoil 3 and for uco in load and performance data the properties of an 
airfoil are reduced to the following# expressed as coefficientsi 


Lift ** a measure of tho supporting force available 
Drag » a measure of the resistance to forward motion 
foment » a measure of the twisting force on tho section 

I 

All of tho values are obtained with respect, to the Anglo of Attack# C£ • See 

Fig* 1. 
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Definitions . 

The Chord Line of a wing section is an arbitrary reference lino chosen 
for convonTerTco in locating the airfoil attitude* Soe Fig. 1* It is adopted 
for convenience in roferer.ee and not because it has any particular significance 

with regard to the airfoil characteristics. 

The Angle of Attack, OC # of the airfoil section is the angle between the 
Chord Line and the direction of the relative wind. See Fig. 1. 

Cl * the Lift Coefficient measured perpendicular to the relative wind. 
C D a the Drag Coefficient measured parallel to the relative wind. 


Forces on wing sections are determined in Wind Tunnel tests# The values 
co obtained are reduced to terms of lift and drag per sq. ft. of wing at unit 
epeed. The lift per square foot of wing at any speed and angle of attack is 

Cj.q and the drag is C^q. 

(Note s An efficient airfoil might appear to obtain more lift per sq. ft. 
of surface than the formula jMV 2 shov/s to be available. This could only be 
oonsidored true, however, if only the first cubic foot of air adjacent to each 
square foot of wing were considered offactive. Actually a greater amount of 
air is uffooted; according to Prandtl the* volume of air affected when a wing 
section moves through it is a cylinder whose diameter is equal to the wing 
span. The air is also deflected downward, thus giving up potential energy.) 

The Moment Coefficient, C^, is a convenient term usod in locating the 

center of pressure (centroid of air loads) in a chordwise (fore and aft) 
dirootion along a section of wing# It is given with reference to some parti¬ 
cular station along the chord and is the measure of the moment of the air 
forces about that station, in terms of Cp and Op, divided by the wing chord. 

It may be thought of as a couple acting at the leading and trailing edges and 
balancing the moments in a chordwise direction along a section of the wing. 


The standard airfoil characteristics may be obtained for most airfoils 
from Technical Reports and Technical Notes published by the National Advisory 
Committee for Aircraft. When a new airfoil is developed its characteristics 
are obtained from wind tunnel tests# The standard tost section is one for 
which the chord is hold constant and the aspect ratio is 6.0. 


The Aspect Ratio 



Area 


w 


The usual modern airplane wing is taperod both in plan form and in thickness 
ratio, a scheme which gives a more efficient lifting surface both for perform¬ 
ance and for structure# Also the Aspect Ratio is generally greater than 6.0 
on a monoplane design. Tho standard v/ind tunnel data must then be corrected 
by the method outlined in Air Commerce Manual 04.1-11. Given the airfoil 
characteristics for an Aspect Ratio of 6#0 (R is used to denote actual 

aspect ratio existing) 
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K ® Correction Factor « ^ - 0.1667 




eC 


CC 6 + 18.24KC l 


where oc 6 

oC 


angle of attack in degrees 
aspect ratio «* 6.0 

angle of attack in degrees 
the inspect Ratio is R. 


for a given Cp when 
for the same Cp when 


Cp * Cp^ + 0.318KCp 


2 


where Cp^ ■ Cp for given Cp when aspect ratio » 6 

• Cp « Cp for given Cp when aspect ratio » R 


m « slope of the lift curve « Increment of Cp per radian 

»■ m 6 r^h] where 

mg •» slope of the lift curve when Aspect Ratio «* 6 
m •» slope of the lift curve when Aspect Ratio ® R 

**** 


For our type problem we will assume a wing tapered from a chord of 180 
inches at the root to 90 inches at the tip and taper the thickness ratio from 

18/5 at the root to 9% at the tip* 

The thickness ratio is the ratio of the maximum depth of a wing section 
to its chord. vtcTwill Choose an airfoil of the NACA 2200 series which has 
good all around characteristics. The characteristics of this airfoil for an 
Aspect Ratio of 6.0 may be taken from NACA Technical Not© No. 487. The plan- 
form of the wing we are to use is shown on Fig* 2. he must correct the NACA 

data for our actual aspect ratio. 
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2 os 9 


22.5" 


rplane 




Gross Area of One Side 


_ / 7.5 + 15 


Area Lost at Tip = 1 sq. ft. 


)(45) = 506 sq. ft. 

Met Area = 505 sq. ft for 

# 

One Side = 1010 sq. ft. 


total 


* 


540" = 45* 


Fig. 2 

Monoplane Wing • Semi-Span 


Aspect Ratio 


(90) 

1010 


2 




8.0 



- R 


The airfoil characteristics for aspect ratio of 6.0 and the taper ratios 
shown hero are plotted on. NaCA Technical Note 487* Rig* 4. The data given 
there v/ill bo reduced to tabular form for use in Table I, page .1-12 of ACM04. 
full directions for obtaining the correct values for the Aspect Ratio of 8 
are given on the tuble. The student who wishes to go further into application 
of the aerodynamic theory is referred to Diehl* ^Engineering -aerodynamics* 

The Ronald Pross Company* New York City. 
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Problem Assignment. 

1:1 Complete Table I to give the complete airfoil data for the wing of 
Fig, 2 with Aspect Ratio =8.0. 

1:2 Plot the corrected characteristics against the value as shown on 

Fig. 11, page 1-10 of ACM-04. C Kf C c , cC , C M and CP curves should be 

plotted. 

1:3 Plot values of Cl, and Cp corrected against corrected values of oC for 

reference in future assignments. Values-will be taken from the solution 
of problem Itl on Table !• 
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Assignment 2 

FLIGHT LOAD FACTORS ON'WING WITH WING FLAPS RETRACTED 



When wo speak of a flight load factor for commercial airplanes wo are 
referring to a wing load factor as differentiated from an i nertia or dead 
weight load factor# The load factor is that multiplying factor by which the 
steady flight forces are multiplied to obtain the oquivalent static effect of 
dynamic forces acting during acceleration of the airplane. 

D ynamic Forces . 

Consider the Hado on the wing sustaining an airplane in unaccelerated 
flight and noglectiKg for the moment the effect of load on the tail surfaces. 

(See Fig* 1) W 



Fig. 1 


Now suppose the lift force is increased on the plane to some value nL# The 

plane will tend to accelerate upward. The inertia effect of the weight, W, 

will be added to its actual weight. If "a "...equals the acceleration produced, 

the additional force F * Mu, and since h » ll , F « iiS. * The total effect of 

6 S 

the weight sustained is therefore W + — or W (l + -.) 

5 6 

nL = W (1 t 5) or n = (l + ~) 

g 6 


n is the applied load fuctor for the wing and is defined as the maximum 
load factor which is to be expected in any normal operation. A n airplane should 
therefore be designed so that the applied loads do not exceed the yield point 

of the structure. 


The factor of safety is introduced to give a material safety factor and 
to provide some factor of ignorance• 

a 

n* « design factor «• F.S. x n 


Airplanes are designed to their ultimate strength for tho load factor. 
The usual factor of safety is 1.5. 




Load factors are introduced into airplanes either from the effect of man¬ 
euvering (controlled by tho pilot), or from the effects of gusts in rough air. 
Basically the results produced are tho same, namely to change the attitude of 
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the plane 
attitude. 
(Fig. 2) 


suddonly without decreasing its speed to correspond to the changed 
Lot us consider the forces acting on an airplane wing in flight. 



Resultant force vector, R » C R Sq 
C R ** Coefficient 


S « 

q ** 

<r« 


iiVing Area 

Dynamic pressure 

/ ^ P altitude 

' P sea level 


), 


1.0 at sea level 


.00119V 2 
V » fps 


Resolving these forces parallel and perpendicular 


Cr * Lift coefficient 
Cp « Drag coefficient 


C 


R 


(C L 2 + C D 2 )i 


to the relative win£: 
**■ » upward 
+ * backward 


If the beams and drag truss are not parallel and perpendicular to the wing 
chord (Fig. 3) the resultant load, C Ri may be resolved parallel to the beams 

and the drag truss respectively giving C^» and Cq, which are not necessarily j 

perpendicular to each other. | 


Fig. 3 

For design purposes it is assumed satisfactory to use Cjj =» ® C 

Position of Lift Force Along Wing Chord . 

The total lift on the wing is ClSq (or C.'jSq or C^jSq). 




The total twisting moment of the lift forces on a wing M » %$q x Ch where j 

Ch * wing chord. The moment coefficient, C& , must be given about some definite j 

location point on the wing chord. Usually it is given about the aorodynamic 
center. The aerodynamic center (AC) may be defined as that location on the 
wing chord about whichthe moment of the air forces is substantially constant) I 

IV 

• 9 tr 

• l. 
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that is the product of Cy x distance to aerodynamic cantor in percentage of 
wing chord » A constant, for any pointy "X", along the wing ohord then 




(X - CP) where CP a center of pressure in percent of chord. 


Assuming that X » distance from loading edge to aerodynamic center » .25 then 

CP a .25 - where Cr,- « mom. coefficient about tho *25 of chord point. 


(+ shows a moment bonding to increase tho angle of attack) 



% may also be thought of as tho 
value of a couple at the leading 
and trailing edges of tho wing, 
tending to cause rotation. 


* 


It represents the moment introduced when 


is moved from the CP to tho AC. 


The method used to determine load factors and the design conditions used 
will correspond to those given in 6CFR04 and iiCIvI04. The load factors are 
dependent upon the ratio of weight to wing area, wing loading , ratio of weight 
to power, powe r l oadin g, and tho limiting speed of tho airplane. They also 
depend upon the aerodynamic coefficients of the airfoil, especially upon the 
maximum lift coefficient possible. In this respect it should bo noted that 
it is possible to momentarily attain lift co effi cie nts greater than those 
shown in the wind tunnel since there must be a time lug occurring before tho 
airfoil will burble, for this reason if in calculations of load factors the 
value of Ctf exceeds the maximum lift coefficient for the airfoil tho calculated 
value shall bo used. 


The following data are required for calculation of the wing and inertia 
load factors in flight: 

1. Design weight of tho airplane. 

2. Effective wing area and the airfoil section. 

3. Patod horsepower of the engines. 

4. Design level flight high speed * V^. 

5. 'Estimated terminal velocity = V-. v . 

6. Lift, drag and moment curves for the airfoil. 

7. Location and length of the mean aerodynamic chord. 

8. The oenter of gravity location for the airplane or the.limits of 
center of gravity travel—fore and aft. 

9. The tail length. (Distance from the center of gravity of the airplane 
to tho center of pressure of hal:aicing loads on the tail. The center 
of pressure of tail loads is assumed at 20 7° of the mean ohord of the 
entire tail surface^ 

The above items will be discussed in sequence. 


ETI - Advanced Stress Analysis 


2-3 












Dosign Weight 


Z/z 


Th<5 design gross weight of the airplf.no is the maximum weight at which it 
is licensed to fly. Usually this weight condition will be critical in loading 
most of the airplane but this is not necessarily the case as will be shown 
later. Certain portions of the airplane for which the inertia loads remain 
substantially constant while the airplane as a whole becomes lighter from 
using up fuel and oil; such as engine mounts, nacelles, and the forward portion 
of the fuselage may be designed by the effects of gusty air on the airplane 
when it is flying at a minimum weight. The minimum Design Height is defined 
as the weight empty with standard equipment, plus minimum crew, plus fuel of 
.25 lb. per maximum (except takeoff) horsepower, plus a full load'of oil. 

Effective fling Area . 


Based upon wind tunnel tests on complete models the Design Effective rfing 
Area is taken as that of the complete wing without any deduction for that 
portion, blanketed by fuselages or nacelles. £or these parts the wing outline 
is taken as though tho wing ran straight through. 

Aated Horsepower. 


The engines are rated in three ways t 

■ 

1. A maximum rating for continuous operation. 

2. A takeoff rating for one minute operation only. 

3. An emergency rating for continuous operation when one or more 

engines has failed. (Applies, of course, to multiengined ships 
only.) 

The wing load factors are calculated on the basis of the maximum rating 
for continuous operation. 


The Mean Aerodynamic Chord is an imaginary chord on which all the wing area 
may be considered concentrated without changing the lift or moment of the air 
forces on the airplane. 

T he Center of Gravity of an airplane is a variable which may travel within the 
• stability limits as” determined by aotual flight test. It is necessary in 
design of the airplane to use limiting locations determined from the wind 
tunnel tests. Generally these limits are arbitrarily extended in both direc¬ 
tions to insure that the full range determined from the flight tests will be 
covered .by the analysis. 

’ Calculatio n of De sign Speeds . 

\ * high speed of the airplane in level flight corresponding to the 
maximum rated power available for continuous operation reduced to equivalent 
"indicated” air speed at sea level in standard air (fps). Note* Indicated 
and actual speeds are the same at sea level. The use of indicated speeds 
allows the use of higher speeds relative to the ground when flying at altitude. 
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2 */ 


v 


G 


design gliding speed with pov/er off ("indicated 1 ' - fpsj. V(j shall 

pt that it need not be greater than 


not bo 'loss than + Kg (V^ - VjJ, 


either Vg + 100 mph or 1 


5 whichever is the lower* 


K 


£ 


0.03 ♦ 

‘/V + 



except that K, r shall not be less than 0.15 


V^, the terminal velocity with power off is estimated from the formula 


1 


% = 29 (d)1 where 


d 


W 

A 


D 


and At) » estimated total drag area in sq. ft. 


BASIC ACCELERATED FLIGHT CONDITIONS 


(vsith norma 1 wing - Flap s Up •) 

The following symbols are used: 

Vi Design Weight 
s. * effective wing loading » g* « 

ii 

P « power loading » ~ » lbs. por H.P. 


lbs. per sq. ft 


R * aspect ratio » 


(vVing span) 


r S 
o 

Area 


2 


2 

q * dynamic pressure « .00119V 6, when V in fps 


V 2 

391 


when V » kPH 


m 


slope of lift curve, per radian, corrected for aspect ratio 


The f11ght load foe tors which follow arc win g l oad factors . Dead wei 



or inertia load factors must be arrived at by considering the effect of 
balancing loads on the tail. All lead factors calculated are applied or limit 
load factors. That is, the structure must not yield when these factors are 
applied. 

The limit maneuvering factors aro derived largely from experience with 
conventional types of airplanes and are considered minimum allowable values. 


The limit gust load factors are considered the results of the airplane 
going into sharp edged up or down air currents acting normal to the flight 
path. To more fully appreciate those effects it is necessary to consider the 
effect of changes in angle of attack on the lift coefficient, Cj,. In the 

design range of angles of attack versus the angle of attack, $£ is a straight 

line variation (Fig. 5). The effect of a sudden change in angle of attack 
without any change in speed (at least momentarily) is to increase the total 
air load in the wing by the ratio of the respective values of Ct . (in. this 

-Ji-~ in Fig. 5.) Cj^ at A represents the lift coefficient necessary 

Cjj at A 


case 
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27 -=?* 

a 

♦ 

to maintain level flight at the speed V. C L at B represents the forces on +he 

win(J after a sharp edged gust, KU has suddenly changed, the angle of attack 
byA^ , without any slackening of speed. ^inCe for small angles, the angle 

is equal to the tangent 


tan 


-1 KU 

v 



Fig. 5 

A n in Fig. 5 represents the increment of load due to the change, AtC , 
angle of attack. From 6CFR04 


in 


A n 


KUVjn 
75 s 


where 


An * limit (or applied) load factor increment 


K 


gust reduction factor - \ U) 1//4 but need not exceed 1.0 
(Note: above s s 16, K » 1.0) 




U * gust velocity in feet per second. 

V » indicated airspeed in miles per hour 


FLIGHT CONDITIONS 


i££i 


1. 


* 1 + A (shall not be less than 2.50) where A is the higher 


value determined from 


(a) A ni = 


KU Vt 


a 575 s 


x (m), where U « 30 fps up gust. 


(b) Aa lb 



0.77 + 


u Power lapsing, ne^d not be less "then 12" 

(P » pov/er 

loading) 


J52,OOC ) m 
u + 9200 


IP 


3.2o 
.435 


2 . 


C K 


1 


n l s 

% 


(C 


& 


1 


3o 


W 


but -jr * s 

U 


Hi S 

Therefore Cm «* —— ) 

1 % 


q =• dynamic pressure corresponding to speed 
L 
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3. C 


c « value of drag coefficient corresponding to or 
whichever has the greater negative value* 


-0.20 C 


N 


4. 



i 


» most forward position of the center of pressure between 
C L ” and C L max *» wiien Cjj exceeds max. the CP curve shall be 

extended accordingly. 

5 . C^* » moment coefficient necessary to give the required OF in oonjunc 


tion with C# 


1 


Condition 1^ - Positive High Angle of Attack - Modified * 

The smaller of the two values of C c specified in Condition I, and the most 
rearward CP position between and 0^ max. shall also be investigated 

when Condition I is oritical for the rear spar (or its equivalent) or if any 
portion of the front spar (or its equivalent) is likely to be critical in 
tension. Only the wings and wing bracing need bo investigated for this con¬ 
dition. (Balancing loads on the tail are not required and their effect on the 
fuselago is not considered.) 

r 

Condition II - Negative High Angle of .attack (30 fps down gust) 


1 . 


n 2 * 1 - where 


is taken from Condition I 


& 


2 . 


3. 


C • n 2 s 

% 57 

C c » actual value corresponding to C*j • Note* Wien C 0 is positive or 

2 

has a negative value smaller than 0 . 02 , it may be assumed zero. 


4. Cjj « actual value corresponding to Cjjg. 

4 

Condition I II - Positive Low A ngle of Attack 

1 . 113 a 1 + A n Z (shall not be less than 2 . 0 ) where is the higher 

value obtained from the following equations; 


(a) . A n 3 


kuv 


G 


x 


a 575 s 


(m) 


U e 15 fps upward 
Vq » glide speed used in design 


2 . 


(b) 

c a n 3 8 
0 N « 

6 % 


A n 3 ^ ® 0.60 ^^1^ as determined in Condition I* 

• • 

=* dynamic pressure corresponding to flight speed Vq 


3. C 


actual value corresponding to C n ^. (vfhen C c is positive or has 


& negative value smaller than 0.02 it may be assumed zero.) 


& t 


4. 


% ~ 


the actual value corresponding to . 

3 
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Condition 1Hj - p osi t ivg Low finale of Atta ck - Mo dified 


If the moment coefficient of the airfoil section at zero lift has a 
positive value or a negative value smaller then 0,06, the effects of dis 
placed ailerons on the moment coefficient shall be accounted for in 
Condition III for that portion of the span incorporating; ailerons. To 
cover this point it wi 11 be satisfactory to combine 75 per cent of the 
loads acting in Condition III with the loads due to a moment coefficient 
of -0,08 - Cm HI a °ting over that portion only of the span incorporating 
ailerons* The design dynamic pressure for the additional moment forces 
shall be equal to 0«75qf*. Only the wings and wing bracing need be inves 
tigated for thi3 condition* 


Condition IV 

1 * 

n 4 = 

2 . 

Cm 

*'4 

3. 

C c = 

4. 

When 

may 

5. 

o 

& 

II 

The 

fore 


- rus 


n^ where 
°a 


n;t is taken from Condition III* 


P Cr 

actual value corresponding to C>t. • 


C, fl = the actual value corresponding to C?j 


4 


gated for the airplane, when .flying with flaps up* Other special conditions 
and the effect of flaps down will be treated in the next assignment. 


Problem A s s i g m ne n t. 

Et1 Using the airfoil data from the curves of Problem 1:2 in Assignment 1 
and the following additional data: 

1. Gross weight of airplane = 20,000 lbs. 

2. Wing area = 1010 sq. ft* 

3. Normal rated power at sea level » 2000 (2-engines of twin-motored 
airplane) 

4. Level flight speed at sea level ~ 220 mph. 

5. Estimated terminal velocity = Vm = 600 mph. 

6 . Value of m, the slope of the lift curve to be taken from the 
curves of p roblem 1 : 2 . 

m »--21. where is in radians. 

Note? "m" in the design range should be 4.4 approximately. 

1 radian = 57.3 degrees. 

Calculate the values for Vq, q^, oq and n, Cjj. C c or C* c , OF and Oyj- 
or C• for Conditions I, 1^, II. Ill, III^. and IV. 
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Assignment 3 

, 

FLIGHT LOAD FACTORS 

There are certain special conditions of balanced flight with flans up # 
which arc important only on special typer of airplanes* These will be given 
briefly for reference. 

Condition V - In verted Fligh t 

This condition applies only to the rear (or single) lift truss system of 
extern ally braced, win?, structures; i.e. those braced by external struts or 

wires, 

1. Hg *-1.0 - Ang (Min, value = -1,50) 


2 . 

3. 

4, 


Fhere &ng is the higher of the two values 



0*50 Ani 

A a 


=0 - 25 & n l h 




GL 

0 


(From Condition I) 

(From Condition I) 
(Speed = Vj) 




The purpose of this requirement is to insure a rigid external bracing. 
Condition VI - (Gliding; - At limited diving; speed, V g ) 

1* C T>T = Value corresponding to maximum + C c 

ivg 

4 

2. C* c = Maximum positive C 0 + 0,01 

3- •; C W = the actual value correspondin'* to 

4. The drag of the nacelles and other items attached to the winss must 
be conservatively estimated and included in the investigation of 
this condition. 

5. Only the vdngs and wing bracing need be investigated for this 
condition. 

All of the foregoing conditions, end those in Assignment 2, have been, 
assumed to occur without wing flaps or other auxiliary lift devices in 
operation. 
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S ymmetrical Flight Con d itions - ?r itb Flaps Down 

when flaps or similar hirh lift devices aro used on wings, the design 
conditions must be modified to account for tboir use in flight. These modi¬ 
fications are based on the intended use of the flaps and the aerodynamic 
characteristics of the win*:. The following conditions are considered the 
minimum required to cover a suitable range of symmetrical flight loadings in 
cases where the wing flans are used onl y at relatively low air speeds , that 
is at speeds reduced for landing. 


Condition VII - Positive Gust With Flaps Down 

# 

1, The design speed for this condition is Vp which is the restricted 
speed with flaps down# Vf may not be loss than 2 V Sf >, where Vg^ 
is the stalling speed of tho airplane with flaps down. 



vdiere \ v = gross weight of airplane 

S = total wing area 

^•Max = ^ ax# effective lift 

coefficient with flaps down, 

V s in this formula is in miles per hour. 


2. Gust velocity, U ~ 15 fps. 




1*7 ~ 1 + A n 7 



(Min. value = 2.0) 


* 


5. C c = actual value corresponding to C n7 

6 . Cy[ = actual value corresponding to C n ^ 

Note : The most critical deflection of the flap must be investigated, 

generally maximum throw. 

Values given are for tho entire wing and must be redistributed to 
flapped and unflapped portions. 


* 
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Condition VIII - Negative Oust vfith Flans Down 


1; Speed — VV 


2 . » 1 


3. 


— H7 

% - 
8 9V f 


Oust speed = -15 fps. 

(With no lower limiting value) 


i 

1 


4. C c and correspond to the values for Cp 
Condition IX - Dive With Flaps Down 


B 


This condition is a check for the maximum rearward chord loads on the 

wing structure. The maximum deflection of the flap' is used, and the load 

factor and the magnitude and distribution of normal, chord and moment 
♦ *• 1 

•forces over the winm correspond to the angle of attack at which the 
greatest rearward chord loads arc produced. 


1. Speed « Vf. 


*Jo gust factor. 


2 . C C9 = maximum rearward chord coefficient with flaps down 


3. 


C Ng 1:2 value of <%j corresponding to 


4. 


n 9 


= % 

w7s 


5. = value corresponding to 


9 


9 


Only the wings and wing bracing need be investigated for this condition. 
That is, balancing loads on the tail and their effect on the fuselage need 
not be computed. 

Unsymmetrica l Fl i ght Conditions 

In the unsymmetrical flight conditions the unbalanced rolling moment 
of the airplane is to be assumed to be resisting by angular inertia of 
the entire airplane. (The angular inertia of the airplane is a measure 
of its resistance to ’’wing over” rotation. A given rotating force will 
accelerate a compact airplane with most of the weight in the fuselage, 
faster than one which has most of its weight in the wings.) If it is not 
desired to make complete calculations for the angular inertia of the 
conpl.ote airplane it is acceptable end conservative to consider that only 
ma^or items in the wing such as nacelles, landing gear or fuel in tanks 
are effective in resisting rotating acceleration, and that the. remaining 
twist is resisted bv the fuselage. The unsvmmetrica] air forces vrhich 
produce rotation are assumed as follows: 
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Condition In - Unsonnetrleal - High A^gle Gust 


Condition I of Assignment 2 is modified to 
to be act inf, on one side end dO % on the other, 
gross weight the latter‘factor may be increased 
up to BCT' at 25,000 lbs. 


assume IQQf- of the air load 
For airnlanes over 1000 lbs. 
linearlv vr ith cross weight 


Condition IIIu - tlnsynmetriool - Lo w A ngle Gu st 

Condition III of Assignment 2 is modified as 


described for Condition Iu. 


* * * * * * * 


Up to this point all the design conditions have been based on the 
gross weight of the airplane. It is also necessary to investigate certain 
portions of the structure, which carry fixed weights. for the effect of 
gusts when the airplane is flying light* since under light loe.d conditions 
the effect of gusts is mors severe. (»\ r ote: the increment o 4 "* load factor 

v Jy v 

due to gust is inversely proportional to the wing loading.) The light 
load conditions in particular design engine mounts and the frert portions 
of fuselages. On large airplanes where most of the fuel is carried 
in the wings it is generally necessary to investigate the fuselage for 
some intermediate weight conditions in which the fuselage is carrying 
its maximum load, while the airplane as a whole is not up to gross weight 
because fuel his been used up. 


The m inimum design we ight (which gives the 
load factors) is'He.fined as the weight empty of 
equipment, plus crew, plus fuel of .25 lbs. per 
plus a full load of oil. 


highest possible gust 
the airplane with standard 
normal rated horsepower, 


‘fling Tart Ire? E mpty 

n mi I I r n ~ ** ■ - ■ — 

If fuel tanks are supported by the wing structure such structure end 
its bracing must be investigated for Conditions I, II, III, and IV with 
vring tanks empty. The design weight may be reduced by CVd lb. per normal 
rated horsepower. This moans that the load factors originally determined for 
Conditions i, IT-, III, and V r ot gross weight must be recomputed at o reduced 
weight. The purpose of this requirement is rather vague unless one investi¬ 
gates the regulations covering the requirements for minimum fuel load.. In 
6 CFR 04*740 w t ; find that an airplane which is not designed for airlines 



ETI - Advanced Stress Analysis 




















service may receive a rating* at a <rros3 weight which contains full payload 
and at least .16 cal. (.90 lb.) of fuel per maximum (except takeoff) rated 
horsepower. The weight of gasoline is lbs. per gallon. The purpose of 
this condition is thin to investigate- the loads on the airplane when it is 
flying with full payload but with wing tanks practically empty. It fits an 
airplane which just meets the minimum requirement for fuel. In all cases where 
the amount of fuel which may be carried with full payload exceeds the require¬ 
ment of .90 lbs. per horsepower the reduction in weight may be taken equal 
to the weight of the fuel which may be carried simultaneously with full pay- 
load. The importance of the location of the load which makes up the gross 
weight will be shown by later examples. 


The Distinction Between \ ,r ing Load Factor and 

the Dead height Factor 


All of the lift load factors previously determined are wing; load factors . 
They represent the ratio between the forces actually necessary to sustain 
the airplane in steady flight, and the forcer, built up on the wings when the 
angle of attack, is changed without a corresponding change in speed. If 
the resultant air forces on the airplane passed, through the center of gravity 
of the ship there would bo no tendency toward rotation, except that induced 
by unbalanced moment from thrust and drag. Actually there is nearly always 
<j tendency for the? airplane to rotate about the center of gravity which 
must bo balanced by loads on the horizontal tail. To keop the summation of 
M vertical forces equal to zero the force at the center of gravity must balance 
* the effect of wing load plus tail load. If all these values are expressed 
in terms of the airplane weight then the balancing force at the center of 
gravity is the dead weight or inertia load factor. 

Since the moment about the center o f gravi ty determines the vertical 
load on the Horizonte 1 tail, and thus “the dead weight load factor, the 
location of the center of gravity is important. On a transport airplane 
the travel of the center of gravity ma^ be anywhere within the stability 
range as determined by flight tests. It is generally sufficient to investi¬ 
gate the extremes of forward and aft center of gravity travel. For analysis 
purposes one must rely on wind tunnel data if available, or make a conserva¬ 
tive estimate of the center of gravity limits. Even when wind tunnel results 
are to bo had it is general practice to allow for limits two or three per 
cent in either direction outside the indicated stability range. The importance 
of the location of the center of gravity becomes clearer when all of the 
forces acting on the airplane arc taken into account*' This point v-ill be 
considered further in the computations for balancing loads on the airplane. 

Assignment 5. 
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Flars 


The purpose of trailing edge wing flaps is to raise the lift coefficient- 
by changing the effective 'camber* "of all of* the wing area forward of the flaps. 
The lift and drag, and the Pitching moment (a moment tending to opt the nose 
of the airfoil down) are all increased by lowering the wing flans. The effect 
of the flaos varies with their angular throw, boinr greatest when they are 
deflected to their maziiainn. ^ing flans which are used primarily for landing 
accomplish two effects: 


a) 

( 2 ) 


They lower the landing speed so that loss field is required to 
step in after landing 

They steepen the angle of glide so that it is easier to /ret into 
a landing field surrounded by obstacles. 


The aerodynamic effect of the flans mav be taken from wind tunnel tests. 
^Ind tunnel models are ?aade with the win? flans to scale so that the entire 
data mav be taken both for flaps up and for flans down. This type of data 
is very satisfactory for calculation of the performance with flaps down, 
but can be used directly for calculation of the loads on the wing only when 
the flaps extend across the entire trailing edge of the wring. Since the 
outer portion of the wing trailing edge is nearly always reserved for ailerons 
it is necessary to separate the aerodynamic forcer, on tho part of the wing 
ahead of the flans from those on the part of tho wing not affected by flaps. 

******** 


Calculation of Loads on ? r ins with Flans Down. 


METHOD 1, To be used tvhere yr ind. Tunne l data are available for the full 

wing with flans down. 


Assume that vtL have the airfoil characteristics for on entire wing such 
as that shown on our basic data furnished with this assignment, (Fir. 2), 
taken with wring flans up and with wing flans down. 


Two sets of wing character!! sties will be plotted—one for flans 
the other for flaps down, but both with reference to the same angles 
attack, cC .« referred to the attitude of the normal unflanoed wing. 


up and 
of 


The data for the entire wing with flans down may be used directly to 
compute lead factors for tho airplane ns a whole, and balancing loads to 
maintain equilibrium (loads on the tail, etc.), even though the difference 
in effect is all furnished by that portion of the wing which lies ahead 
of'the flans. To design the taring and properly apportion its loads we must 
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separate out the forces on the portion not affected, by flaps from that which 
lies ahead of the flaps. This is relatively simple since for that portion 
of the vriin* not affected by flans we have the data from the wind tunnel 
tests with flaps up. Our data then divides into two parts. 


( 1 ) 


( 2 ) 


Over the portion of wins; not affected by vdng flaps the values 
of C L , Cj 5 and Cy are the same an for the wine with flaps up for 

any civen angle of attack, . 

Over the portion of the win? ahead of the flaps the value? are 
C L + &C L , Cp 4- £■ Cp, and C M + & C V; . The values A C L , A C D , 

and A Ct v « for the flapped portion at any given angle of attack are 

found by dividing the difference between the characteristics 
(flaps up and flans down) for the entire wing at any given angle 


of attack by the ratio ( area a he ad of flap ' expressed as a decimal 

L total wing area - 

Suppose that for the entire wing of the airplane we are investigating 
v re find the following characteristics at a given angle of attack. 

With flaps up = .58, Cp — *028, C^r = -.029 

Vith flaps down = 1.17, = .130, C»* = -.240 


x * 


The differences 
due to flaps are 


*K 59, 


+. 102 , 


-.211 


.585 times the area lies ahead of the flans. 
Then over the oortion ahead of the flaps 


•! 

i*. 


A c k = "tUf “ +1 ‘ 00 - 


A C D = = + U74, 


A C M * 


_ -.211 _ 



-.361, 


while over the area not affected by flaps the characteristics remain the 
same as for flaps up, 

We may compute the overall effect of the entire wing with flaps up as 
a check on the increments calculated for the flapped portion. 

Area affected by flaps — (.585)(total) 

Area not affected by flans — (.415/(total) 

Over flapped portion 




J 

<■ 


i \ 

V‘ 

'{ 


I 


Over unflapoed portion 


= .58 

« 

4- 

1.00 

- 1.58 

• 

o 

tr* 

II 

.58 

= .028 

4- 

.174 

= .202 

Cp = 

.028 

= -.029 


.361 

= -.390 

% = 1 

-.029 


3-7 


ETI - Advanced Stress Analysis 


r 


n 

























& r> 



METHOD 2* V'ind Tunnel Data for the entire win/? with flaps down not 

availab le. 

If we do not have wind tunnel data for a certain model the increment£ 
of Cj., Cp and C$j over the flapped portion may be estimated by the methods 

given in Diehl 1 s "Engineering Aerodynamics". For the airfoil of our example 
with a flap covering 20 per cent of the chord we may take the following 
increments for the characteristics over the part affected by the flaps, 
assuming the flaps go down 45 degrees* 

c£ = -12° -8° -4° 0° 4° 8° 12° * 16° 

& C L •- 1.0 1.0 1.0 1.0 1.0 1.0 1.0 .98 

£C d = .075 .105 ,130 .150 .175 .205 .250 .325 

AC M “ -.230 -.265 -.290 -.320 -.350 -.373 -.390 -.400 

* 

These valuer, should be plotted as curves no that they may be readily 
determined for any value of angle of attack, OC • Having the above values 
we already have tho correct breakdown between flapped and unflapped portions 
of the wing. To obtain the overall characteristics for the wing with flaps 
down, we rise the method used for checking in the Method 1, Thus 

Cj for entire wing with flans down 

= (.6P5)(C L +6C l ) + (.415) (Cl) 

Cp 55 (*h85)(0p + A Cp) + (,415)(Cp) .etc, 

4 

s 

The airfoil characteristics for the entire wing are then plotted for 
future reference. 
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The average values are used as follows in obtaining design load factors 
for flans down conditions, 

(a)' For the calculation of the maximum effective value of C L with flaps 
down for the entire wins use C L max. for the unflapped portion equal 
to 1.41 at cC = 16°# 

Then the maximum C L on the flapped portion is C L + A Cj 4 = 1.41 + .98 = 2.39, 

The average maximum value for the entire vdnjr is 

(.585)(2.39) + (.415)(1.41) ~ 1.98 


The minimum flying speed with flaps down 





=: 19.75 




* 


where V s ^ 


is 5n miles per hour. In our case for normal weight of 20,000 lbs. 




W 20,000 

*5 ~ loio 


19.8 lbs. ner sq. ft. 

9 



~ 62,5 miles per hour 


(b) The design Vf is taken as 2V p ^ = 125 mph, 

(c) Since the increase in the lift coefficient for the flapped condition is 
a constant value ( A C L = 1.0) in the design range, the slope of the 

lift curve, n 22 & # is the seme for flaps down as for flaps up. 

(m = 4.4 where Ae< is in radians.) 


(d) Compute A n? for the entire wing. See page 2 for method. 



Compute n? =1 + J\ nj (but cannot be taken less than 2.0, If the 
valuo comes out less than 2.0, use 2.0 for in the succeeding work.) 


The: 






2 ; 


00256 V j» . where V* is miles per hour. 
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Prom our plot of airfoil data with flaps up in Assignment 1 we have 
seen that in the design range (approximately -8° to +12°) we may take 

equal to C^, 


Using Cit = C^, if x is taken as Cj ( over the portion of the wing not 
affected by flaps, C L over the portion affected by flaps is x + A = 
x + 1.0. Then (.585)(x 4 * 1.0) + (.415)(x) = Cjj . 


The solution for x gives the value for on the unflapped portion of 
the winy. This may be referred back to the plot of versus OC in Assign¬ 
ment 1 to obtain the angle of attack corresponding to speed Vf and from it 
values of Cp and for the unflapped portion. The values of Cp and 

for the flapped portions may then be obtained by adding the increments for 
flaps corresponding to the angle of attack at speed Vp. This method gives 
data for the solution of the flapped conditions without plotting the complete 
data for flaps down. Note that A C^ and A Cj> for the flapped portions can 

not be added to and C c for the unflapped portions in obtaining character¬ 
istics for the part of the wing affected by flaps until they have been 
resolved into coordinates perpendicular and parallel to the wing chord as 
was done in Assignment 1. 


It is advisable with either method to plot complete aerodynamic data 

' (a) For the entire wing with flaps up (neutral). 

(b) For the entire vdng with flaps down to their maximum throw. 

(c) The increments of the flopped portion ACt^ A Cp and A 

> 


Problem Assignment . 

3; 1 Plot the curves of A c ]> A C D* and % versus the angle of attack, 

0 ^, from the data given on page 3-8. 

4 

3:2 Calculate the values C^, 0$ and for the entire wing with flaps down 
and plot curves of the so values versus §£ . 



Compute the* values of q, Cp, C c , and Cjj for conditions VII, VIII, and 
IX which oro outlined in this assignment. 
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Assignment 3 - APPENDIX 
BASIC BATA PGR A TYPE AIRPLANE 


ZZQ 


Complete analysis of this airplane in all essential parts is to be com¬ 
pleted in this course. Not all design conditions will be completely investi¬ 
gated, but each type of loading which may be critical for any part of an 
airplane will be considered and the general outline will be comprehensive 
enough to serve as a guide for a most complete stress analysis. The airplane 
which we will take as our example will have the following characteristics; 

Type - Twin engined all metal commercial transport monoplane. 

Gross Weight - 20,000 lbs. 

Empty Weight - 12,000 lbs. 

Wing Area - 1010 sq, ft., Span - 90 ft. 

Normal Horsepower - 2000 (for two engines) at 2400 RPM 

Gear Ratio 2*1 (Propellers turn 1200 RPM when engines turn 2400 RPM) 

Take off Horsepower - 2400 (for two engines) at 2600 RPM 

Estimated High Sneed at Sea Level = 220 moh. 

Maximum Gasoline Capacity - 760 gals. 

Maximum Oil Capacity - 60 gals. 

Total Cargo end Baggage Capacity - 3000 lbs. 

19 - Place 16 passengers and crew of 3 


It is necessary that we know the loadings for various conditions in 
order to choose those critical for the structure. The following conditions 
will be taken as covering those likely to put worst loads in the various 

parts of the structure. 

IT / 


A. Normal Loading 

Empty weight (ready for loading) 

• Crew (Pilot and Co-pilot at 170 
lbs. each. Stewardess at 130 
lbs.) 

Full passenger load = (16)(170) 

Baggage at 35 lbs. oa. = (16)(35) 

Cargo, express, etc. 

Fuel = 400 gallons at 6 lbs. 

Equivalent oil = 33 «*al. at 7.5 

Total 

******** 

B. Minimum Flying Weight (For Light Load Gust Conditions) 


Em©tv weight 

= 12,000 lbs. 

Crew (pilot and co-pilot) 

= 340 

Minimum fuel = (.25)(2000) 

= 500 

Full oil = (60)(7.5) 

= 450 

Total 

= 13,290 lbs. 


3 - 1H 
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= 12,000 lbs. 


- 470 

= 2,720 
= 560 

» 1,600 
= 2,400 
= 250 

« 20,000 lbs. 











2 73 


C. Maximum Load in Fuse!are with Full r -ross '"eight 


height emety 

-• 12,000 lbs. 

Or evr 

= 470 

Passengers (1C)(170) 

v-p v 

= 2,720 

Bairragr (16)(35) 

o 

u. 

II 

Mfixitmim cu.r*o 

= 2 , 440 

Fuel (277 ?o\r.) 

= 1 , 660 

Oil (20 sals.) 

= 150 

Total 

= 90 l v o 

^ WW I » ,V 'j o • 

Approximate ran re at 

w 

75# nov/er = 500 



9 


******** 


i 

D, Maximum Load in Fuselare *rt.th 




tanks L'raty (Rnd of trip condition) 


S ame 


This 


as Condition C extent with fuel out tiroes weight 

20,000 - 1,660 - IP., 340 lbs. 
condition is likelv to design the fuselage. 



+ * ** *» ** 


E. Loading for Maximum Pang.-? at Full Gross height 


v ‘eight empty 
Fut?l = 760 gals* 

Oil = 60 gals. 

Crew (three) 

Passengers = (12)(17C) 
Ba.rgR.ge = (12)(35) 

Carro 

Total 


12,000 
4,500 
450 
470 


lbs 



Approximate range- at 


75/4 nov/er = 1350 miles. 
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At the beginning of this Assignment it is well to define the terms used, 

• \ 

Definitions : 

Spanwise Distribution of Lift refers to the variation in the value as 
one traveIs along the span from the root chord, at the center-line of the 
airplane, to the tip chord. Cl or C^r, as we have used them in previous 
assignments refer to an. average value for each square foot of wing area. 
Actually each square foot of wing never lifts the same amount as every other 
square foot of wing area because there is a variation in the efficiency in 
both the span and chord directions. This variation is much smaller in the 
spanwise direction than in the chordwise direction and in some cases the 
spanwise variation may be disregarded. 


Chordwise Pressure Distribution refers to the variation of the lifting 
effort at sections along the chord from the nose to the tail. This difference 
is great and varies with the angle of attack. In previous computations this 
variation has been allowed for by the use of the moment coefficient, C*j f 


which we have utilized in determining the chordwise centroid of the air 


loading. 


See Fig 



The total effect of the suction on the top surface 



Fig. 1 


ETI - Advanced Stress Analysis 


4-1 



















233 

i 

and the pressure on the bottom surface i 3 represented by the single force L 
acting at the center of pressure. The moment of this force about the aero¬ 
dynamic center is represented by 

* 

- I'd - LA 

Chord in * C M “ Chord in 
Ft* Ft. 

Cjj has the minus sign because tho moment of the air force about the aero¬ 
dynamic center tends to decrease the angle of attack. This tendency is 
sometimes expressed as providing a "pitching moments" that is, tending to 
put the nose of the airfoil down. 


The Mean Aerodynamic Chord is that chord of tho airplane at which all the 
air forces could be considered to be concentrated without changing the total 
air forces or tho moments of these forces about any of the three coordinate 
ayes, Tho.mean aerodynamic chord for symmetrical wings then lies along the 
longitudinal axis of the fuselage, He may also have a mean aerodynamic 
chord for the wing surface on one side of the airplane. It will have the 
same length and fore and aft location as that at the ^ of the airplane 
but the forces considered acting upon it would be for one side onljr. A 
method of computing the ^ean Aerodynamic. Chord is given in detail in 
Bulletin ACM04. This method is more cumbersome than is necessary for 
many simple wing plan forms but it will be discussed in detail here because 
its epplication is universal, ©nd it covers the principles involved very 
thoroughly. 


**** 



se Distribution of Lift. 


A method for obtaining tho spanwise lift distribution, (variation of 
lift force in lbs. per sq. ft, along the span) io given in great detail 
in AFC-1, "Spanwise Air-Load Distribution”, issued by the Armv-Navy-Commerce 
Committee on Aircraft Requirements. This method involves a large amount 
of tabulations, and for many cases increases the accuracy only one or two 
per cent over that obtained by using a uniform span load distribution. 
Equally usable results nay be obtained by using simplifying assumptions, 
or by making certain corrections for tho bonding moment increase to be 
expected at certain sections of a wing. The method given in ACM04 section 
•217 covers a great many cases. According to ACM04 if the wing has a 
me an taper ratio of 0.5 or more and does not have aerodynamic twist the 
variation in the value of C^r may be assumed according to Fig. 2 (a) or (b). 


The mean taper ratio may be defined as the ratio of the tip chord 
(in our case 90 inches)"to the root chord (in our case 180 inches). The 
taper ratio for our wing, is therefore 0.6 and it just meets the condition 
for which complete computations of distribution are not required. 
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Aorodvnanic twist c-rists when the reference planes of the chord sections 
et dimTenTItations alon* the winr, span are not parallel. That is when 
the arc-ion of attach are different for different portions of the wing. 
Aerodynamic twist is sometimes used to prevent tip stall, ffe have seen 
that the lift curve drops off sharply at an ancle of attach of about 16 . 

This in the stallinij angle for the airfoil, where the flow over it breaks 
down into turbulent eddies. For maintaining lateral control it is desirable 
that the stall if it comes should occur first on the center portion o. the 
v'in-- the pilot is then warned tv a loss of altitude before the tips 
s tall and he loses lateral control. It is possible to attain this result 
if the tin section of the wing in twisted down so that it is a. an angl 
1* «nv 14° when the inner portion of the wing is cit 16 . 



Span Distribution with no Tip Loss 



Span Distribution with Tip Loss 


Fig. 2 

A 
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Fig, 2 (a) shows the distribution which would be critical for bending 
on a monoplane vring* The distribution of Fng. 2 (b) would give the highest 
wing'loading inboard of the tip length and therefore highest loads on the 
ribs. It would also be critical for a braced wing, whore the higher loading 
on the tip would reduce the moments inboard of* the tip joint. See Fig, 3, 


Wing Structure 




1 

\ 




Diagram of Wing Load in lbs 

per sq. ft. 


I 


Fig, 3 Showing how reduced load on the tip and increased 

load inboard can be critical for bending on a 
braced wing# 

With any lift distribution it is of course no cogs ary that the (Average 
value of Cfl)(total area) ~ ^ (corrected values of C^)(areas tc which they 

apply) 


The simplest method of obtaining Cjj for Fig, 2 (b) is to computo an 
"effective 6cmi-span” for which the total loading is (Cft inboard)(area of 
effective semi-span), This can be done by "shrinking"the chords at several 
stations along the tip lengths by multiplying the actuftl chord by the ratio. 


Cjj at station 
% max. 


The effective tip area can then be calculated or taken by 


planimeter. This method will be illustrated for the wing we are using 
although the loading of Fig, 2 (b) could only bo critical in our case for 
rib design. 


For the distribution of the lift coefficient by the methods of Fig, 2, 
we may make the following simplifying assumptions: 

1, The effect of nacelles may be neglected. This assumption is 
supported by wind tunnel data. 

2, The effect of trailing edge cutouts which remove less than 50 
per cent of the chord may be neglected. 

3, The spanwise distribution of the chord force may be assumed con¬ 
stant. Tip loss is not assumed to affect the- chord coefficient. 
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For fVrtl.’or data on nparwi se 


NACA. ‘’Technical. Feoert 


M 


0 * 


5 * 5 / 


distribution the student is referred to 
and FACA "Technical Fote No. 606." 


Chordwl se Distrib utio n o f Pres sure• 

'Ye have said that the ohordwise distribution of pressure varies with 
the angle of attack. It *rxso is affected by the use of wing flaps or 
ailerons, but full use of those control surfaces occurs at speeds so re¬ 
duced that the distribution is important only on the structure supporting 
the ailerons and flaps, i.e. the hinge bracket ribs. 

For pressure distribution on the wing of our example, we use the data 
for the T'ACA 2212 series airfoil as taken from NACA Technical 

Report No. 466. Pressure distribution is plotted for percentage of chord 
with the ordinates values of p/q. A family of curves are plotted for 
different values of C]> To determine the actual pressure it is necessary 
to know the speed (to obtain q) and the angle of attack or Ct,. Where 
values of Cg fall between those given, the pressure curve may be inter¬ 
polated. The ohordwise pressure distribution is important for rib design 
and for obtaining the twist on the wing. Fhordwise pressure diagrams are- 
shown on Fig. 4. 
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Determination of the Resultant of all Air Forces 
'on a Wing and Location of their Application Points. 

The Mean Aerodynamic Chord. 


For the case we are considering we may use the load distribution along 
the wing from Fig. 2 (a) and 2 (b). Since we are dealing with a monoplane 
wing it is obvious that case (a) is critical for every purpose except rib 
design. V. r e will therefore base our entire analysis on this case, except 
that the loads for rib design inboard of the tip section will be computed 
for case fb]. The balancing forces on the airplane, and the mean aero¬ 
dynamic- chord mil be determined for case (a). A general method will he 
illustrated for determining the mean effective value of the normal force 
coefficient, the average moment coefficient, location of the mean aero¬ 
dynamic center and the value of the mean aerodynamic chord. The most general 
case will be given, although wc can omit certain steps because we are 
dealing with a monoplane wing. 


In general the summation of all the forces acting on the wing may be 
expressed as a single resultant force acting at a certain point and a moment 
of air forces about this point. If the point is so chosen that the moment 
of the air forces does not change with changes in angle of attack at a given 
speed the point is called the mean aerodynam ic center of the wing. In 
effect it is the average of the aerodynamic centers for the different chord- 
wise strips into which the wing may be considered divided. The resultant 
force may be resolved into the beam and chord components and represented by 
the average coefficients C-$ and Cp, while the moment is represented by the 
average moment coefficient, Cm, times a distance which is considered to be 
the mean aerodynamic chord. 


The values of the above forces and the location of the M.A.C. depend 
on the wing planfonn and the type of span distribution curve assumed. 

The method of the Civil Air Authority for locating the mean aerodynamic 
center and determining the mean aerodynamic chord is illustrated for our 
wing in the curves of Figs. A to G. Fig. C illustrates the method of 
determining the normal force coefficient. It is simplified in our case (a) 
by the fact that Cj,r is constant over the entire wing. That is, each square 

foot of area in the wing span is assumed to lift the same weight. Briefly 
the method is as follows s 

Fig. A - Plot the wing planform to scale (one side only is required). 

Fig. B - Plot the variation of wing chord v;ith span to scale. The 

area should bo accurately determined. The total should be 
one-half the total effective wing area. Units are inches 
and square inches. For this purpose the actual tip will be 
used as a trapezoid neglecting the small loss in area from 
the actual shape. 


ETI - Advanced Stress Analysis 


4-7 






















*39 


Fig. C - Plot the variation of the lift coefficient, C N versus span. 

In our case Cjj is constant so that the ratio 

# 

C*r 

R b = VC H “1*0 

1 o 

4 

No plot is actually required. 


Fig. D - In the general case where varies over the span, Fig. D is 

a plot of x C. Actually in our case where R^ = 1 over the 

entire span this curve is the same as the plot of chord, 

(Fig. B), The difference is illustrated later for the leads 
in case (b). " 


Fig. E - Fig. E is drawn to determine the location of the mean aero¬ 
dynamic center along the span, • The ordinates are obtained 
by multiplying the ordinates of Fig. D by their distance 
along the span. The area under curve E divided by the area 
under curve D gives the distance from the wing root to the 
chord on which the mean aerodynamic center of the wing panel 
is located.. This distance is indicated on Fig. A by the 
distance ^. 

Note: The locus of the aerodynamic centers of the individual 
wing chords are plotted as tho dotted line on Fig. A, 

Line A-B. In Table I the distances x from the baseline 0-E 
to line A-B are entered under item (6). 

Fig. F ~ Fig. F is plotted using as ordinates the values R b Cx from 

item (7) of Table I. The area under curve F divided by the 
area under curve D, gives the distance of the mean aerodynamic 
center from the base line 0-E of Fig, A. This distance is 
shown as * on that figure. 

Fig, G - Fig, G is a plot of the values taken from item (8) of 

Table I. The area under curve G divided by the area under 
curve D gives the value of the mean aerodynamic chord. 


Notes According to the method given in ACM-04, for any lift 
distribution the mean aerodynamic chord would be &G/A# • 

This amounts to assuming a constant value of C$ in determining 

the MAC. It is not as exact as the method we have given 
here, which puts the MAC definitely under the center of 
lift on a wing panel, when varies along the span. 
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TABLE I 

* 

Determination of Resultant Air Forces and Moan Aerodynamic Chord 


No. 

Item 

Boot 

42 

(i) 

span = b 

0 

42 

(2) 

chord « C 

180 

173 

(3) 

*b 

1.0 

1.0 

(4) 

(R b )(C) 

180 

173 

(3) 

(R b )(c)(b) 

0 

7,270 

(6) 

X 

45 

46 

CO 

(R b )(c)(x) 

8,100 

7,780 

(6) 

C 2 

32,400 

29,930 




** 


Station 


130 

270 

405 

540 

130 

270 

405 

. 

540 

158.4 

135 

112.5 

90 

1.0 

1.0 

1.0 

1.0 

158.4 

135 

112.5 

90 

20,600 

36,400 

45,600 

48,600 

45 

45 

45 

45 

7,125 

6,075 

5,060 

4,050 


25,100 10,225 12,050 5,100 

b = 239,8“ 

X = 45" • 

MAC = 140,2'-' ' 


It is readily apparent that the mean aerodynamic chord determination for 
ihe example wing is simplified by the planform chosen. The general method 
iowever is given in order that the student may have it available for other 
sases. Tho procedure vre have followed is to calculate a few points on a 
survo bounding an area, establish the curve by those points and tako the 
ixoa under it. In tho calculation oi b for example; 
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If vre had taken increments of chord of only one inch width all along 
the 8emi-span, tho area of each strip in square inches would have been the 
length of chord. Then if each square inch liftr the same load and we wish 
to find tho spanvdse location of tho center of lift, v/o multiply each strip 
by its arm to the center lice, sum up the values and divide by the total 
area of all the strips# The average arm from the center line, b, results. 
What we have actually done instead of choosing a point every inch along 
the span, is to choose a few points on the curve and determine the rest by 
plotting the curve, as illustrated in Fig# 5. 



Fig# 5 
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Ordinates are chord, C in inches, j 

Area under curve = area of semi-span* j 


Ordinates = R>. = ~ 

D n 



Our case = 1.0 throughout 


AreaI= A 


Sem5 -span (inches) 


Fig. B 


\ ; i ; » 


~ T _ I 


Ordinates = (R b )(c) 

Since in our case R b 
name as Fig. E 


1.0 Pig. D is 


Root 


Area 


Fig 


Ordinates ~ (Rk)(c)(x) 
x is from Col, (6), Table I 


Root 


Area 


Tip 


Root 


na 

Ad 


R b =1.0 


■i 




Area = A 


iP 


Ordinates = C from Col, (8). Table I, 


ea 
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Problem A s s ifoment, 

ii m* mim ********** «'«*'• .'»"“»■* • mi M 

* 

* 

4s 1 Plot the aotuol curves indicated for Figs. B, C, D, E, F, and G and 

check the values for h, x, and the kiAC* 

Noto: In actual practice the ourvos are plotted to a fairly large 
scale and areas are taken by planimetor. If a planimeter is not 
available they should bo plotted on cross-section paper and areas taken 
by considering tho curves to bo a series of rectangles, thus? 
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ADVANCED STRESS ANALYSIS 



ASSIGNMENT 5 
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Assignment 5 

BALANCING LOADS ON THE AIRPLANE 


Tho basic design conditions must be converted into conditions repre¬ 
senting the external loads applied to the airplane, before a complete stress 
analysis can be made. This process is known as balancing the airplane and 
represents a complete static condition in which the fundamental equations 
£V ~ 0, £H = 0, £S = 0, and lM - 0 must be satisfied. It is a 
momentary condition of equilibrium. Actually there are both angular and 
linear accelerations acting to change the velocity and attitude of the 
airplane, but it is customary to represent a dynamic condition, for analysis 
purposes, as a static condition by assigning to each item of mass in the 
airplane the increased "inertia force 11 with which it resists acceleration. 
The acceleration force where "w" is the weight of the item, "a" its 

linear acceleration and "g" the acceleration of gravity. 

If the direction of the resultant air forces on the airplane is not 
through the center of gravity there will be an angular acceleration tending 
to rotate the plane. An exact analysis would require the computation of 
this .angular acceleration and its application to each item of mass in the 
airplane. Instead of this laborious method it is customary to eliminate 
the angular inertia forces by providing the necessary moment with a load 
on the tail surfaces. This is convenient, since the balancing load can be 
thought of either as an aerodynamic force on the tail surfaces or as a 
summation of the required balancing inertia forces. In a gust condition 
it is probable that angular inertia loads resist most of the unbalanced 
couple added by tho gust, while in a steady pullup condition the tail load 

is mostly a balancing air load from the tail surfaces. 

% 

Tho following general assumptions are made in balancing the airplane: 

(1) Full "power on" is assumed for conditions at Vj, (I and II). For con¬ 
ditions at Vq (ill and IV) tho propeller thrust is assumed to be zero. 

(2) It is assumed that the applied load factors specifier! for the basic 
flying conditions are wing load factors. A solution is therefore made 
for the net load factor acting on the entire airplane. The net load 
factor is then used in connection with each item or group of items in 
the analysis of the fuselage. For balancing purposes the net load 
factor can be assumed to act at the center of gravity of the airplane. 
When the center of gravity is verioble, as on a transport airplane, 
the fore and aft limits must be determined and the load factors for 
the limiting conditions must be computed. 
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( 3 ) In belannlng the airplane we are concerned primarily with tail loads. 
Assuming that it is possible for the stabilizer and elevator loads to 
be acting in opposite directions, the civil air authority recommends 
that the center of pressure of the loads on the horizontal tail be 
placed at 20% of the mean chord of the entire tail surface. This 
arbitrary location is also considered as the point of application of 
inertia forces resulting from angular acceleration, thus simplifying 
the balancing process, 

(4) The simplifying assumptions are made that the external forces act at 
four points on the airplane only. The forces consist of 

(a) Wing lift, wing drag and wing moment acting at the moan aero¬ 
dynamic center. The moan aerodynamic center was computed in 
assignment 4. 

(b) Weight of the airplane and parasite drag of the airplane 
acting at the center of gravity, 

(c) Thrust of the propeller acting at the center line of thruit. 

(If the lino o.f propeller thrust is within 3 degrees of the 
same angle as the reference line of the fuselage the difference 
is neglected.) 

(d) The tail force acting up or down at 20% of the mean tail chord. 

For our problem Fig. 1 shows the locations and lever arms for these 
forces. Note that lengths are reduced to terms of the mean aerodynamic 
chord, and forces are expressed in terms of the gross weight of the airplane, 

A tabular form is used to simplify the computation of the balancing 
loads for the various flight conditions. Both the forward and aft extreme 
positions of the center of gravity must be considered. 

TABLE I 


Center of Gravity at 15%> MAC 


Wo. 

Item 


Cond. 

(1) 

W s gross wt. lbs.. 

> * • • 

•. • 20,000 

(2) 

2 

q = w in m P h> ). 

1 4 * t 

... 123.7 

(3) 

s — Vl/wing area..,,.. 

• 

• • « 

... 19.9 

U) 

H_(2) 

s'W . 

» * ♦ • 

»* • 6 # 21 

(5) 

n^ = applied wing load factor,, 

> • • • 

,.» 3.54 

(6) 

„ _(5) 

C W - w . 

» • • • 

... •57 


Vl = 220 mph. 

II 


Vq = 281 mph 
III IV 


ETI - Advanced Stress Analysis 


5-2 












Z V8 


TABLE I (Continued) 


Center of Gravity at 15J? MAC 


No. 

(7) 

c£ 0 

(«) 

C c • 

(9) 

n *l 

(10) 

n v 

x 4 

(11) 

c ’ 

m 

(12) 

n i - 

(13) 

n 3 - 

(14) 

n 2 = 

(15) 

n x 2 : 

(16) 

T = 


Item 


V L = 220 
Cond. I 


raph. 

II 




6.3 6 


Vq = 281 mph. 
Ill IV 


* (G) x (4) 

"VA " 


-.708 


-.1365 


85 design moment coefficient. . -.0114 


chord load factor 


.8445 


Consistent signs are as folloxvs: 

+ = upward. 

+ ~ aft. 

+ = moment clockwise about the mean aerodynamic center. 


It is advisable to make a sketch for each analysis condition putting 
the forces on. and indicating the directions in which they act. This 
practice will avoid confusion as to the proper directions and signs to be 
used when the tail loads are computed. In calculations for the tail load 
factor, moments must be taken about the center of gravity of the airplane 

since both the tail coefficient and the net load factor through the center 
of gravity are unknown. 


The equations may be set up with all forces positive as 
If a force is known to act in a direction to give a negative 
negative sign should be prefixed before the force is entered 


shown on Fig. 1, 
sign the 

in the equation. 
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A cample computation is made in Table I to show the value of the tail load 
for Condition I with the center of gravity in the forward position. 


c.g. forward is at 15 per cent of the mean aerodynamic chord, 
c.g. aft is at 30 per cent of the mean aerodynamic chord. 

The value F pr , the propeller thrust, is calculated from the formula 


F - (375)(HP)ft ? ) 
pr . v 


where Fp r is thrust in pounds. 

is the propeller efficiency (may be assumed .80). 
V is miles per hour. 


The propeller thrust is used for the conditions at level flight speed, 
V L . (I and II) 

At the gliding speed, Vq, tho propeller thrust may be assumed to be 
zero. (Ill and IV) 

***** 

Sample computations are given below for Condition I. 


« 3.54 




m i = 


= -.708 (acts forward) 


-.0708 (diving moment ro 


Horse power = 2000 

w _ (375)(2000)(.80) 
I pr -gZC 


(2 engines) 


= 2730 lbs. 


n - = F or = -2730 


4 





20,000 


= -.1365 (minus because it acts forward) 


= - (n^,) - (n y J = + .708 + .1365 = .8445 


x 


2 


X 1 


4 


Moments about c.g. forward ~ 0 



Forces are placed in the diagram acting in their correct 
directions. 

9 

9 
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+ h,) = 0 


* . 

(n 3 )(x 3 + x 2p ) + + (njKxgJ - (n Xl )(h 2 ) - (n^Chg . ..4 

(n*)(3.10) + .0703 + (?♦ 54) (. 10) - ( ,703)(.10) - (*1365)(.15] =0 


3.10 n 3 = -.0708 - .334 + .0708 + .0205 = -.3335 


n 3 = - 


. 3335 
3.10 


~ - . 1076 


use -.11 


The tall load was assumed to act upward. 

The minus sign indicates that it acts downward. 


n 2 35 " n l ~ n 3 

a - 3.54 + .11 = -3.43 acting downward 

T = (-.11)(20,000) = -2200 lbs. acting downward 


***** 

t 




Problem Assignment . 

5s1 Check the solution for Condition I and complete the tables for 

Conditions II, III, and IV with forward center of gravity. 

5:2 Complete the tablevS for Conditions I, II, III, and IV for aft center 

of gravity. 
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Assignment 6 


l 5 4 


LOAD, SHEAR, 


r*r\ 
i ~\J 


3SBNT. AND TiYIST ON A CANTILEVER WING 


Loads. 


s 


The loads on a wing consist of the air loads, (which we have pre¬ 
viously resolved-into the components in the chord and beam directions), 
the thrust of the propellers, and the inertia or dead weight loads due 
to the weight of the wing structure itself, and the weights of fuel tanks 
and any fuel they may contain, and of engines, engine mounts o.nd nacelle 
landing gear, skis or floats which are carried in or attached to the wing 
The factors to be used for the dead weights are resolved into components 
in the beam and chord directions in Assignment 5, (These factors are 
listed as $2 Gn( * tables at the end of Assignment 6.) The 

magnitude and the distribution of the dead weight of items in or attached 
to the wing are taken from a weight estimate* 



An accurate determination of the dead weight distribution involves 
estimation of the weight per inch of the structure at various stations 
along'the span. Usually it is accurate enough to estimate the v/ing weight 
in lbs, per so. ft. of area, basing the estimate for the total on the 
actual weight for previous wings of the same type. The wing weight is 
then distributed as being proportional to the chord lengths and to the 
thickness. When there is a straight line variation in both the chord and 
the thickness, the plot of wing structure weight per inch will be a 
slight curve. It is considered permissible in such a case to replace the 
curve by a straight line which approximates it. It is then possible to 
write a linear equation for the distribution of structure weight, from 
* which the dead weight shear and moment at any station along the wing may 
be easily calculated. 

Th6 .effect of concentrated items of dead vreight such as fuel tanks 
and nacelles must also be included. The weights of tanks and fuel may be 
uniformly distributed over that portion of the span in which they are 
located. Nacelles, landing gear, etc,, are considered to be concentrated 
loads at the stations at which they attach to the wing. 


It should b© noted that wing dead weight loads always act opposite 
to the air loads, and that an underestimate on structure weight, which 
nearly always occurs, is conservative for design* 


**** 


r 
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Dead Weight Distribution--Chordwise. 


The chordwise distribution of the weight of the wing structure must 
be estimated by calculation of the centroids of weight at various stations 

* v ** 

along the wing. It will generally be found accurate enough to assume 
the centroid of dead weight to be at 40 per cent of the wing chord behind 
the leading edge. The chordwise distributions of other dead weight loads 
in the wing are readily calculated from the actual locations of the 
centers of gravity of the items involved. 

Spanwise and Chordwise distribution of the air loads over the wing 
were discussed in Assignment 4. 


Distribution of Loads to the Wing Structure . 

The distribution of the loeds to a wing structure is dependent upon 
the type of bending structure used, particularly with regard to its 
resistance to twisting, termed its "torsional rigidity”. A fabric 
covered wing is torsionally flexible , while a metal covered wing is 
torsionally rigid . The distribution of the load to a torsionally flexible 
wing will be considered first. Such a wing is analvfced as follows in 
the general case with any variation of chord length and loading along 
the span: 

1. The wing is divided along its span into chordwise strips of 
equal width. 

2. The magnitude and centroid of the air load on each strip is 
determined from the wind tunnel data for the particular angle 
of attack being designed for. 

3. The air load is distributed to the spars inversely proportional 
to their distances from the center of pressure. This assumes 
that the ribs act as simple beams supported at the spars. The 
dead weight loads are distributed in the same manner. 

w 

4. The drag loads are carried by a "drag truss" in the chordwise 
plane, for which the .front and rear spars act as chord members. 
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Assuming first 
it will be as shown 
any strip along the 


a torsionally flexible wing, the forces 

in Fig. 1, which represents the loading 
span. 


acting upon 
condition for 


S 


N 

k 


N = 
C a 


area 

c N s q 

C C S q 


of strip of wing considered. 



Fig, 1 


Balance «f Forces on a Typical Strip cf Wing 


Rp = vertical reaction at front spar.. 
Rp = vertical reaction at rear spar. 

R 0 = chordwisc reaction on drag truss. 


Since we have seen that the air load factors and the dead weight* 
load factors are not the same (Assignment 5) it is generally simpler to 
compute the air load shears and moments, and the dead weight shears and 
moments separately and combine the results in tables to obtain the true 
shears and moments, accounting for both air loads and dead weight losds. 


* 

The simplest and most accurate method of determining the air loads, 
shears and moments for a number of flight conditions is to compute these 
values for a unit loading over the wing of 1 lb. per sq. ft., and to 
obtain the actual values for the flight conditions investigated by multi¬ 
plying the unit load, (l lb. per sq. ft.), values by the average design 
load values for a particular loading condition being investigated. 


For the dead weight loads the actual weight of the wing structure, 
etc. is taken for the computation of unit load shears and moments from 
dead weight. This corresponds to weights under the acceleration of gravity. 
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Then the true values in a given condition are .found by multiplying the 

values for the unit dead weight by the dead weight factor for the'condition 

being investigated. The methods referred to will be illustrated for the 
wing of our type problem. 




Fig. 2 


For an air load of 1 lb. per sq. ft. on the wing the running load oer 
inch on the wing will be U)(chord in inehes)(l inch) 

144 * 

of a strip 1 inch wide times the length of the chord is iilllll Eq , ft 

144 

Then the unit air load at the tip is 22_ = .625 Ibs/inch 

144 ' 

and at the root chord is 122. = 1.25 Ibs/inch. 

144 


The difference between root and tip chords is .625 lbs. per inch. Then 
the equation of the total load on the wing beginning at the tip is 




and the variation of the load per inch is a linear 


function of x, the distance along the spar. 


V 


* 


I 


< 
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We will first develop the load, shear and moment values for the 
entire wing and then apportion them to wing beams. 


Mom. 


,625x 2 . .625x 3 


3240 


O 

§ 


Mom. = 101,000 - Slx^ 

+ •60l(x 1 ) 2 + * 625 ^ x l^ 

3240 


,625x + 

1080 


moment 


V) 


to 


= -51 + 1.202x x + > 625 (*l) 



Shear 


w = 


.625 + ^||§(x) 


V/ = 


1.202 +i|g (*!) 



Unit Air Loads, Shears and Moments on Wing 

(Load = 1 lb, per sq. ft.) 
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A unit torque from air load on the v/ing is defined as the torque from 
the displacement of the unit load on the strip by one por cent of chord. 
This is a convenient unit since for air loads the center of pressure is 
at the same percentage of chord at any section along the span, ilfhere 
both the equation of running load and the equation of one per cent of 
the chord may be written it is possible to secure the equation for unit 
torsion by multiplying one equation by the other* For our case the 
equation of unit load from Fig, 3 is 

w = .625 + sJL 2 -l (x) 

540 

The equation of the chord at any section, taking the origin for x at the 
tip, is 

Chord = 90 + |2_ (x) 


Then the equation for 1 per cent of the chord at any station is 


90 + So x 


(. 01 ) 


The unit torque load is (,01C)(w) - tq 


t q = (90 +|2_ x)(.Ol)(.625 +^||| x) 


= (90)(1 + ^_)(.01)(.625)(1 +-g^) 


540 


(.9)(,625)(1 + ~|~)(l 

540 540 


t 


2 

(, 662) (l + — 2 = ,562 + 

540 270 292,000 


The unit torque load equation gives the value of the torque for any 
strip along the wing. To obtain the summation of the torque (the sum of 
the torque outboard of a given station) it is only necessary to integrate 
. the equation for the torque load curve. The results are shown on the 
curves of Fig. 4. 
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When the equations for shears, moments, and torques can he written 
it is convenient to solve them in tabular form. Table 1 gives the solution 
for our example for a unit loading of 1 lb* per sq. ft. Values given 
are for the air loads acting in the beam direction. 

* Table 1 

Unit Lift Shear, Moment and Torque 


Sta. 

42 

115 

145 

270 

405 




SHEAR 



X 

498 

425 

395 

270 

135 

x 2 

247,000 

180,60C 

> 156,000 

73,000 

18,250 

.625x 

312 

1 

266 

246 

169 

84.2 

.62Sx 2 

1080 

143 

104 

90 

42 

10.6 ‘ 

Unit Shear 

455 

370 

336 

211 

94.8 




MOMENT 




123,000,000 

76,800,000 61,500,000 

19,700,000 

2,470,000 

.625x 2 

2 

77,300 

56,500 

48,800 

22,800 

5,700 

.62Sx 3 

3240 

23,700 

14,800 

11,900 

3,800 

470 

Unit Moment 

101,000 

71,300 

60,700 

26,600 

6,170 


• 


TORQUE 



• 56 2x 

280 

239 

222 

152 

76 

.662x 2 

540 

258 

188 

162 

76 

19 

.562x 3 

876,000 

79 

49 

40 

13 

2 

Unit Torque 

617 

476_ 

_424 _ 

241 

97 


The use of the unit torque is illustrated when we design a box wing. 
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Distribution of Dead Weight. 

■ " *■ ■ l rt l 1 ■ »■■ 1 •' ' ■ , *'*"*** ' ii i i i m i — —■ 

The total dead weight carried by the wings consists of the following 
items: 


Wing structure (distributed load). = 2590 lbs. 

Fuel System in wing (distributed load)... = 300 lbs. 

Landing gear (concentrated at nacelles).. = 900 lbs. 

Nacelle Weights (2 nacelles)......... = 4560 lbs. 

Engines and accessories... 2600 

p ropellers..... 800 

Oil system;.,..... 60 

Oil.. 150 

Engine Mount and Nacelle Structure 950 

Total =4560 lbs. 


Total dead weight on wings—both sides = 8350 lbs. with fuel tanks empty. 

Since the fuel carried will varv with the condition fuel is considered 
as a separate item. 

The nacelle weights are taken into the wing equally at stations 115 
and 145. The chordwise locations of the weight items which are concen¬ 
trated at the nacelle are shewn on Fig. 5. Values are divided by 2 to 

show tho loads for one nacelle. Values given above were for the entire 
airplane. 





* 
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Prom preliminary analysis and calculation of section areas the dead 
weight of the wing structure is found to vary as shown on Fig. 6. The 
equations of load, shear, and moment are developed for the wing structure 
separately. Fig. 7. Then in the tables (see Table 2) allowance is made 
for the effects of the dead weights concentrated at the nacelles, and 
the weights in the fuel system, and fuel. In the equations the dead 
weight is assumed plus (acting upward). The sign convention for dead 
weight load factors has already accounted for the correct direction based 
on this assumption. See Assignment 5. 



Dead Weight Variation of fling Structure 


Structure Weight on one side 

= (•■ 6 . j 2 • -*.)(270) + (£iL±-il2)( 270) = 1295 lbs. 

fling structure for total airplane = (2)(1295) - 2590 lbs. 


« 
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40,100 + 365x, + 1.05x 


t+ojoo 


?4oment 


M 270 = (.3)(270) 2 = (.3 + .25)(270; 2 = 


40,1 


M 


s = ,6x + 

540 


S = 365 + 2,10x 

+ 2»7»j g 
540 


6 + 2.1 


■365 


2.10 + 




2 .\ 


* 


> JC 


270 


Load, Shear and Moment Curves for Dead height of Wing Structure 
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Effect of Dead Weight- Loads at Nacelles on Load, Shear and Moments on Spars , 

For the case of a flexible wing (one in which the wing beams are 
assumed to act independently in bending) the loads may be apportioned 
directly to each beam; and the shears and moments for each beam, from the 
effect of nacelle leads only may be computed directly from the load* 

All dead weight values will be kept in terms of one load factor, for con¬ 
venience in combining the effects of wing structure deed weight, nacelles 
dead weight and weight of fuel and fuel tankage* 

For computing the effect of weights at the nacelles we need only to 
consider the resultant of loads, R = 2730 lbs., from Fig, 5. The nacelle 
trusses and the bulkheads between the spars, which occur at stations 115 
and 145 act as beams loaded at the center of gravity of the nacelle 
weights and supported on the spars, Fee Fig, 8, The computations will 
be made for the tctal nacelle load and the reactions on the spars will 
then be divided by 2 to give the loads acting at stations 115 and .145 
respectively. 



Fig. 8 

% 

Balance of Loads from Nacelle Dead Weights 

Taking moments about the front spar: 

% F - 0 

(Rr)(39) - (2730) (51*6) = 0 
39R r s 141,000 

Rr =3,610 lbs. Rp ~ 6,340 lbs, 

% • 

» 
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Check by taking moments about R R 

(90,6)(2730) = 248,000 in. lbs. 

(39)(6340) = 248,000 in. lbs. (Checks) 

The loads on the wing beams are equal and opposite to the reactions 

to the wir.g bulkheads. Therefore the load of 6,340 lbs. acts downward 

on the front spar and the load of 3610 lbs. acts upward on the rear 

spar. The total values divided between stations 115 and 145 are as 
follows! 

Front Spart 3170 lbs. down at Stations 115 and 145 
Rear Spar*. 1805 lbs. up at Stations 115 and 145 
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Effect of Dead Weight of Tankage end Fuel. 


The fuel system is estimated to weigh a total of 300 lbs. or 150 
lbs, per side. This load i6 located rpanwise uniformlv between the 
center-line of the fuselage and wing station 115 and is located chordwise 
so that its center of gravitv is at 27 per cent of the wing chord. The 
location of fuel carried will be assumed to coincide with that of the 

fuel system. 


For our investigation we will take a loading condition for maximum 
load in the fuselage ""with full gross weight. For this condition the fuel 
load is 277 gals. (= 1660 lbs.). See Assignment 3, page 3-19. 


The total load of fuel plus tankage for this condition is 300 + 1660 
1960 lbs. or 980 lbs. per side. 


The load per inch of wing spanwise would then be 


980 

115 


8.52 lbs. 


fuel plus tankage at a load factor of 1. The load, shear and moment 
curves resulting from this loading are shown on Fig. 11. 


for 


Except for the heights at the Nacelles the dead weight loads, shears 
and moments have been solved for the entire wing. For a division of load 
to the spars we must examine the chordwise centroids of loading. For 
the wing structure the chordwise center of weight is at the 40 per cent 
point on the chord. It therefore coincides with the rear spar and it mav 
be assumed that the dead weight of the structure is carried on the rear 
spar. The fuel and tankage is at 27 per cent of the wing chord. Since 
the front spar is at 15 per cent and the rear spar at 40 per cent the 
tankage load will go 

1 2 

~ - .48 to the rear spar and 

25 


13 _ 
25 


= # 52 to the front spar 


The above distribution assumes that the tank supports act as pin ended 
beams supported at the wing spars. 
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Assignment : 

Using the dead weight data developed in the curves of Figs, 7, 9, 

10, and 11 and the ratios given above compute the total dead weight 
shears and moments on each spar for a dead weight factor of -1,0, that 
is for a downward acting dead weight. Note that on Figs. 9 and 10, con¬ 
cerning the effects of nacelles, a downward load on the nacelles has been 
assumed, while the general equations of Figs. 7 and 11 have been written 
for an upward acting dead weight. 

Calculate the values for each spar for stations 42, 115, 146, 270 
and 405. The values for each station may be obtained for the structure, 
nacelles, and (fuel + fuel system) separately and then added to obtain 
the final results. 
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Assignment 6 k 

DESICtI! shears ami holehts git a 

TV/O SPAR V/JJ’TG 


The work of this assignment is a continuation of that in Assignment 6. 
In Assignment 6 we calculated the values of the dead weight shears "and 
moments at various stations along the wing. In the first part of this 
assignment we will distribute the air loads to the spars and determine 
our final shears end moments, which are the resultant of all dead weight 
and air load effects. 

w 

Distribution of the Lift Air Loads to Spars . 

In the general case the load to each spar, from aip loads on a given 
segment of a wing may be obtained by calculating the required reaction at 
the spar to bold the segment in equilibrium. See Fig. 1, page 6-3. 

Since the reaction from the spar and the load to the spar must be equal 
and opposite , if the required reaction acts downward the load on the spar 
acts upward. For a perfectly general case where the spars are not at a 
constant percentage of the wing chord the percentage of load carried by 
each spar will vary along the span. In this case, if an equation repre¬ 
senting the variation can not be written, it is possible to consider the 
wing in small segments spanvn.se, determine the spar reactions, and load 
the spars with e series of concentrated loads of equal value and acting 
opposite to the reactions. 



Fig- 1 


Lift Loads on Spars by Spanwise Segments 
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Where the relation between the loads on the front and rear spars 
can be expressed as an equation far all points along the span it is 
possible to determine the leads on each algebraically from the total 
leads #n the wing. This was already done in Assignment 6 fer dead weighty 
For the air loads, sjnee the center of pressure is different for different 
angles of attack, the percentage going to each spar will vary with the 
condition being investigated, but the percentage can always be evaluated 
since the spars are at a constant percentage of chord. 


For Condition I for example; 

Front Spar is at 15$ of chord. 

Rear Spar is at 40$ of chord. 

Center of Pressure is at 27$ of chord (see page 2-9). 


Then for any chordwise section along the span the load will divide 
between spars as shown by Fig. 2. Distances are in percentages of chord. 




LI 


i 

r 


\1 ' 13 


front 

SPAR 


A 



Fig. 2 


Rem 

5?W 


Load to Front Spar — L = ,52L 
to Rear Spar = —■ L = .48L 


Then the lift load shears and moments may be taken from the values shown 
on Table I of page 6-8 bv proportion. 

***** 


For a unit lift load of one lb. per sq. ft. with CP for Condition I. 


Table I - Unit Lift Shear and Moment on Spars 


STA. 

405 

270 

145 

115 

42 

Shear-Wing 

94.8 

211 

336 

370 

455 

S-F. Spar 

49.3 

110 

175 

192 

237 

S-R. Spar 

45.5 

101 

161 

178 

218 

Mom.-Wing 

•. 6,1 7 0 

. 26,600" 

60,700 

71,300 

101,000 

M.-F. Spar 

3,210 

13,840 

31,580 

37,100 

52,500 

M.-R. Spar 

2,960 

12,760 

29,120 

34,200 

48,500 


Shears and moments on Front Spar are (.52)(Total for Wing) 
Shears and moments on Rear Spar are (.48)(Total for Wing) 
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Dead weight shears and moments for a Load Factor of -1.0 are also 
taken from Assignment 6 where they have already been distributed to the 
front and rear spars. 

★ **** 

4 


Table II - Dead Weight 


■ For 

dead 

weight - 

Load Factor = 

= -1.0 


0 

Station 

405 

270 

145 

115 

42 

. Fr, Spar 

0 

0 

-3170 

-6340 

-6664 

. Hr. Spar 

-132 

-365 

+1100 

+2800 

+2206 

M. Fr, Spar* 

0 

0 

0 

-95,100 

-569,800 

M. Hr. Spar 

-7750 

-40,100 

-105,500 

-74,050 

+109,000 


** ** + 


In order to compute the actual shears and moments on the spars we ' 
must compute the multiplying factors. These factors are the ratios of 
the design loads on the wing to those used in computing the unit loads. 
For example our unit lift load from air forces was taken as 1 lb. per 
sq. ft. Shears and moments computed on this basis must he multiplied by 
the ratio 

r = actual load per sq. ft. 
unit load per sq. ft. 


For Condition I the limit or applied load factor, n, is 3.54. The design 
load factor is (1.5)13754) = 5.31. 

For a load factor of 1 the wing loading is = 19,9 lbs. per sq. ft. 


The multiplying factor for the lift loads for Condition I is therefore 
(5,31)(19,9) = 105.7 


This figure represents the design average loading on the wing for 
Condition I, in lbs. per sq, ft. The ratio may also be checked by com¬ 
puting from the basic formula. Load per sq. ft. = C$q, C^ = *570, 

q ~ 123.7 from Assignment 2, page 9. 

Applied load = C N q - (.570)(123.7) = 70.5 

Design load = (1.5)(70.5) = 105.7 

***** 
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The liir.it dead weight factor is -3.43 for Condition I, from Table I, 
page 3 of Assignment 5. The design dead weight factor is (-3.43)(1.5) = -5,1 

Since the dead weight shears and moments are based on a load factor of 

-1.0 the multiplying factor for these values is 

* 

r = Hilll = +5.14 

- 1.0 - 

Note that the dead weight factor for c.g. forward, which gives the lower 
value is used. This is conservative. 

Table III shows a method for combining the values to obtain the final 


values of 

design shears 

and moments on the 

front spar. 







***** 





Table III - Design 

Shears 

and Moments 

- Condition 

I. Front 

Spar 

(i) 

Station 

405 

270 

145 

115 

42 

(2) 

Unit 

Lift Shear 

49.3 

110 

176 

192 

237 

(3) 

Des. 

Lift Shr. 

5,220 

11,640 

18,500 

20,300 

25,000 

(4) 

Unit 

Dd. Wt. Shr. 

0 

0 

- 3,170 

- 6,340 

- 6,664 

(5) 

Des. 

Dd. iYt. Shr. 

0 

0 

-16,300 

-32,600 

-35,300 

(6) 

Des. 

Shear 

5.220 

11,640 

2,200 

-12,300 

-10,300 

(7) 

Unit 

Lift Mom. 

3,210 

13,840 

31,580 

37,100 

52,500 

(8) 

Des. 

Lift Mom. 

339,500 

1,463,000 

3,340,000 

3,920,000 

5,550,000 

(9) 

Unit 

Dd. Y/t. Mom. 

0 

0 

0 

-95,100 

-569,800 

(10) Des. 

Dd. Y/t. Mom. 

0 

0 

0 

-489,000 

-2,930,000 

(11) 

Design Mom. 

335,500 

1,463,000 

3,340,000 

3,431,000 

2,620,000 


Notes? Column (3) = (col. 2)(l05.7) Col. (5) = (col. 4)(5.14) 

Column (P) = (ool. 7)(105.7) Col. (10) = (col. 9)(5.14) 
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Drag; Lon ds from Air n 'orces and Dead Weight Chord Loads , 

The effect of these loads may be taken by proportion from tables I, 
II, and III, and from Assignment 6, except- for the nacelles, where the 
drag of the nacelles, tho thrust loads from the propellers and the 
nacelle dead weight forces in a chordwise direction must be computed 
separately. From AC li 04.217-C it would be permissible to neglect the 
effect of thrust in designing the wing for chordvri.se loads, however, 
for a complete analysis it should be included. The estimated drag of 
each nacelle is obtained as follows: 


Drag Area (estimated) =2.0 = Sp 


Drag Force, F D = S D q qj ~ 123.7 

Then Fp for Condition I = (2) (123.7) = 247,4 lbs. 

Applying the usual factor of safety of 1.5 for the ultimate 
Fp*= 370 lbs. per nacelle. This force is taken equally at stations 115 
and 145. 

***** 

-2730 

The applied thrust per nacelle for Condition I is —-— = -1365 lbs. 

Design thrust is -(I365)(l.5) =-2050 lbs. per nacelle (acts forward) 

(see Assignment 5, page 5-4). 

The applied chord load factor for dead weight loads in Condition I 
is +.8445. The chord loads act aft. The design load factor is 
(1.5)(.8445) = 1.27. 

For the purpose of illustration we will assume that tho nacelle 
chord forces act along the chord plane of the wing at stations 115 and 
145. Where this is not the case the effect of the moment of tho chord 
forces about the- airfoil section will be to introduce a vertical couple 
on the spars which modifies their shear and bending loads in the vertical 
plane. For example if the resultant chord forces on a nacelle act back¬ 
ward above the wing they would introduce a twisting moment on the wing 
which would put an up load on the front spar and a down load on the rear 
spar. See Fig. 3. 

In our case for one nacelle the dead load is 2730 lbs. The dead 
weight chord force is therefore (2730)(1.27) = 3460 lbs. acting backward. 
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Resultant Cherd Load on lineclie 


Mg. 3 


on Spars 



Vertical Couple « 


x 


Plane of Resistance 


to Chord Forces 


Summing the total chord force per nacelle 


From propeller thrust 
From nacelle drag 
From dead weight 
Total per nacelle 


-2050 lbs. (fwd.) 
370 lbs. (back) 
3460 lbs. (back) 
1780 lbs. (back) 


Loads at stations 115 and 145 are * = 890 lbs. at each. 

2 

***** 


The chord loads are carried by an effective chordwise truss in the 
wing for which the front and rear spars act as the chord members. The 
force in each spar due to chordwise bending mav be found by dividing the 
chordwise bending moment at any section by the distance between spars. 


Chordwise shears and moments will be summed up for the entire wing. 
The ratio of chord air loads to beam air loads for Condition I is 



-.20 from Assignment 5. This indicates forward chord loadings 


from the air forces. The shears and moments are taken by proportion from 

the lift forces for the entire wing* Table I. The multiplying factor 

for the design chord shears and moments from air load is (-.20)(105.?) = -21.1 


The effect of the running dead weight loads in the wing (excepting 
those in the nacelle) may also be taken by proportion from the values in 
the beam direction. The ratio of factors here is 1 * - <1 77 

TiTcf “ 

The original values were for a load factor of -1,0 so that the signs are 
automatically corrected. The dead weight chord loads act aft in this 
condition and therefore tend to put tension on the front spar. 


* 

6 A - 6 
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Table IV - 

Chord 

Shears 

on Wing 



(1) 

Station 

405 

270 

145 

115 

42 

(2) 

Unit Lift Shear, Wg 

94.8 

211 

336 

370 

455 

(3) 

Des. Chord Shear 
= (col. 2)(-21.l) 

-2000 

-4450 

-7100 

-7800 

-9600 

(4) 

Unit Dd. Wt. Shear-Wing 

- 132 

- 365 

- 705 

- 810 

-1105 

(5) 

Des. Dd. Wt. Shear-Wing 
= (col. 4)(-1.27) 

168 

463 

895 

1030 

1410 

(6) 

Unit Dd. Wt. Shear Fuel 

0 

0 

0 

0 

- 625 

(7) 

Des. Dd. Wt* Shear Fuel 
= (col. 6)(-1.27) 

0 

0 

0 

0 

794 

(a) 

Des. Dd. Wt. Shear. Nac. 

0 

0 

890 

1780 

1780 

(9) 

Total Des, Chord Shear 

-1832 

-398? 

-5315 

-4990 

-5616 


Col. (9) = Cols. (3) + (5) 

+ (7) 

+ (a) 





In the above table minus shears denote that the portion toward tip 
would tend to move forward; that is for a cantilever wing minus shears 
show the summation of chord loads outboard acts forward. 
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Table V - Chord Moments on Wing 

(1) Station 405 270 145 115 42 

(2) Unit Lift Wing-Mom. 6,170 26,600 60,700 71,300 101,000 

(3) Des. Chord Mom. -130,200 -561,000 -1,280,000 -1,505,000 -2,130 000 

= (col. 2)(-21.1) 

(4) Unit Dd. Wt. Mom.-Wing - 7,750 - 40,100 - 105,600 - 128,200 -198,000 

(5) Des. Dd. Wt. Mom.-Wing + 9,850 50,900 134,000 163,000 251 000 

= (col. 4)(-1.27) 

(6) Unit Dd. Wt. Mom.-Fuel 00 0 0 - 23,000 

(7) Des. Dd. Wt, Mom.-Fuel 00 0 0 29 200 

= (col. 6)(-1.27) 

(8) Des. Dd. Wt. Mem. Nac. 000 26,700 156,640 

(9) Total Des. Mom. -120,350 -510,000 -1,146,000 -1,315,300 -1,693,160 

Col. (9) = Cols. (3) + (7) + (8) +(5) 

For col, (8). Effect of Nacelles: 

Chord load from nacelles = 890 lbs. aft at each of stations 145 and 115. 

4 

Mom. Station 115 = (890)(30) = 26,700 

Mom. Station 42 = (890)(103) + (890)(73) = 156,640 
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Given the design chord moments on the wing the loads in the front 
and rear spars are found as followsi (See Fig, 4) 


M 0 » 

Lament 


Chor&v/isc 




Frant Spar 


&= (.25)(Cherd) 


Rocir Spc.r 



t 1 

',& 5 ' Chord 


FIG.4 


Table VI 

End Loads in Spars from Chordwise Moment - Condition I 


(1) 

Station 

405 270 

145 

115 

42 

(2) 

Chordwise foment 

-120,350 -510,000 

-1,146,000 

-1,315,300 

-1,693,160 

(3) 

Chord Length 

112*6 135 

155,8 

160.8 

173 

(4) 

(•25)(Chord Length) 

28.1 33.7 

38.9 

40.2 

43.3 

(5) 

Compression Load 
Front Spar 

- 4280 - 15,100 

- 29,400 

- 33,000 

- 39,000 

(6) 

Tension Load Rear 

+ 4280 + 15,100 

+ 29,400 

+ 33,000 

+ 39,300 


Spar 


Note? In calculation of the axial loads in the above table the 

small component of the spars in tho chordwise direction has 

been neglected. 
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Problem Assignment; 

(1) Check through the computations given for the front spar for 
Condition I until you thoroughly understand all steps, 

(2) ?£ake similar computations for the rear spar for Condition III, 
taking required values from assignments 5, 6, and 6A, In some cases 
shears and moments may be taken from Condition I by using ratios of loads 
or load factors. Care must be used however because of the difference in 
loads from the nacelle. When in doubt work the loading up from the 
beginning. 

Values required are shears, moments, and axial loads due to chord- 
wise bending. 
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ASSIGNMENT 7 













Assignment 7 

DESIGN OF MULTIPLE SPAR OR BOX WING 



We have determined shears and moments in the beam direction, shears and 
moments in the chord direction and a torque about the elastic centrum of 
the wing* The calculation of section properties at any station along the 
wing will be referred to the same axes about which the shears and moments 
have been calculated* To arrive at the worst possible conditions of load 
distribution it is also necessary to check the sections for bending about 
their principal e xes . 

The p rincipal axes of any section are the axes about which its resistance 
to bending are maximum and minimum; that is the axes of maximum and minimum 
moments of inertia* Before we go into the calculation of the principal 
axes it is well to review the basic assumptions on which the beam theory is 
based. 

Important? The design of a box wing is based on the theory that the 
bending material in the wing follows the same laws as the fibers in a beam; 
that is that pianos before bonding remain planes after bonding, and unit 
stress (and deformation) are proportional to the distance from the neutral 

axis. 


If we take any irregular body and consider it made up of small particles, 
dA, Figi 1* the following conditions exist: 

I about anv axis: 


I 


o 


= / y 2 <iA 


I 


1 


- A - + 

a) 2 

dA 

= 

+ a 

2 J *dA t 2e J ydA 

= l x + ' 

x o 

(A)( 

a) 2 t 2a J *ydA 

- x passes through c.g. # 

CJ o 

fydA = 

o, 

since y = o 


Therefore I- =1^ + Ae 2 

*1 



(axis Xj may lie either above 

or below axis x Q ) 
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Product of Inertia: 


«irW 


■x 


i 

o 


Q 


<siA 


9 


X- 


Fig. 2 


t 


K = J' xvdA = J'J' xydxdv (dA = dxdv) 
K 0 = xydA origin at "0" 


Ki = J*(y - y 0 )(* - x 0 )dA 

= S x y dA + y 0 yo X^- * y ° X xdA “ x ° f ydA 

If M 0 M is c.g. of section ydA = 0, 


/ 


xdA — 0 


Also f xydA = K 0 
Therefore K] = K 0 + x 0 y 0 A 


Product of Inertia about any set of axes parallel to axes through c.g. ~ 
Product of inertia about gravity axes plus product of coordinates of new 
axis x area. 


Our case: 


0 at c.g# of part considered 


-s 


xydA about own c.g. 


at c.g. total section K* = £ ( K 0 + x 0 y 0 A) 


Polar Moment of Inertia. 


= J r 2 dA, r = ( x 2 + y 2 )” 


r 2 = X 2 + y 


1^ = ^ (x 2 + y 2 )dA = £ x 2 dA + ^ y 2 dA = Iy + lx 


The polar moment of inertia of an area about any point in its plane 
equals the sum of the moments of inertia about any two rectangular axes in 
its plane passing through the point. 
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TTse as check on calculations. 


Ix + Iv = Ix^ + Iy^ 



Fig. 3 


xi =s y sin 0 + x cos 0 


yi = y cos 0 - x sin 0 


= J~(y cos 0 • x sin 0 ) 


2 


dA 


= cos 


2 0 J"y 2 dA - 2 sin @ 


*0 r * 


xydA + sin 4- 


e G 


2 


dA 


= I x cos 2 (0 - 2 sin0 cos0 fxydA + Iy sin 2 0) 


Similarly: 


Iyi * J^ X l 2dA ~ vX sin 0 + * cosQ ) 


2 


dA 


— sin *r y 2 dA + 2 sinQ cosQ^xydA + cos 2 Q^x 2 dA 


v 
2 


33 I x sin 2 0 + 2 sin@ cos0^J*" xydA + Iy cos 2 0 


Check: Ix-, + 


1 1 x Yl 55 1 


x c 


os 2 0 - K sin 2 Q + Iy sin 2 0 


+ Ix cin 2 @ + K sin 2 0 + Iv cos 2 0 


- Ix (sin 2 0 + eos 2 0 ) + Iy (sin 2 Q •+■ cos 2 0 ) 


sin 2 + cos 2 ss l,o 


Ix^ + Iy^ = Ix 


iy 


(Chock) 


7-3 
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vy. r wwwy <y*yw!>y»^--v-*»-r :■ r-- 































2 

Ellipse of Inertia- «hysical Significance. 

If the variation of I* with © is plotted as a polar the locus will be 

an e pse the axes of which are the principal axes of the section, axes of 
greatest and least resistance to bending 



major axis 


* 




& 


minor axis 


A difference of up to 5% on maximum 
stresses on a section of wing, may be 
obtained by neglecting the principal 


axes. 


Fig. 4 


Variation of lx with 9 is zero at the principal axis. 


*x^ ~ *x °os 2 © - 2 sin 0 cos Q xydA 4- Iy sin 2 © 


^ = i* 


(I + ss s . ^ 6 ) 


2 (5i£2jL) J xydA + Iy (i - SSL- 2 ..®,) 

^ ""2 


A i r 

0 ~ = -lx sin 2 0-2 cos 2 © j xydA 4 Iy sin 2 0 

© 

(dividing by cos 20) -lx tan 2@~2^ xydA 4 Iy tan 2 0—0 

tan 2 0 (Iy - lx) = 2 xydA 
tan 28 = !_/xydA 

I.V - lx 

oo S 2@ = (| + -^_©.) | 

I 

sin © cos 0 =s sin 2 0 


sin 2 0 


* (* - 


cos 


2 

2 e 


2 




Trigonometric functions 

for a oheck. 


sin 2 0 4 cos 2 © = 1 


I 


Ne will now apply the foregoing theory to the design of a wing section. 
The moments of inertia of the wing section are first obtained about x - x 
and y - y axes through the c.g. of the section |j and 1 to the most convenient 
reference line, generally the wing chord. The problem of obtaining the 
principal axes and moments of inertia about them is somewhat complex for a 
box or multi spar wing and will be considered here in some detail. 
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Section Properties. 

. ..■»■■!»—«» ■*» • •" * . ■ "» 1 1 —' •« 

1. Choose any convenient set of perpendicular reference axes. We will 
use the beam and chord directions used for computing wing loads. 

2. Divide the section into numbered component parts, such as sections 
of skin, stiffeners, shear webs, etc. On the tension side use all 
the skin area, on the compression side use 30t of skin at each 
longitudinal stiffener. 

3. Compute the area of each part. 

4. Tabulate as follows: (numbers in ( ) refer to columns in table.) 

(1) Number of part 

(2) Area of part = A (this is actually a "finite 1 * dA) 

(3) y coordinate distance to reference axis’; 

' (4) x coordinate distance to reference axis ? Scaled from layout. 

(5) Ay 

(6) Ax 


5. Determine position of c.g. of section. Locate to scale. 

= y coordinate of c.g, 

^ Ax 

= X coordinate of c.g. 

6. Choose new axes |! to first ones but through c.g. 


7. Tabulate 


(7) y 0 coordinate distance to new axis 

( 8 ) 

O) 


x 0 coordinate 


distance to new axis 


computed from original 
x and y locations. 


A.y 0 2 

Ax 0 2 


( 10 ) 

(11) I*,* = moment 0 f inertia of part about its own c.g. 

(12) ly = moment of inertia of part about its own c.g. 

(Some parts will have negligible values of I 


x and I y ) 
0 •/ 0 


(Trial computations will show which may be neglected.) 

8. Determine the moments of inertia of the section about the new axes. 


Total 

lx 0 

Total 

T y 0 


= £a y 


2 


V 


x c of parts 


£a * 0 2 + 


of parts 
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9. Tabulate 


(13) 

(14) 


Ax ° y o for each part (taking c account of sign — see Fig. 4) 

K o = product of inertia _of_r.c • : about its own c.g. (will be 
negligible for the stiff -^rrj-~~- 


10# Determine the angle between the new iras and the p 


sipal axes 


tan 2 


q = 2 £ + K 0 ) 


- I x 

• y o x 0 



Determine principal moments of inert: 5 . 


I *i = 


I 


cos 2 ® 


2 


- 2 sin Q cosQi'^x y 

O'- O 


VI 


I y 0 cos* 1 '© + 2 sin 0 cos 0£/ 


• •> 

(for derivation of formula© see preceding 


+ K 0 ) + Jyo 
+ K 0 ) +• I* 0 

pages) 


sin 2 

sin 2 


The formulae for I Q and K 0 for the skin, oortion are listed. It is cus¬ 
tomary to use the full value of the skin on V.o tension side and only 30 x 
skin thickness at each stiffener on the compassion side, for each row of 

r ^Ifu S ^ ttRCh i!J e Skin t0 stiffener - This is -r. agreement with the effective 
widths from ANC-5, in the range covered by pr-, r;ent allowable unit stresses. 





sin 2 0 
sin Q 



cos 0 



sin 0 cos 


(A a: Lt) 

© r »o used here is the angle between 
long axis of any element and 
tho coordinate axes and is scaled 
from the layout* 


Fig. 5 


Use of tfidth of 30 Times skin thickness as effective width with stiffener 
on compression side of structure: 
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From AHC-5 the effective width of sheet acting with a stiffener at the 
scone unit stress as the stiffener is 

vr = Ct (E/Fc)^ where 

c = a constant, t = sheet thickness 

E = Modulus of Elasticity = 10,0nrv‘000 for dural. 

Fc = Unit compression stress 

Fc for sheet stiffener combinations near failing load lies between 
25,000 and 40,000 psi* 


C for one row rivet connection =1.70 


Then for Fc = 25,000 


X 

o 




« 34t 


For Fc = 40,000 

- = 1 • ** (%?) 


i 

3 


= 27t 


30t is used as an 


go value in the range of allowable ultimate loads. 


Assignment. 


Hake a complete check of the theory and equations developed in the text 
in preparation for calculation of wing section properties in Assignment 8. 
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FliJAL CHECK TABLE 













C -P 

U 

• cJ ^ 

O CL, 

S3 


In computing product of inertia 
special attention to proper sign. 


Product of inertia of part about 
its own c.g. 

Product of each area by its x 0 y 0 
coord* = product of inertia 

Mom* of inertia of part about its 
own c.g. parallel to y 0 y 0 axis 


& 

W 


o 

o ta 


o W 

w 


o 

M 


O 

X 

A 


W v^/ 





o 

>> 




a 


\N W 


Mom. of inertia of part about its 
own c.g. parallel to x 0 x 0 axis 

n 

(Aoa. part)(x Q of part) 

(Aea. part)(y 0 of part)* 


x 0 -distance to part from 
y 0 -axis through (c.g.) 

y 0 -distance to part from 
x 0 - axis through (c.g.) 

Area of part x its x-ordinate 


Area of part x its y-ordinate 


x-ordinate to reference axis 


y-ordinate to reference axis 


Area of individual parts 


o !l 


K 


<s> 

w 

o 


w * 

w 

-p 

CO 

*p 

O 


ffl 

e$ 

© 

o 

p. 

Cu 




«-» 

P 

•H 

W 

O 

O 

CO 


o 

O 

CVJ 

o 

K 

S 

I 


M 

M 

< ■ 

>N 

Vs/ w/ 

<0 


+ * CVJ 

CU W 
M O 

S3 

w w 


O 

o 


o 

K 

H 





O 

X 

M 

rH 

Ol 

•P 

O 

Eh 


O rtrf, 

>> K 

M H 
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Assignment 8 

DESIGN OP SEMI-MONOCOQUE WING 


295 * 


( 


* 


In Assignments 6 and 6-A we covered the methods used in securing loads, 
shears and bending moments on the beams of a torsionallv flexib le wing. 

We will now present the methods used in designing a torsionallv rigid wing. 
A wing which is torsionally rigid is one in which the bending members 
(beams) are restrained from deflecting independently. This means in effect 
that a beam which is loaded more highly than its neighbor is restrained 
from deflecting away from it, but must transfer some of its excess loads 
to its more lightly loaded neighbors. 


If, for example, in a torsionally rigid wing the front and rear shear 
webs had equal bending rigidity and the center of pressure of the load 
from air forces were at the one third point between them, a simple beam 
distribution as in Assignments 6 and 6-A would place two-thirds of the 
load on one spar and one-third on the other. This distribution would give 
bending deflections on the heavier loaded spar twice those on the lighter 
loaded spar. But in a torsionally rigid wing this cannot occur because 
differential deflection of the spars would assume that the wing section 
could twist without restraint. The result is that a part of the load is 
transferred from the heavily loaded spar to that which is more lightly 
loaded. See Fig. 1. 




Deflection of a Torsionally 

Plexiblo Wing 



(b) 

Deflection of a Torsionally 

Kigid Vfing 


Fig. 1 
***** 

The method for computing conversion factors for unit loads was given 
in Assignment 6-A, for Conditions I and III. Conversion factors for all 
conditions are conveniently calculated in tabular form, when one does a 
complete wing analysis. The method is illustrated in Table I which gives 
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the factors for five design conditions. The unit torque factors for lift 
forces on the •wing were developed in Table I of Assignment 6. The torque 
due to dead weight will be considered in this assignment*, in its application 
to the design of the box wing. 


TABLE 



Conversion Factors for Unit Air Loads, 

Shears, Moments and Torques 







C 

Sect. Inbd. 

A.ileron 






of Aileron 

Section 

Condition 


I 

II 

III 

IV 

nil 


n i 


3.54 

-1.54 

2.62 

-.62 

1.96 

1.96 

1 • 5n^ 


5.31 

-2.31 

3.93 

-.93 

2.94 

2.94 

n x x 


-.70 8 

0 

0 

0 

0 

0 

1.6x5- 


-1.06 

0 

0 

• 

0 

0 

0 

W 

Beam factor = -j 

(l.Sn^ ) 

105.7 

-46.0 

76.1 

-J8.5 

56.5 

5 P . 5 

W 

Chord factor = 

U.5n xi 

) -21.1 

0 

0 

0 

0 

0 

n 2 


-3.43 

4-1.54 

-2.44 

• 

+ 70 

-1.63 

-1.63 

1.5xi2 * 


-5.14 

• 

4*2.31 

• 

-3.66 

+1.05 

-2.75 

-2.75 

n_ 

x 2 


+.P445 

4*. 1365 

• 

0 

0 

0 

0 

1 • 5n 

*2 


+1.27 

i 

+.205 

0 

0 

0 

0 

cTp. 


27.0 

13.3 

36.2 


36.2 

61.0 

e - E.C. at 20# 


-7.0 

46.7 

-16.2 


-16.2 

-61.0 

Tq Factor - E.C. 

at 20# 

-742 

-306 

-1260 


-950 

-3570 (incr 







= -2620) 

e - E.C. at 30# 


4-3.0 

+16.7 

-6.2 


-6.2 

-51.0 

To Factor - E.C. 

at 30?? 

4*316 

-76R 

-465 


-360 

-2980 (incr 

w 







= -2620) 


* Conversion factors for dead weights in this table are based on upward 
acting dead loads. 


Asstime Elastic Centrum Limits - 20^ to 30??. 
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(The Elastic Centrum is defined as that chordwise location on a section at 
which all lift load could be concentrated, and the wing would deflect 
vertically without rotation* It is therefore the centroid of vertical 
moment of inertia of all the bending material in a wing section*) 

***** 

For the two-spar, torsionally flexible wing treated in Assignment 6-A 
the dead weight shears, moments and torques were treated separately. For 
a torsionally rigid wing it is advantageous to treat them for the wing 
as a whole# This requires a variation of the table given on page 2/ 
of Assignment 6, where one spar was treated separately* For the entire 
v/ing as a unit: 


TABLE II 


Unit Dead Weight Shear, Moment and Torque 


Station 


S - Wing 


405 


132 


SHEAR 


270 


365 


145 115 42 

Inbd. Outbd. Tnbd. Outbd* 


705 


810 


1105 


S - Nac* 


0 


0 


1365 0 2730 1365 2730 


S - Fuel and System 


0 


0 


0 


0 


0 


0 


623 


S - Total 


132 


365 


MOMENT 


M - Wing 


7,750 40,100 


2070 705 3540 2175 4458 


105,500 


128,200 198,000 


M - Nac. 


0 


0 


0 


41,000 240,000 


M 


Fuel and System 


0 


0 


0 


0 


23,000 


M - Total 


7,750 40,100 


105,500 


169,200 461,000 


Table continued 
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TABLE II 


With Elastic Centrum at 30 per cent of the Chord 


Tq. Wing 
Tq. Nac. 

Tq, Fuel Syst. 
Total - Tq. 


-1350 -4250 


- 9,130 


-10,900 


Torque 

with Elastic 

Centrum assumed at 20 per cent of the 

Chord 

Station 

405 270 

Station 

146 

In, . Out, 

115 

In. Out 

42 

-10 # 8x 

-1460 -2920 

-56.?x 1 

- 7080 

- 8,780 

-12,870 

-32.4x 2 

540 

-X* 3 

16,200 

-1090 -4370 

-110.7X] 2 

1080 

- 1600 

- 2,460 

- 6,330 

9 

- 150 -1210 

-x 3 /1800 

- 1,080 

- 2,060 

- 6,600 



Tq - 270 

- 8,500 

- 8,500 

- 8,500 

Tq. Wing 

-2700 -6500 


-18,260 

-21,800 

-33,300 

Tq. Nac. 

0 0 


81,100 0 

162,200 81,100 

162,200 

Tq. Fuel Syst. 

0 0 ' 


0 0 

0 0 

- 7,300 

Total - Tq, 

-2700 -a500 

* 

62,840 -18.260 

140,400 59,300 

121,600 


-16,650 


0 


0 


0 


0 


103,000 


0 


0 


206,000 103,000 206,000 


0 


0 


0 


3,130 


-1350 -4250 


93,870 -9130 195,100 92,100 192,480 



Notes: 

1, Center of gravity for wing structure weight is at 40 per 
cent of chord, 

2. Center of gravity of fuel and fuel svstem is at 27 per 
cent of chord. 

3« Torque from the nacelles is equally distributed to stations 
115 and 145. 

4. Values of torque constants for the Elastic Centrum at 
20 per cent of chord are from Fig. 2. 
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Fig. 2 

Dead Weight Torque 

With wing dead weight at 40 % of chord and Elastic Centrum assumed 
at 205 ?s 

Wing chord in inches = 90 + 

540 

Wing weight = (.6 + « ~~ )x for outboard of station 270, 

For upward acting dead weight loads e. diving moment (minus) is 
produced. 
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3 00 


Unit torque loading of the wing structure equals 


(•20 - *40)(chord)(unit weight loading) 


(-.20) (90 + 22*)(.6 + 

540 


1.50x 

270 


) 


= - 10.8 - ( 


10*8 + 27 ^ 

540 270' 



io.e - . 


2 



This equation represents the torque loading between the tip md 

station 270. The actual torque is the summation of the torque lading. 

* • 


(- 10.8 


64. Bx 
540 


2 


5400 


■)dx = -10.Bx - 


32.4x 2 
540 


x 3 

16,200 


+ C 


C is zero since the torque at the extreme tip is 2 ero. 


This equation represents the dead weight torque for a facto* of 1.0 
at any station ,f x M between the tip and station 270* 

***** 

At station 270 the torque loading is -10.8 - 32.4 - 13.5 = -"d.7 

Inboard of station 270 the equation of the wing structure dc*i weight 
load is 

w = 2.10 + 2 » 70x l 

270 


The equation of the chord lengths from station 270 inboard 


c = 135 


90x 


1 


540 


Then the equation of the unit torque load inboard of static/-. 1*0 is 

Tq. Load =-56.7 - (.20)(l35 + 90x l )(2.10 + z - 707: l ) 

640 270 

— ce n ^37.8 , 72.9 n _ ,l w 1 \ o 
56.7 - — + T77T"/ X 1 - W'T7hV x 1 


540 


540 


= -56.7 


110.7x^ _ xfi 


540 


600 


2 


2 


*1 


3 


1800 


(-56.7 - 110>7x l - x f )dx = -56.7x1 - 11Q r 7x L - 

540 600 1080 

In this case C = torque at station 270 = -8500 

Tq. inboard of Station 270 = -8500 - 56.7x*. - 
* 1 1080 


2 


• * > 

• - w 
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i 

vie will next tabulate final valties of shears, bending moments and 
torques for the entire wing. 

TABLE III 

♦ 

Final Shear s _ 

42 115 115 145 145 

Station factor Outbd. Inbd. Outbd. Inbd. Outbd. 270 405 


UNIT LOADS 


Wing Lift 

1.0 

455 

370 

370 336 

336 

211 94.8 

Dead V7t. 

1.0 

4460 

3540 

2175 2070 

705 

365 132 

CONDITION I 

/.ine Lift 

105*7 

48,200 

39,200 

39,200 36*600 

35,600 

22,400 10,030 

Dead • /1. 

-5.14 

-23,000 

-18,260 

-11,220 -10,700 

-3,630 

-1,880 -680 

Total 


25.200 

20,950 

2^,980 24,900 

31,970 

20,520 9,350 

CONDITION II 

Wing Lift 

-46.0 

-20,900 

-17,020 

-17,020 -15,470 

-15,470 

-9,700 -4,360 

Dead At. 

+2.31 

10,300 

8,190 

A 

5,020 4,600 

1,630 

840 300 

Total 


-10,600 

-*,830 

-12,000 -10,670 

-13,640 

-8,860 -4,060 




CONDITION III 



Wing Lift 

78.1 

35,600 

28,900 

28,900 26,300 

26,300 

16,500 7,400 

Dead Wt. 

-3.66 

-16,380 

-12,980 

-8,000 -7,600 

--2,590 

-1,330 -495 

Total 


19,220 

15,920 

20,900 18,700 

23,710 

15,170 6,915 

CONDITION I 

Chord Load 

-21.1 

-9,620 

-7,820 

-7,820 -7,100 

-7,100 

-4,470 -2,000 

Dead Wt. 

+1 • 27 

5,680 

4,500 

:2,765 2,630 

890 

460 170 

Thrust 

-2,730 

-2, 7 30 

-2,730 

-1,365 -1,365 

0 


Total 


-6,670 

-6,050 

-6,420 -5,835 

-6,210 

-4,010 -1,830 


CONDITION II 


Dead Wt, 

+. 205 

+915 

+725 

+445 

+-425 

+■144 

+75 

+27 

Thrust 

-2,730 

-2,730 

-2,730 

-1,365 

-1,365 

0 



Total 


-1,815 

-2.005 

-920 

-940 

+144 

+75 

+27 


Thrust = (-.1365)(20,000) =-2,730 lbs. 
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TABU, IV 


3a z 


Final Bending Moments 


Station 

Factor 

42 

Outbd. 

115 

Inhd. 

145 

Outbd. 

270 

405 




UNIT LOADS 

• 



Wing Lift 

1.0 

101,000 

71,300 

60,700 

26,600 

6,170 

Dead Wt. 

1.0 

401,000 

169,200 

105,500 

40,100 

_ 7,750 

CONDI?I JK I 

Wing Lift 

105.7 

10,700,000 

7,570,000 

6,420,000 

2,820,000 

652,000 

Dead W+. 


-2,380,000 

-870,000 

-543,000 

-206,000 

-40,000 

Total 


8,320,000 

6,700,000 

5,877,000 

2,614,000 

612,000 

CONDITION II 

Wing Lift 

-46.0 

-4,650,000 

-3,280,000 - 

'2,790,000 

-1,225,000 

-284,000 

Dead Wt. 

+2.31 

+1,065,000 

+390,000 

+244,000 

+93,000 

+18,000 

Total 


-3,585,000 

-2,890,000 - 

2,546,000 

-1,132,000 

-266,000 



s 

CONDITION III 




Wing Lift 

7«.l 

7,900,000 

5,580,000 

4,740,000 

2,080,000 

481,000 

¥ 

Dead Wt. 

-3.66 

-1,690,000 

-616,000 

-384,000 

-147,500 

• 

-28,300' 

Total 


6,210,000 

4,964,000 

4,356,000 

1,932,500 

452,700 




CONDITION I 




Chord Load -21.1 

-2,130,000 

-1,505,000 - 

• 1,280,000 

-561,000 

-130,000 

Dead Wt. 

+1.27 

588,000 

215,000 

134,000 

51,000 

+9,800 

Thrust 


-240,000 

-41,000 




Total 


-1,782,000 

-1,331,000 - 

•1,146,000 

-510,000 

-120,200 




CONDITION II 




Dead Wt. 

+. 205 

+95,000 

34,700 

21,600 

8,200 

1,600 

Thrust 


-240,000 

-41,000 

• 

• 



Total 


-145.000 

^•6 „300_ 

21,600 

_8JJ00. 

JL« 00 


Thrust v-oment — 

Station 115 - M = (-2,730)(15) = -41,000 
Station 42 - M = (-2,T50 )(p<?) = -240,000 


P - P 
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TABLE I - FINAL TOKQLES 
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For the design of “bending material in the wing we will assume the 

r ollowing conditions: 

♦ ^ 

Rib spacing = 15 in. 

Corrugation material--24 SRT Aluminum Alloy 
D itch “3.5 Depth = 1 l/4 ^ = 2.8 

| = * 7 3 R = (. 7 3)(1•25) = .912 


p 

D ~ * 

357 

4 

= ( 

.357)(1. 

25) = .446 


L _ 

15 

.446 ~ 33,6 

r 

it 

1.33 


D.W* 

per 

pitch = 

= (1.33)(3 

• 5) 

= 4.65 

Allowable 

Stress 

es: 








.064 

# 

_ R _ 
* t 

14.2 

- 

42,100 

lbs. 

per 

sq. 

in. 


.051 

_ R _ 

. t 

17.9 

- 

42,100 

lbs. 

per 

sq. 

in. 


.036 

. R _ 
t 

25.4 

- 

38j000 

lbs. 

per 

sq. 

in. 


.025 

_ R _ 
t 

36.5 

- 

30 * 800 

lbs. 

per 

sq. 

in. 


fee ANC-5 
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stribution of Material along Wing Span 














The dimensions of the airfoil section at env particular station are 
scaled from the expansion shown on Fig. 3. In practice the dimensions are 
t&Ven either from large scale layouts or from "lofted” dimensions laid out 
full scale. For the purpose of illustration here the approximate dimen¬ 
sions from the small scale layout are satisfactory* 

Calculation of the section properties at Station 405 will be given as 
an example. Fig. 5 shows the dimensions of this section and the distribu¬ 
tion of material. 



(8) / (*o 

C .ozS Skin 


w ig. 5 

Cross Section at Station 405 
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Calculation of Section Properties 

Station 405 


No. 

A y 

Ay 

X 

Ax 


*0 

Av q 2 

Ax 0 2 Ix 0 - 

Iv o Ix o 

A *o v o 

1 

.52 -8.1 

-4.21 

0 

* 

0 

-6.6 

+14,3 

22.6 

106 


-49.2 

2 

.42 -8.8 

-3.70 

P 

3.4 

-7.3 

+6.3 

22.4 

17 

6 

-19.3 

3 

.42 -9.0 

-3.78 

21 

8.8 

-7,5 

-6.7 

23.6 

19 

6 

+21.1 

4 

• 52 -‘*8.9 

-4.63 

28.5 

14.8 

-7,4 

-14.2 

28.5 

105 


+54.7 

5 

.50 +4.4 

2.20 

to 

• 

cc 

CQ 

14.2 

5.9 

-14.2 

17.4 

102 


-41.9 

6 

.65 +4.4 

2.86 

20*5 

13.3 

5.9 

-6.2 

22.6 

25 

9 

-23.8 

7 

.65 +4.2 

2.73 

8 

5.2 

5.7 

6.3 

21.1 

26 

9 

+23.3 

8 

.50 +3.8 

2.20 

• 

0 

0 

5.3 

14.3 

14.0 

102 


+37.9 


4.18 -1.5 

-6.33 

14.3 

59.7 



172.2 

502 

30 

+ 2.8 


( 1 ) ( 4 ) A = ,45 + 1.5 (.020 + .025) = .517 

(2) (3) A = (3ir)(.025)(4.65) + 3 ( 20) (.020) ( .020) = .418 

• 9 

(5) (8) A = .45 + 1.5 (.025) = .497 

(6) (7) A = (14)(.025) + (2)(.15) = .65 

I x _ x = 172.2 
I v -y = 502 + 30 = 532 


* 
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Figs. 6, 7, B, and 9 show the cross sections at Stations 270, 145, 
115, and 42. The pertinent dimensions are shown in the tables following. 
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Problem Assignment : 

•' * 

Given the data of Pigs, 7 and ft and the dimensional data corresponding, 
as shown in the following tables? 


Calculate the Section Properties for Compression on the top surface 

for stations 145 and 115. Use tables similar to those given in the text 
for tabulating the data. 


Station 145 


No. 

A 

y 

X 

1 

2.07 

-14.0 

0 

2 

1.54 

-15,0 

10*0 

3 

1.54 

-15.2 

28; 2 

4 

2.07 

-15.1 

38.6 

5 

1.92 

8.5 

38,6 

6 

1.32 

8.8 

28.2 

7 

1.32 

8.5 

10.0 

ft 

1.92 

7.8 

0 


Station 115 



1 

2.27 

-14.6 

.0 

2 

1.90 

-16.0 

12 

3 

1.55 

-16.1 

29.8 

4 

2.27 

-15.9 

40.0 

5 

2.12 

9.1 

40.0 

6 

1.34 

9.3 

29.3 

7 

1.34 

9.1 

11.0 

8 

2.12 

8.2 

0 



Note in the above tables that the reference axis for x is taken at 
the front spar and for y at the chord line of the section. The sign con¬ 
vention for v (-v = up) corresponds to the sign of the bending stresses 
(compression on the top fibers). 


The areas given in the above tables are calculated as follows: 


Station 145 

(1) and (4) 

4 = 1.8 + (3.0)(.064 + .025) = 2.07 sq. in. 

(2) and (3) 

A = (5)(,064)(4.65) + (4)(20)(.025)(.025) = 1.54 

(5) and (8) 

A = 1.8 + (3)(.040) = 1.92 

(6) and (7) 

A = (18)(.040) + (4)(.15) = 1.32 

***** 
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3 12 


(1) and (4) 

A = 2.0 + (3)(.064 + .025) = 2.27 sq. in. 

(2) A = (5.5)(4.65){.072) + (5)(20)(.025)(.025) = 1.90 

(3) A = (5)(4.65)(.064) + (5)(20)(.025)(.025) =1.55 

(5) and (8) 

A = 2.0 + (3)(.040) = 2.12 

(6) and (7) 

A = <18.5)(.040) + (4)<.15) = 1.34 
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Assignment 9 

THE DESIGN OF STRESSED SKIN WINGS 


General. 

There are a number of types of internally braced cantilever wing 
designs each having certain advantages or disadvantages when compared to 
another type. The development of construction types is bound up with shop 
manufacturing developments and has followed economic as well as technical 
lines. Because of the fact that, for monocoque or semi-monocoque wings 
the analysis and design must proceed together, it is well at this time 
to sum up the design types used and point out their major features. 

Let us review the minimum objectives which must be attained before we 
can consider our wing structure satisfactory. 

1. It must not show excessive deflections or objectionable wrinkling of 
the outer cover under normal working loads; that is when in level 
flight under load factors of from 1 to 1.25 times the acceleration of 
gravity. Formulas are available in Timoshenko 1 « "Strength of 
Materials" for computing the loads at which sheet covering will 
first buckle in compression, or go into the wave state in shear. 

A guide is also available in the curve of Fig. 34 in ACM-04 which 
gives allowable panel sizes for different thicknesses of sheet at 
various radii of curvature. If doubt exists it is advisable to 
build a test panel and note its appearance when subjected to unit 
stresses corresponding to the normal working loads on the airplane, 

2. The structure must not yield in any part when subjected to the maximum 
"expected 0 or 1imit loads. 

3. The structure must not fail before it carries loads equal to 1.5 times 
the limit loads. 

In addition to the above considerations care must be taken that parts 
which are not a part of the structure, such as fairings or fillets, are 
free to deflect out of the v/ay when the strength-carrying structure 
deflects. Otherwise a part which is not considered a load carrier may 
cripple in following the deflection of the structure. 

In placing material in a wing certain fundamental principles must 
be observed. 

1. The bending material should be as far from the neutral axis as possible 
to carry loads in the beam direction. 
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2. Some bending material must be placed so that bending loads may be 
carried in the chord direction. 

3. The major portion of the bending material should be near the thickest 
portion of the airfoil cross-section to maintain efficiency. (See 
also (l) above.) 

4. Distribution of the shear webs in the wing should be proportioned so 
that the shear carried by each web is proportional to the bending 
strength of the beam material adjacent to that web. 

5. Bending material in the top and bottom of the wing should be concen¬ 
trated near the major shear webs wherever possible. 

6. Sudden changes in areas of wing sections should be avoided, and changes 
in guages of wing covering should be made in small increments to avoid 
concentrations of wrinkles along the joints. 

7. Eccentricities at joints should be avoided where possible. 

8. Allowance should be made for the effects of the air loads on the local 
wing structure such as the ribs and the stringers between the ribs. 


Types of Stressed Skin Wings . 

1. Two spar wing with plate girder type of Wagner type shear web and metal 
covering beaded in the fore and aft direction or flat. 


2, Two spar wing with trussed beams and metal covering beaded in the fore 
and aft direction or flat. 



Semi-mono coaue 


or box wing with one or more beams with the skin between 


them stiffened by corrugations or extruded shapes. 


Since there are any number of variations of the 
allow one type to incorporate features of the others 
made by considering the major components of the wing 


foregoing types which 
a comparison will be 
separately. 


***** 
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Bending Resisting; Material. 


In type 1 the bending resisting material is nearly all in the spar 
caps, which are usually extruded shapes riveted to the shear webs. The 
advantages of using this type of section to resist bending are as follows: 


1 . 


By careful design of the cap to avoid free edges and sharp transition 
in section high allowable bending stresses may be obtained. For 

aluminum alloy extrusions the ultimate values may be as high as 45,00' 
to 50,000 psi. 


2. By machining off the portions of the cap not needed in the outer part 
of the wing, the material may be used up to its full strength all along 
the span, with a resultant weight saving. 

3. The Elastic Axis of the wing may be kept near the center of pressure 

of the load in nearly all conditions of flight, thus avoiding a heavy 
twisting moment on the wing. 

4. Shear web or plate girder beams mav be made economically as separate 
assemblies and are lower in cost than other types. 

The obvious disadvantages are: 


1. The panels of metal covering vrhich form the wing surface must be 
stiffened in some way to enable the sheet to carry the shear loads, 
and to avoid drumming or excessive wrinkling. This requires either 
very close rib spacing or the presence of spanwise stiffeners on the 
sheet, which are susceptible to crippling when the spars deflect 
under load. 


2 . 


In a two-spar wing it is impossible to obtain torsional rigidity and 
still utilize the maximum depth of the vring for more than one spar. 

A true monospar wing could accomplish the purpose of putting the 
bending material at the section of greatest depth but it would be 
too flexible in twisting, and rigidity in this respect (torsional 
rigidity) has been found to be more important than bending rigidity 
in preventing wing flutter. (Note: The wing constructions generally 
referred to as monospar actually contain three shear webs, viz, the 
center or main spar, the curved leading edge of the wing, and the 
"false" spar ahead of the aileron and wing flaps. See Fig. l) 
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3* The machine operations on beam flange extrusions are very expensive 
unless production is in large quantity, where elaborate tooling costs 
can be spread over a large number of units. 

In the type 2 wing steel or aluminum alloy tubes are used to form 
trussed spars. Tho proponents of this type of structure claim the follow¬ 
ing advantages for it over type Is 

1. By using square steel tubes on tho highest loaded sections inboard and 
heat treating to 160,000 to 180,000 psi a favorable strength weight 
ratio is secured. 

2. On multi-engined ships where the engines are carried in the wings, the 
use of steel tubing from the power plant section to the center line 

of the ship promotes safety in case of fire in the engine section. 
(This advantage is nullified on ships using aluminum alloy by shutting 
off the power plant section with a stainless steel firewall.) 


3. The use of the shear truss permits a definite load analysis and the 
use of higher working stresses in the material in the web members. 


The evident disadvantages of the trussed type spars are: 


1. It is difficult to design them so that the tubes utilize the full 

depth of the wing contour, and nearly always less than the full depth 
must be used. Sec Fig. 2. 


2 . 


The area of the cap may be changed only by splicing in a different 
size tube, or by using supplementary material between spars; that 
by introducing other bending material into the wing in the form of 
spanwlse stiffeners or longitudinals attached to the skin. 
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3. Secondary stresses are present in the chord members because they must 
bend 7/ith the wing as a whole* (The latter disadvantage is also 
present in a slightly different guise in the Wagner type beam because 
of the pull of the wrinkled sheet on the cap strips. This condition 
is covered by assignment 10,) 

4. Assembly costs are very high because of the large number of gusset 
fittings required at the joints. It is also necessary to use a large 
amount of inside riveting in the final assembly. Special equipment 
must be developed for both the riveting operation and inspection, and 
inspection of the inside riveting on the spars is impossible in 
service. 

The wing of type 3 usually incorporates plate girder or "shear web" 
beams with flanges of extruded material. See Fig. 2. Between these beams 
the wing covering is stiffened either by a number of extruded or formed 
shapes or by continuous spanwise corrugations formed from sheet stock. 
Advantages of this type of construction are: 

1. A large portion of the bending resisting material may be located at 
the maximum depth of the wing. 

2. The skin stiffeners, which are nearly always found necessary to pre¬ 
vent the covering from wrinkling excessively, are put to work in 
bending. (This is not always an advantage since the stiffeners will 
generally fail at lower unit stresses than the beam caps will and 
partial failure mav occur before the actual ultimate strength is 

reached.) 

► 
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3. 


4. 


The area of bending; material is tapered easily and efficiently by 
discontinuing certain stiffeners as ono progresses toward the wing tip. 

Partial failure may occur without complete wing failure, since buckling 
of the stiffeners at the maximum depth on the wing will give warning 
before the strength of the wing is reached. That is, the^intermediate 
stiffeners will fail before the main shear web caps are crippled. 


Disadvantages ares 


1, Cutouts in the skin for access and inspection become troublesome. The 
area removed must be replaced by gussets and additional stiffeners or 
corrugation reinforcements. 



Wing joints must be continuous over a major portion of the wing chord, 

which is costly, heavy and complicates assembly and disassembly in 
service. 


Since wings of type 3 are in extensive use on modern airplanes we 
will go further into the quantitative limitations which affect them. 

These wings normally incorporate bending material between the shear webs' 
made either of 24SRT aluminum alloy corrugations or 24ST extruded shapes, 

such as Z’s, T-sections, or angles. A comparison of these stiffener types 
follows: 


Corrugations 


Stiffeners 


1. 

Maximum compression stress in 

• 



bending.... 

46,000 - 50,000 

35,000 

2. 

Taper in area..... 

Fairly good 

Very good 

3. 

Minimum practical area per inch 

.032 

.010 

4. 

of chord.... 

Contributes to torsional strength 

(.020 corrugation) 

(.060 stiffeners 
at 6" spacing) 


of ?/ing thus reducing skin thick¬ 
ness required.. 

• 

yes 

no 

5. 

Cost of manufacture.... 

High 

Low 

6. 

Cost of assembly..*.....*........ 

High 

Low 


***** 
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Features to bear in mind when designing a wing of this type are: 


1. The depth of the corrugation or stiffener should be proportional to 
the depth of the wing. 


Maximum depth of wing 


Depth of Bending-Resisting Material 



In corrugations the 



ratio should be 



(see curves in ANC-5) 


2* Ribs should be spaced to give and h/p of aluminum alloy corrugations 
or approximately 40 to 60. This keeps the material in the local 
crippling range and minimizes the importance of the exact end fixity. 

3. Put as much bending material at the maximum depth of the wing as 
possible. 


4. Use enough spars to prevent excessive shear lag, or group the greater 
area of stiffeners close to the spars. 

6. Use heavy enough skin to prevent buckling on the compression side at 
one load factor. This buckling action is a function of both skin 
thickness and rivet spaaing. 


***** 


Shear-Resisting Material . 

The most common shear resisting medium is a shear web of the "Wagner" 

type. The advantages of this are: 

1. It is cheap. 

2. It is efficient. 

3. In special cases it facilitates the watertighting of certain compart¬ 
ments of the wing. 

The disadvantages are: 

* 

1. Minimum gages may be reached if too many spars are used, which reduces 
the efficiency. 

2. They tend to divide the wing into separate compartments making access 
for service inspection and repairs difficult. 

3. Shear deflections are high. 
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A second type is the truss for which the advantages are: 

1. It can be tapered efficiently by change in tube sizes in adjacent bays. 

2. Combined with truss-type ribs a very accessible wing is obtained. 

The disadvantages are; 

1. Relatively poor strength-weight ratio when compared to a well designed 
Yfagner beam. 

2. Cost of assembly. 

3. Failure of one member of truss cripples entire wing. 

4. Deflections aro greater than for the web type. 

Ribs. 


The principal typos of ribs are hydro-press, truss-type and web-and- 
cap type. Of the three the hydro-pross ribs are probably the cheapest in 
production and can be made fairly efficient. The truss type is efficient, 
particularly in large wings, and is not excessively expensive. The web 

and cap ribs are well adapted to high loads but are apt to be heavy in 

the normal case. Hence they are Used for bulkheads or where the rib spacing 

is unusually high. For ribs the designer should be careful to make 

assumptions of reactions which are consistent with the typo of wing con¬ 
struction used. In other words the effect of shear in the wing covering 
and of the inward loads from the bending resisting material should be 
allowed for. Otherwise an inefficient and possibly weak design may result, 

Special Considerations . 

Various other features must be borne in mind in the design of the 
wing. These include the effects of concentrated loads from landing gear, 
nacelles, fuel or oil tanks, aileron, flap and control systems. These 
will probably control certain features of the wing such as the number and 
spaoing of the wing spars. All that' can be said about the detail design 
of the wing in those regions is that, insofar as possible, the structure 
for these items should be made an integral part of the wing to prevent 
duplication and, what may be more serious, relative distortion of the 
various parts of the structure. 


f 
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The word monocoque is used leather loosely in referring to any type 
.1 metal construction where the covering forms a part of the struc- 

structures with which we are familiar are 

monocoque construction the outer 


ture. Actually the airplane 
stiffened or semi^monocoque* In a pure 
covering would be the structure, and all bonding and shear loads would be 

carried through it. It should be understood that reference to monocoque 
construction throughout this text is made with reference to serai-mono- 
coctue entirely, which coincides with the popular usage of the term. 


Tne shear stresses in monocoque wings are due to ter* * n (twisting) 
ani to lift and drag forces. The effect of each will be considered sepa¬ 
rately. 


Torsional Shear 

A t*epical monocoque wing section under pure torsion is shown on Fig. 

4 (a). Torsional shear acts uniformly over the outer skim The actual 
values of torsional shear are found as follows: The'actual cross-sectional 
area enclosed by the sldn is taken with a planimeter, or calculated. This 
area will be termed A. Then 

Load per inch from torsion = Torsion^ ,, BSPS Bfc 


Then fs/inch torsion = 


s 150 lbs. per running 

inch 
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For *040, shear 

* 

For * 030 , shear 
For * 020 , shear 


s 150 /.040 

= 150/.030 
- 150/.020 


3750 lbs. per sq. in. 
5000 lbs. per sq. in. 
7500 lbs. per sq* in. 


The above method is scmewhat approximate in that it neglects the 
effect of the beams in resisting torsion. 

If all of the wing covering is not effective in resisting torsion 
a reduced torsional box oi' tube must be used* in vMch case the enclosed 
area must also be reduced. For example, if as in our type airplane the 
section behind the rear spar is fabric covered it cannot aid in carrying 
wing twist the effective section will then be as shown in Fig. 3 (a) with 
the effective Area shown shaded. If for example a cutout for a landing 
light is placed in the leading edge, the section becomes as shorn on 

Fig. 3 (W. 



(a) Rear Section Fabric Covered 


(b) Nose Section also Removed 


Fig. 3 

Effective Torque Boxes 
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(increment of shear load per inch in spar due to torsion 
equals pull of skin load per inch*. Shear wrinkles in * 

tho sheet are assumed to act at 45 ° with the applied 
sheer load. Then the'lead* per inch spenv/ise equals oho 
load per inch chordwise.) 
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of wing 

covering bounded by ribs and spanwise stiffeners. The thin sheets used 
for wing covering wrinkle under shear loads so that instead of making a 
transfer by pure shear the load is carried in agonal tension. This 
phenomenon is covered completely in Assignment 10 on the design of Wagner 
Beams. Fig. 4 (c) shows the balance of forces at a section where the 
wrinkles change direction as at a leading or trailing edge or at a corner 
connection to % spar as in Fig. 3 (b). 

Fig. 5 (a) shows the wrinkle pattern when a spar forms the leading 
or trailing edge of the torque box. Fig. 5 (b) illustrates the method 
whereby the torque shear adds to or subtracts from the vertical shear load 
in the spar. 

Actually when the wing is complete with leading and trailing edges 
beyond the spars as in Fig. 4 (a) some load will be transferred from top 
to bottom by the spars. This amount may be shown to be small by both 
theory and test and, except for large airplanes, is generally disregarded. 

Shear Due to Chord wise Loads. 

Assume the wing section is a beam in the chordwise direction and use 
the beam formula for shear at any web section from the Basic Course, 
Assignment 9. The web for bending in the chordwise direction consists 
of the top and bottom covering. For exact values each side, top and 
bottom, would be considered separately. 

f~ from drag shear — psi. 
s ° bx r 

or the shear load per inch in the covering at any point is where 

S = chordwise shear on the section. 

Q = static Moment of Inertia of all parts on one cover 
on the side away from the neutral axis ( = Ax) 

I — chordwise Moment of Inertia of entire section. 

Note again that the shear stress due to chordwise loads will be a maximum 
at the neutral axis for chordwise bending. 

After the chordwise shear stress is found it combines directly with 
the shear stress due to torsion adding to it on one surface of the wing 
and subtracting from it on the other. The shear stress from chordwise 
shear load is generally so low that very little error would be intro¬ 
duced by considering it to be uniformly distributed, in which case the 
unit shear stress would equal the shear load divided by the area of the 
covering. 


Fig. 4 (b) shows the balance of forces on a single panel 
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Shear Due to Wing Bending. 

If we again apply the beam theory of Assignment 9 of the Basic Course 
we may compute the shear stresses in the covering introduced by the fact 
that increment of loads in the bending material in the stiffeners must be 
transferred by the skin. Consider the stiffeners with the skin effective 

tf 

with them as a part of the cap strips of a beam# When bending is applied 
in the vortical plane a "herringbone" effect of shear wrinkles is intro¬ 
duced as shown in Fig. 6 # The longitudinal loads produce diagonal wrinkles 
which give chordwise forces also. Those combine with those due to drag, 
adding in some cases and subtracting in others. The surest method of 
keeping the combinations correct is to draw small sketches of effects 
of each separately. 


► 

The numerical value of the shear introduced by vertical bending 
would again be p er i nc k where I would be the moment of inertia for the 

vertical web and the stiffeners acting with it, 0 , the statical moment of 
the stiffeners on one cover on one side of the spar cap and S the shear 
being transferred by the vertical web being investigated, .An assumption 
is involved as to how much of the total shear is being transferred by a 
particular web. It is generally assumed that the webs take shear loads 
in proportion to their respective areas. 


Instead of making calculations for the Q at each section it is 
possible to work as follows: 

1. Calculate the bending fiber stresses and the total loads 

in the stiffeners to which the surface sheet is transferring 
load such as 1, 2, and 3 of Fig. 3, at Station A. 

2. Calculate the same values at the next station inboard. 

Station B. 

3. Take the differences between the loads in the stiffeners at 
the tvro stations. These differences represent the loads 
transferred by the sheet in the longitudinal length between 
stations A and B. Call them /d 1 9 /S 2, and 3. 

Then the sheet between stiffeners 3 and 2 transfers ^ 5 and 
its unit load per inch is & y divided by the distance A to B. 

The sheet between 1 and 2 transfers /\ + & -, and the sheet 

% k 4 ^ *4 

between 1 and the cap strip transfers + + t • 

Thus the shear values from anv load may bo determined by fundamental 
applications of the beam formula. 
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Loads on Riveted Seams, 


Where the sheet is continuous across spar caps or stiffeners, the 
only purpose of the rivets is to pick up the increment of load in the 
bending material as the moment increases. The rivet spacing required for 
this purpose is so large as to be impractical if any of the sheet is to 
act effectively with the stiffeners as compression members. The maximum 
practical allowable is based on panel tests for the sheet and stiffener 
combinations used. Where the sheet is discontinuous, that is where laps 
occur, the rivets transfer the loads from one sheet to another. 


With thin skin covering, where the sheet carries the shear load in 
diagonal tension, the loads on the rivets are 1,414 times the running load 
per inch shear. See Fig, 7, Rivet spacing should always take into 
account the effect on the net tension strength of the sheet remaining 
after rivet holes are deducted from the area. A balanced joint is desirable 
with the sheet somewhat stronger in tension than are the rivets in shear 
or bearing to allow for tension stress concentrations around the rivet 
holes. Where two or more lines of rivets are used in a splice, the 
distance between lines of rivets should be sufficient for the sheet to 
develop the full rated strength of the rivet. Longitudinal splices are 
designed by shear only, but ohordwise splices must develop the full 
compression or tension strength of the sheet stiffener combination. 


Where a large number of rivets carrv the load no extra "fitting" 
margin of safety is used. Where a few rivets carrv the entire load as 
at the end connection of main members to a fitting, a margin of safety 
of 20 per cent is maintained. Aetuallv, in all practical cases, the 
assumptions of a full Wagner effect are sufficient to insure some additional 
margins of safety, since all sheet does have some resistance to compressive 
forces while the Wagner theory assumes that all shear load is transferred 
by diagonal tension. 


Fig, 8 illustrates a method of sign convention which automatically 
takes care of the sign convention in combining torsion and chordwise 
shear stresses with those due to bending. 
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Fig. 8 

Sign Convention for Shears Due to Torque and Bending 


For positive torque shear wrinkles vrould appear on the top of the 
wing in the direction of the solid lines, and on the bottom in the 
direction of the broken lines. These sets of lines as drawn shew plus 
shear in the covering. 

Plus shear in the spar webs 'due to up load results in shear in the 
covering as indicated by the small vector diagrams. 
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Assignment 9-A 


DESIGN OP STRESSED SKIN rflHGS 




life have been working on the assumption that all of the "stressed-skin" 
covering is effective in bending on the tension side of the wing, and that 
only a part of the skin, at each cap or stiffener, is effective on the 
compression side. For inverted loadings the compression side of the can¬ 
tilever wing is changed from the top to the bottom. The.effect on the 
change in section properties will be illustrated by calculating the section 

properties for station 115 with compression on the bottom surface. Refer 
to Assignment 8 . 


TABLE I 

SECTION PROPERTIES 


Station 115 - Compression on Bottom Surface 


No. 


A 


Av 


Ax 


Vo 


Ay 0 2 Ax 0 2 


1 

2 

3 

4 

5 

6 

7 

8 


2.27 

2.34 

1.94 

2.27 

2.12 

.79 

.79 

2.12 


14.6 

16.0 

16.1 

15.9 

9.1 

9.3 

9.1 

8.2 


-33.2 

-37.5 

-31.2 

-36.1 

19.4 
7.3 
7.2 

17.4 


0 
12 
29. 8 
40.0 
40.0 
29.3 
11.0 
0 


0 

28.1 

57.9 

90.9 
85.0 
23.1 

8.7 

0 


— 8.8 
- 10.2 
-10.3 
- 10.1 
14.9 
15.1 
14.9 
14.0 


20 

8.0 

-9.8 

20.0 

20.0 

-9*3 

9.0 

20.0 


176 

243 

206 

232 

471 

68 

62 

416 


SOP 

150 

186 

908 

848 

68 

64 

848 


Iv 0 Ax 0 y 0 


78 

46 


22 

22 


-399 

-191 

196 

459 

-632 

-111 

306 

593 



Areas in the preceding table are computed as follows: 


(1) and (4) - A = 2.27 from Assignment 8. 

(2) - A s (6.5)(/t.65)(.072) + (20)(.025) = 2.34 sq. in. 

(3) -A« (6)(4.65)(*064) + (ie)(.025) = 1.94 

(5) and (8) - A = 2.12 from Assignment 8. 

(6) and (?) - A = (4)(30)(.040)(.040) + (4)(.15) = .79 
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Comparison with the values fo» compression on the top surface from 
Assignment 8 shows the shift in th« neutral axis and the* change in the 
moment of inertia. The student sh^ld investigate the strength of the 
section shorn for the maximum invf.^od bending moment at this station. 

**** 

The Effect of Rotation of the P rin </ P ni Axes. 

In Assignment 7 we developed * a equation to oalculate the angle between 
the principal axes of a wing section and any other set of reference axes 
through the center of gravity of t'* section. So far this equation has been 
of little importance because wo h*n disposed the material in the wing so 
that our reference axes (the chord ;i no and the spars) are nearly parallel 
to the principal axes. To illustrate our point - 

On page 7-4 we developed the- Allowing equation for the solution for 0, 
the angle between the principal a*.* and the reference axes. 

tan 2 8 ~ 2 SxydA 

ly - lx 

Using the nomenclature of our tnbl',* 

tan Z& - 2 y oypA 

I y-y " I x-x 

If we apply this equation to the Motions calculated in Assignment 8 end 
this assignment we obtain the foll', w i n g results: 

• • 

For station 145 with compress;on on the top surface 

tan 2 Q - _^ 2) (+13) - ^6 - 0147 

3t',4 - 1832 1772 

2 © = 0.*{4 degrees., Q = 0.42 degrees 

For station 115 with compression on the top surface, 

tan 2 & = _ ( 2) (4) - 0 = zero approx. 

41»i4 - 2223 1961 

For station 115 with compression on the bottom surface, 

tan 2 0 =_ ? 2)(21) = 42 = # Qig 4 

414H - 1874 2274 

*?^Q = 1*06 ringroos, <5)~0.53 degrees 
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All of the foregoing shifts of the principal axes can be neglected 
without an appreciable effect on the stress distribution. It will now be 
shown that for a different balance of areas the effect of the shift of 
the principal axes may become very large. 

Assume that for station 115 with compression on the top surface we 
make the following changes in distribution of area: 

Add 0,5 sq. in. to parts (l) and (5). 

Deduct 0.5 sq. in. from parts (4) and (8). 


With the above changes there are no appreciable changes in the basic values 
except $ Ax 0 v 0 . That is I x _ x = 2223, = 4194, etc. 

The change in * Ax 0 y 0 is 


v-y 


For 

For 

For 

For 


(i) 

(5) 

(4) 

( 8 ) 


(.5)(-10.35)(20) = 

( .5 )(1 3.35 )( -20 ) 
(-.5)(-11,65)(-20) = 
(-5)(12.45)(20) 


(.5)(207) 
(.5)(26?) 
(.5)(233) 
(.5)(249) 



= -(.5)(956) =* -478 


New value of ^ Ax 0 y o = +4 - 478 = -474 
Tan 2 © = (2)(-474) _ -948 


4184 - 2223 1961 


-.482 


2 & = -25°42' 


Q - -12°5l' 


cos 2 G — .90 


Using the equations from pages 7-4 and 7-8 vre may write 




1 


2 cos 2 @ 


) + iy (o 


i _ ) 

2 cos 2(a) 


’-I * (2223)(i - rrrnw + 4184 a 

= 2223 (.5 + .555) + (4184)(| - .555) 

= 2350 - 232 - 2118 

Since I + I = I + I v 

y v x i 

Iy x = 2223 - 211* + 4184 = 4289 
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Checking ly^ by the equation at the bottom of page 7-8, 


2 


.2 


I y 1 ~ Iy 0 oos c © + 2 sin © cos© ^Ax 0 y 0 + Ix 0 sin & £ 

sin © - -#222, cos 6 = #975 

I Vl = (4l84)(.975) 2 + (2)(-.222)(.975)(-474) + (2223)(.222) 
= 3978 + 204 + 109 = 4291 against 4289. 


2 


**** 


If we consider the moments in the beam and chord directions as vectors 
we may resolve them into components parallel to the principal axes. See 
Fig. 1. 



Fig. 1 


Bending Components Along the Principal Axes 

Condition I 
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For condition 1 in which the beam force is upward and the chord force 
is forward the moments about the principal axes are as follows: 

“xi-xj = M B 008 © * M o ein © 

= -Mg sin Q - M 0 cos & 


In the above equations the signs are already corrected to account for proper 
direction of the moment vectors. Then the absolute values of the sin Q , 

cos © * and M c may be entered in the above equations without regard 

to their sign. 


Where 



= -12°51' 


sin & = -.222 

COS Q ss .975 


From Table IV, page 8-8, for Condition 1 


Mg = 6,700,000 inch lbs. 

M c — -1,331,000 inch lbs. (from chord load acting forward) 


Then M X1 . X1 = (6,700,000)(.975) - (1,331,000)(.222) 

• « 

= 6,530,000 - 296,000 = 6,234,000 inch lbs. 

K - v = -(6,700,000)(.222) - (l,331,000)(.975) 

* y l *1 

=5 -1,490,000 - 1,300,000 « -2,790,000 inch lbs. 




We will now compare the unit fiber stresses obtained with and without 
correction for the principal axes. The fiber stresses cn parts (1), (4), 

and (5) at station 116 7d.ll be investigated for Condition 1. 
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T/RLE II 


COMPARISON OF UNIT STRESSES 


Calculated at Station 115 for Condition I 


Uncorrected 


Corrected 


Corrected for 
Lift Moment Only 



+20 


- 6.2 


+22 


- 6.2 


+22 


00 


-6,360 


-39.460 


-16,200 


-14,300 


-32.500 


-19,200 


-7,630 


-26,830 


+41,000 

+6,360 

+26,500 

+14,600 

+27,700 +7 

+47, 

, 360 

+41, 

,100 

+35.520 


Shear Distribution . 

Fig, 8 of Assignment 9, page 9-17, shows a convention by which oon- 
fusion nay be.avoided in combining the effects of shear forces from bending 
and from torsion. The actual values of the shears at any section in the 

covering may be determined by applying the methods given in Basic Stress 
analysis and repeated in Assignment 9 . 
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Shear Due to Bending Stresses. 


The shear stress across any section due to bending loads is given bv 
the formula 

f s =ff, where 

S = the shear on the section 

Q = the statical moment (first moment) of the areas 
of the parts of the cross-section on the side 
away from the neutral axis 

b = the thickness of the shear-carrying member 

I = the moment of inertia of the entire cross-section. 

Where the shear carrying members taper in area as in a tapered vring a 
satisfactory method of attack is to compute the loads in different members 
or parts of a cross-section at different stations along the span and by 
computing the difference in lends in the same members, calculate the 
force transmitted in a given length. The unit shear force, per inch of 
length, is then the total difference in load between a set of vring stations 
divided by the difference between the stations in inches. The unit shear 
stress in lbs. per sq. inch is then the stress per inch divided bv the 
thickness of the shear-carrying member. The method will be illustrated 
bv computing the running shear loads per inch due to bending loads, between 
stations 115 and 145. Using agein the bending moments from Table IV, 
page 8-8, for Condition I at Station 115 

Mb = 6,700,000 inch lbs. 

M c s -1,331,000 inch lbs. 

Tabulating the areas and lever arms for the values of Q, etc. 

* 

The unit stress in any portion of a cross-sootion due to bending, 

f, = Mv 


The load in any portion of a section whose area is A is (f> ; )(A). or 
®Q(A), but (y) (A) = 0. Therefore the loadr .in any portion of tho cross¬ 


m 


section due to bending is -4 
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TABLE III 


BENDING LOADS 




Station 115 - Condition I 



1 

2.27 

-10.35 

-23.5 

-70,POO 

2.27 

20.0 

2 

1.90 

-11.75 

-22.3 

-67,200 

1.90 

8.0 

3 

1.55 

-11.*5 

-18.4 

-55,200 

1.55 

-9.8 

4 

2.27 

-11.65 

-26.5 

-79,800 

2.27 

-20.0 

5 

2.12 

13.35 

28.3 

85,200 

2.12 

-20.0 

6 

1.34 

13.55 

18.1 

54,400 

1.34 

-9.3 

7 

£ 

1.34 

13.35 

17.9 

53,900 

1.34 

9.0 

R 

• 

2.12 

12.45 

'26.4 

79,500 

2.12 

20.0 

1 



-90.7 

-273.000 





+90.7 

+273,000 




45.4 

15.4 
-15.1 
-45.4 
-42.4 
-12.4 

12.1 

42.4 
-115.3 
+115.3 


-14,500 
-4,900 
4, BOO 
+14,500 
+13,500 
+3,900 
-3,800 
-13,500 
-36,700 
+36 1 700 


-85,300 
-72,100 
-60,400 
-65,300 
+98,700 
+58,300 
+50,100 
+ 66,000 
+273,100 
-273,100 


TABLE IV 
BENDING LOADS 
Station 145 - Condition I 



2.07 
1.54 
1 . 54 , 
2.07 
1.92 
1.32 
1.32 
1.92 


10.16 

11.16 

11.36 

11.26 

12.34 

12.64 
12.34 

11.64 


* 


- 21.0 

-17.2 

-17.5 

-23.4 

2^.7 

16.7 

16.3 

22.4 
79.1 

-79.1 


-67,300 
-55,100 
-56,100 
-75,000 
+76,000 
+5 3,500 
+52,200 
+71,800 
-253,500 
+253,500 


2.07 

1.54 

1.54 

2.07 

1.92 

1.32 

1.32 

1.92 


19.2 

9.2 

-9.0 

19.4 

19.4 

-9.0 

9.2 

19.2 


39.8 
14.2 

-13.9 

-40.2 

-37.3 

-11.9 

12.1 

36.9 
+103.0 
-103.3 


-12,700 
-4,500 
4,400 
12,800 
11.800 
3,800 
-3,900 
-11,700 
+32,800 
-32,800 


-80,000 

-59,600 

-51,700 

-62,200 

87,800 

57.300 

48.300 
60,100 

+253,500 
-253,500 
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% WJS 

The summation of ■— at anv cross-section represents the value of the 

tension-compression couple resist!ng herding at that section- The distri¬ 
bution of the load to elements of the cross-section is taken from the value 

_ for that section in which M is the external moment on the total section, 

I is the moment of inertia of the total section and 0 is the static moment 
of the part under consideration about the neutral axis, ^lotting the loads 
due to bending for the vario\;s elements of the cross-sections at stations 
145 and 135 wo obtain the values shown on Fig. 2. Fig. 2 (a) shows the 
loads due to bonding on station 145. Fig. 2 (b) shows the same values for 

station 115. Fig. 3 (b) shows the differences in loads in the some members 

at the tvro stations. A __ , , ^ 

^ j.s therefore the load for a given member at 



station 115 less the load for the same member at station 145. Since the 
distance between the two stations is 30 inches the shear load per inch 
between the two stations for a given clement mav be obtained bv dividing 
the differences in loads by 30. This assumes an equal distribution of 
shear per inch between the two stations which is practically correct if 
the stations are taken close together. Refer to Figs. 7 and P of Assign¬ 
ment p for the cross-sections at stations 115 and 145. 


f 
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^ = 253,500# 


(1) = -R0,000 (4) =-62,200" 



Fip. 2 (e) 

Station 145 



= -273,100 


£ = 273,100 


( 1 ) =-65,300 (4) = 



-65,300 


96,700 


v ig. 2 (b) 
Station 115 


£= -19,500 


£ = 19,600 


-5,300 -3,100 



*ig. 2 (c) 

A M0 - 

i 

Differences between 
stations 115 and 145 





Fig. 2 (d) 


Shear load per inch 


between stations 145 
and 115 from main 
components of section. 


Fig. 2 

Shear Loads n uo to ^ending between Stations 145 and 115 
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Assuming that we are -using .036 pruage webs at the front and rear spars 
and that the vertical shears are divided equallv between them? 

The shear increment per inch on each spar is 654/2 or 32*?^. The 

picture of the distribution of shear due to bending would then be as shown 
on Fig. 3. 



With regard to Fig. 3 the following points should be noted* 


(!) The shears in the spars mav bo considered as reactions for the 
shears in the covering and the caps. Thus at the front upper cap the 
spar load of 327 lbs. per inch rim is balanced by 177 lbs. per inch incre¬ 
ment from the spar flange, part 1 and 150 lbs. per inch increment from 
the covering part 2. 


(2) The 417 lbs. per inch increment in the upper corrugations, part 2 
goes 150 lbs. to the front v/cb and 267 lbs. aft of which 43 lbs. per inch 
is balanced in the rear covering, part ?, and 224 lbs. per inch is balanced 
by the shear in the rear spar. The shear in the rear spar, 327 lbs. per 
inch, balances 224 lbs. per inch from the covering plus 103 lbs. per inch 
. from th£ cap. 
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(3) In the actual design the front sper it will be found necessary 
to add a doubler between stations 115 end 145 to enrr^ loads ^rom the 
landing gear. The effect on the transfer of loads duo to bending will be 
considered negligible. 


*'rom o\ir membrane theory of transfer of torsional, shear, the torque 
shear per inch of periphery is ri/2A, where A is the enclosed area of the 
torque boy, and M is the torque moment, 

f s = JL. and load per inch 

2At 

equals (f s )(t) Therefore load per inch eauals IL. , 

2A 

* 

The torsional moment is -643,00G inch lbs, on the inboard side of station 
145. Including the area forward of the front spar in the torque box the 
. A rea is 1353 sq. inches. 


The torque shear per inch Is then "| |g . > , P . PP . . = -239 lbs. per running inch. 



Tho negative sign indicates a twisting moment tending to depress the 
leading edge. This indicates that the wrinkles will run opposite to 
direction shown on Fig, 4 of Assignment 9, see page 9-11. 


the 


Combining the effects according to the sign convention shown on 
Fig> 3, page 9-17, we obtain the combined shear values shown on Fig. 4. 


(r^3-l03—5U) 



Fig, if 


(202+364-*'5&C>) 
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ADVANCED STRESS ANALYSIS 


ASSIGNMENT 10 






Assignment 10 

DESIGN OF TENSION FIELD OR WAGNER BEAM WEBS 


There are two possible ways in which shear may be transmitted by e 
beam web. First, it may be carried by the web acting in pure shear, the- 
is without the formation of buckles in the web. Second, it may be trans¬ 
mitted by the web after buckling has occurred, in which case it is no 
longer pure shear but is more accurately described as diagonal tension. 

In other words, of the two principal stresses induced in the web by she-r, 
the tension component has become far more important. In the majority o.;' 


cases in aircraft design it is inefficient from the standpoint of weigh': 
to use a web thick enough and stiffeners spaced closely enough together 
to prevent buckling at all sheer loads up to the design value. The design 
of webs and stiffeners for the loads existing after the buckling strength 
of the sheet has been exceeded is therefore of great importance. 


Wagner Beam Theory 


The theory of the design of webs which have exceeded their bucklir? 
strength is based on two major assumptions. The first and most important 
is that the buckling strength is negligible, and the second is that the 
web makes no contribution to the bending strength of the beam. Actual1** 
neither of these is strictly true, even in extreme designs, and in all 
practical cases allowance should be made for this fact. Although, as 
will be shewn later, the error introduced by the first assumption is lsrge 
and in some respects non-conservative, that caused by the second assumption 
is small and conservative and hence this assumption will be carried through¬ 
out. For study of the effects of exceeding the buckling strength of the 
sheet it is most convenient to make both assumptions and this will be dene 

Consider first a trues 
of the type shown in Fig, 1, 

Both diagonal members are 
thin straps of metal. As 
load P is applied both members 
will carry equal portions of 
the load (assuming the members 
to be of the same size) up to 
that point at which the one 
shown with dashed lines falls 
in compression as a long column. 
After this occurs the tension 
member must resist all increases 
in load. If the compressive 
strength of the dashed strap 
is assumed to be zero it may 
be neglected altogether. 


in the first part of this discussion. 



Fig.' 1 
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In Fie, 2 we have a thin webbed beam* The web of this beam may be 

w . . « * . « ^ n . l 4 rC 


number 


to the 


UnOU^IiU UX a.o c* uuwvva w* , -- ./ ' 

chord members. (Diagonal tension wrinkles usually form at this angle or 
are verv close to it.) Typical straps A and B will be examined separate 

to determine the stress conditions. 


* 



S 
1 1 



b 




Criczo Mfmh?e£s — 

We# 7M- etc ME: ss 


l 


$ 


Fig. 2 


First determine the tension in Strap "A". Assuming all straps of 
uniform width each will take an equal amount of load, or the shear, n S ,f , 
will be distributed uniformly over the height w h ,f . If the width of the 
strap V is 1 irch then its intersection with end stiffener S Q will 

rr~ 

bc 1 inch long. The vertical component of the tension load in that strap 
must be equal to the shear load per inch or £ , The total tension in the 

o .-■ ** 

strap is then ~ V 2 * Since the area of the strap is tw or - . 


the tensile stress, f^. = 


f »JL 

r ® Th 


S/h V 2 


t/lfT 


2S 

TFT 


But the nominal shear stress 


Therefore = 2f s , or the tensile stress in the web is 


twioe the nominal shear stress. 
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The horizontal component of the load in strap "A” is resisted by 
the end stiffener So and therefore this member is subjected to shear and 
bending loads. The load applied to this stiffener is uniform and is equal 
to the horizontal components of the tension loads in the straps, which in 
turn are equal to the vortical components or S/h pounds per inch. The 
total load is carried by stiffener S 0 to the top and bottom chord members, 
which carry it in compression to the inner end of the beam where an equal 
and opposite load exists in S 3 , The total load is, of course, S/h times 
h or S, whence the load in each of the two chord members is - | , This 


adds to the compression load in the bottom member due to bending and sub¬ 
tracts from the tension in the top member* 


Considering now strap B we find that at its upper end the tension 
load has two components, vertical and horizontal. Assuming the strap to 
be the same width as strap A each of these components is equal to S/h. 

The horizontal component increases the tension load in the upper chord 
member in the same manner a£ the shear web in any beam would do. The 
vertical component, however, induces bending in the upper member and com¬ 
pression loads in stiffeners and S 2 . The compression loads in the 
stiffeners are resisted by equal and opposite loads in the bottom chord' 
member resulting from the tension in strap C. Expressed quantitatively, 
the load on the chord members is S/h lbs. per inch run, and the load per 

stiffener is approximately S(£.), assuming all stiffeners except the two 

h 


end members to be loaded evenly. The maximum bending in the chord members, 
assuming them to be continuous beams over a number of supports, is 
S b2 S b 2 


h 12 


at the stiffeners and 


h 24 


between 


A final theoretical consideration is the deflection of the beam due 
to the diagon al tension. Considering '^trap-.A.jurjp note that its total 
length is b|?2 . Since its tensile stress, ft, l'S'^equal to * 2f« 

the total elongation of strap, L, is equal to \ 



As shown in Fig. 3 (much exaggerated) the vertical deflection due to the 
elongation ^ L will be greater than by the ratio of le ngth of the 

hypotenuse of the small triangle abc to the side ab or , Therefore 

the shear deflection, d, due to the elongation of Strap A is equal to 

ss (,-) y 2 » • Over the entire length of the 


beam the shear deflection would be proportionally greater and hence the 
formula may be written 


Shear Deflection = D s =» 
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Fig. 3 


where f s 



end E 


= nominal shear 

c 

stress = z. 

h 


5 = length of the beam 
= Modulus of Elasti¬ 
city 


It will be noted that 
this is similar to the ordinary 
equation for shear deflection. 




where 6 = Modulus of Rigidity. 


It appears therefore that the 
effective Modulus of Rigidity, 
G, of a diagonal tension field 
beam is theoretically equal - 
to .25E, instead of .38E as 
is the case for pure shear. 


Any shortening of the vertical stiffeners and S 2 would increase the 
deflection computed above and hence would reduce the Modulus of Rigidity 
even further. 


The student who wishes to go into the theory more thoroughly is 
referred to KACA Technical Note No. 469. 


Pr actical Design of Tension Field Beams 


The theory outlined in the preceding paragraphs is very useful in 
studying tho effects of exceeding the buckling strength of a shear web. 

It is the measuring stick to which most experimental work on the subject 
is compared. The theory, however, cannot be used in actual design without 
first modifying it to conform more nearly to true conditions as indicated 
by test results. The most complete published data on actual test results 
with tension field webs is given in NACA Technical Memo. No. 809, "Tests 
for the Determination of the Stress Condition in Tension Fields" by . 

R. Lahde and H. Wagner. The figures and conclusions which will be found 
in the following pages were taken principally from this source. The 


figures are not intended to be exact since the tests themselves ware made 
using spring-hard brass sheet instead of aluminum alloy. They do, however 
give a basis on which a design may be made, the actual strength to be 
proven later by tests on a section of the actual beam. 



1 
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Web Stresses 

As previously emphasized, the theory is based on the assumption that 
the buckling strength of the web is negligible. This is by no means true 
in most cases. The load at which the sheet buckles mav be exceeded by a 
ratio of only two or three to one. Extreme cases will seldom exceed a 
ratio of fifty to one, whereas the theory assumes an infinite ratio. 

Since the web continues to carry the diagonal compression stress at which 
buckling occurred long after the diagonal tension wrinkles have formed, 
the tension stresses should be corrected to allow for this effect in all 
cases where tho buckling load is exceeded by a ratio of less than, say 
10 to 1. 


At the buckling stress. 


= f = f 


As the load is exceeded, = o 


Therefore at maximum load 


s crit. 


A f t = 2 


f + = f„ + 2(f« - f- . . ) 
% s crit. s s cnt. 


- 2f s - f s critt 


The buckling stress, f g ^ may be predicted according to the methods 


given in ANC-5# 


Thus far the implication has been that the only limitation on the 
ultimate shear strength of a given web is the ultimate tensile strength 
of the sheet (probably computed across the net section where it is riveted 
to the beam flange). This would be true if the bending stresses in the 
web introduced by wrinkling could be neglected (and provided that the 
web stiffeners had ample strength). These bending stresses are, however, 
of considerable importance since they tend to cause regions of relatively 
high stress where permanent set mav occur at a shear stress somewhat below 
the yield point of the web due to the diagonal tension stresses. The 
tests reported in NACA Technical Memorandum No. B09 showed that although 
the tension stress at the neutral axis of the sheet compared rather closely 
with theoretical values, the stress at the outside fiber was from 50% 
to 80% higher than the theoretical stress. This was most pronounced 
either midway between two stiffeners or near the edges of the sheet where 
the effect of the edge restraint was to introduce higher bending stresses 
in local regions. Although the data given in the referenced Memo, is 
concerned principally with tension stresses the same effect is found in 
the case of compression stresses. At tho intersection of the stiffener 
with the beam flange there is a region where the web is very well supported 
so that it tends to carry the loads in pure shear. The wrinkle which has 
formed in the center of the panel, however, comes closer and closer into 
the corner as the stress increases. The farther into the corner it 
extends, the shorter the wave length becomes, and so the smaller the 

radius of curvature and the higher the bending stresses. 

* 
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(Note: Change in inclination of a 

beam 4 &&- ^ where 

R = Radius of curvature. 

B»t ^ e = “4^=£^/^ - 
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Therefore as R decreases, f^ increases.) 


Fig. 4 


As the wrinkles become sharper and sharper, the stresses become higher 
until the yield point of the metal is passed. The result is permanent 
set in the web evidenced' by wrinkles tieible in only the earners after 
the removal of the load. The stress at which permanent set will occur 
will vary somewhat with web gauge and stiffener spacing, but will in 
general lie in the region of 10,000 to 15,000 psi. for 24ST material in 
gauges between .020 and .091, those most commonly used in aircraft beam 
webs. Since the design load may not exceed 1.5 times the yield point 
of the material, the design stresses of tension field webs will lie in 
the region of 15,000 to 22,500 psi, provided the stiffeners do not fail 
before this stress is reached. Since 22,500 psi is well below half the 
ultimate tensile strength of the material there is little chance of a 
tension failure in the web. 

Referring once more to Fig. 2 it will be remembered that the tension 
in each strap was .£ \ 2 . The rivets attaching each strap must be capable 

of transmitting this load to the spar cap, if theoretical conditions are 
assumed. This would mean increasing the strength of the rivets to 1.414 
times their required strength for transmitting shear only. It has been 
found in actual practice that this value may be considerably reduced, 
due to the restraint furnished the web by the beam flange. A value such 
as 1.2 may be assumed for design purposes, the actual strength of the 
attachment to be proven in the test of the beam. 
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Stiffeners 
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The compression stresses in the stiffeners of a tension field beam 
are much lower than the theory would indicate. This is best illustrated 
by a diagram (Fig. 5) showing the vertical component of the stress in a 
plate web after buckling. The web adjacent to the stiffener is riveted 

to that stiffener and hence must 
be subjected to the same compression 
stress. That midway between 
stiffeners still has a vertical 
tension component. The load which 
the stiffener is required to resist 
is equal to the difference in areas, 
that is, T-C. This is obviously 
much smaller than the load indicated 
by the tension field theory, shown 
in Fig. 6 as the area under the 
dashed line. And it may also be 
seen that as the size of the 
stiffener is reduced the compression 
stress will tend to increase in 
the web as well as the stiffener 
which results in a further reduc¬ 
tion of the load which tho 
stiffener will be required to carry. 

Fig. 5 

Although no definite method of computing required stiffener areas 
can be referred to certain general rules of design may be listed: 

1. The stiffener area should be proportional to the web area. The 
web is the primary load carrying member. The stiffener is a 
reinforcement. The ratio of stiffener area to web area 
(As/bt* where A = area of each stiffener or pair of stiffeners 

if back to back; b = stiffener spacing; and t = web thickness) 
should in all cases be less than 1.0 and may in most cases be 
less than 0*5. 

2. Stiffeners should if possible be spaced in such a manner as to 
avoid square panels since shear wrinkles are apt to be more 
pronounced in panels. 

3. The stiffener spacing should be the minimum consistent with 
economical design and vrith a stiffener size great enough to 
prevent buckling of the entire web-stiffener combination. A 
method of computing the buckling strength of a web stiffener 
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combination is given in NACA Technical Memo. No. 606. The 
stiffener must also be of sufficient size to prevent local 
buckling under the bending loads induced by the web. This 
consideration will usually require a stiffener slightly 
thicker than the beam web and stiffeners on both sides of 
the wob for gauges greater than .040. 

It vrill be noted that in the above no mention has been made of the 
effect of spar height, that is, column length, on stiffener size. This 
is due to the fact that the diagonal tension wrinkles in the web stabilize 
the stiffener against lateral failure unless the entire web stiffener 
combination fails as a unit before buckling of the web only takes place. 


Bending and End Loads in Beam Flanges 


The effect of the diagonal tension in the web on the stresses in 
the beam flanges approaches the theoretical value as the degree by which 
the buckling stress .. is exceeded becomes larger. These effects 


buckling stress f s ..is exceeded becomes larger. These effect 

crit ^ 2 l o 

moy therefore be plotted against ® (£) , Note: f~ . = KE (—) 

E t a crit. b 
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The following figures are plotted 
from Technical Memo. No. 809, 
Figs. 7 and 8. 
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~ Actual bending moment flange 


= Theoretical bending lament in flange 


_ S b^ 
~ h 12 


over the 


S 

h 24 


midway 


stiff* aers 


betvre^' 1 stiffeners 


The above values are approxima* 
with stiffener stress but they will 
In many cases the effect of the wet 
flanges may be entirely neglected b’. 
primary bending loads are small anc 


.» only since there is some variation 
>erve as a guide for design purposes* 
•ension on the stresses in the beam 
; in some special cases where the 


:he value f 

E 


<!> z 


is fairly large 


the effects of web tension may play 1 major part in the design of the 
beam flange* Such a case might be -und in a wing or fuselage bulkhead. 
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End Stiffeners 


Although no mention of the actual stresses in the end stiffeners 
(S 0 and S 3 in Fig. 2) is made, it is considered good design practice to 

reinforce these members by diagonal stiffeners from the centers of these 
members to the intersoctions of the next adjacent stiffeners (S]_ and S 2 , 

respectively in Fig. 2) with the beam flanges. This reinforcement may, 
of course, be omitted if the end members are comparatively rigid as a 
result of some other design consideration. 

Modulus of Rigidity 

» 

The Modulus of Rigidity as computed on page 4 is fairly close* to test 
results and may be used in the majority of cases. Fairly large errors 
in this value may be permissible in least work computations if, as is often 
the case, the internal work due to shear is only a small portion of the 
total and the errors are well allowed for by over-lapping assumptions. 
However, if compression is combined with shear, ns in a sheet stiffener 
combination on top of a wing, the Modulus of Rigidity may change radically, 
dropping to as low as 1,000,000 in many cases. Such a variation should 
be accounted for. 

Design Curves 

The final allowables for use in design must necessarily be based on 
the results of actual static tests on beams similar to those to be used. 
These may be summarized in a design chart similar to Fig. 8 . Various 
designs from a number of different models may have similar stiffener 
spacings and stiffener-to-web area ratios so that the results of many 
tests may be combined on a single design curve by making small corrections 

for such variations. 

♦ 

The effect of curvature, as in the side of a fuselage, on the 
allowable shear stresses will be to raise the buckling stress slightly 
in most cases but to reduce the allowable ultimate stress to a very marked 
degree. The presence of flanged lightening holes or access holes will 
also result in a redistribution of stress and a reduction in the allowable, 
even when the reduction in area at the minimum section due to the bole 
has been taken into account. Both of these cases will call for additional 
static tests to obtain the required design information. However the same 
qualitative effects will be found and the same method of approach may be 
used in studying the results of the tests. 
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Problem Assig nment . 

** 

Design the web of the center spar of the tvpe airplane analyzed in 
previous assignments, between stations 115 and 145. 

Givens (l) Design shear = 566 lbs. per inch; 

(2) Rib spacing =15 in. O.C. 

Determines (l) Web thickness 

(2) Stiffener spacing 

(3) Stiffener size 

(4) Attachment of web to spar cap flange 

( 5 ) Attachment of stiffener to spar cap flange 

(6) Attachment of stiffener to web 

( 7 ) Actual bending moment in flange midway between 
stiffeners 

(8) Margins of safety for web-stiffener combination 
and for web-spar rivets. 

Use Fig. 7 and the Design Curve on page 10-11. 
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Assignment 11 

STRUCTURAL DESIGN REQUIREMENTS FOR CONTROL SURFACES 



Horizontal Tail Surfaces 


The data from assignments 3 and 4 were applicable to flight loads on 
the wings only* In assignment 5 we calcinated flight balancing loads on 
the tail, and the inertia (or dead weight) factors to be applied to all 
the weights in the airplane to satisfy the equations of equilibrium, 

V =0, - 0, ^ M = 0* The balancing load on the tail was assumed 

to act at the•20$ point on the mean chord of the horizontal tail. It is 
still necessary in order to design the tail surfaces that we determine the 
proportion of load on elevator and stabilizer and the direction in which 
it acts on each. Further, the tail surfaces must be investigated for 
loads imposed by the pilot in maneuvering, for the effects of gusts in 
flight, and for the effects of gusts in any direction when the ship is 
parked or taxiing on the ground. 


Balancing Loads in Flight 

The limit (yield point) load acting on the horizontal tail surface 
is the maximum balancing load calculated from flight conditions, I, II, 
III, IV, VII, or VIII. The distribution of load is according to Fig. 1. 
The elevator load, P, is taken as 40% of the total tail load, T with the 
load directed opposite to that on the stabilizer. This means that the 
stabilizer load would be 140^ of the net tail load. However there are 
cases where 40# of the balancing load on the tail corresponds to an 
elevator load much higher than the pilot could apply. In such a case the 
limit load on the elevator, P, is reduced to that corresponding to 150 lbs 
exerted by the pilot on the controls. The load on the stabilizer is still 
T + P. (Note that there is no reduction of load on the stabilizer except 
that due to the reduction in load P on the elevator.) 



► 

Fig. 1 

Balancing Load 


* 
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Fig. 1 represents the distribution of load on an average strip of 
chord of the horizontal surface. 


For loads on the fixed surface, W = 


tot al load on fi xed surface 
1.75 7 area of fixed surface 


A constant value of C*t is assumed along the span. The above loading 

designs* the forward portion of the stabilizer and the structure transmitting 
the stabilizer torque to the fuselage. 



Horizontal tails must also be 
than those corresponding to pullup 

coefficients: 


designed 
speed Vp 


for limit unit loads not less 
and the following normal force 


C]\t = -0,55 downward. 


Cjj = +0.35 upward 

Vp = V s + Kp (V L - v s ) 


r w/s 


i 


V 6 = stalling speed with flaps up = 19,77 jC^TJaxTJ 


0 ^ Max. = maximum lift coefficient for the normal wing with flaps 
up (in our case uso Cl Max, = 1.41, see Assignment 3), 

V g is in miles per hour. 

VL = maximum level flight high speed = 220 mph, 

Kp = 0.15 + ^300 * not be less than 0.5. 

Wg = gross design weight = 20,000 lbs. 

The avera ft e limit (yield point) unit down load over the entire 
surface is 


- y T = -0,55 qp and the average limit up load + w = 0.35 qp 

2 

qp = ,002558 Vp s dynamic pressure at pullup speed 

in mob, 

P 
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inhere the unit loads obtained by the above equations give elevator 
torques in excess of those corresponding to 200 lbs. load on the controls 
in the cockpit they may be reduced to those which do correspond to the 
above control load, except in no case shall they be less than 15 lbs. per 
sq* ft. The distribution for this loading condition is according to Fig. 2. 
The maneuvering condition designs the rear portion of the stabilizer. 



Maneuvering Load 

The maneuvering condition designs the rear portion of the stabilizer. 
"Damping** Condition 

To simulate a damping condition from the stabilizer the total limit 
load acting on this surface is assumed to be redistributed according to 
Fig. 1, except that no load whatever is assumed to act on the elevator. 

E ffect of Tabs on Elev a tors 

When tabs.are installed on the elevators, either to trim the ship or 
to aid the pilot in moving the surfaces, their effeot must be accounted 
for. Under such conditions the minimum limit load over the entire hori¬ 
zontal surfaces shall not be less than that corresponding to the torque 
applied on the elevator when the pilot exerts a force of 200 lbs. in 
addition to the maximum aiding effect from the trim tab when fully deflected 
with relation to the elevator. When the tabs aid the pilots the loads are 
computed as follows: 

1. Determine the normal force coefficient, (Cjj) for the 

tab fu^lv deflected , assuming the deflection and angle 
of attack of the elevator to be zero. (See NACA TR 360). 

2. Determine the applied unit load, w, on the tab corres¬ 
ponding to the normal force coefficient, and the 
high speed of the airplane in level flight, V^. 

w = %q L 

The load distribution is assumed uniform over the tab. 
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Determine the loading which when distributed over the 
elevator in accordance with Fig. 3 will balance the 
sum of the hinge moments produced bv the tab load and 
a force of 200 lbs. applied by the pilot. The loading 
over the main surface aft of the hinge line is assumed 
triangular while that over the tab is uniform and in 
the opposite direction. 

****** 


V 













Fir* 4 shows the loading over the elevator when the tab and elevator 
are defected in the same direction. Because of the effect of the tab 
on the surface in front of it this condition will usually design the ribs 
forward of the tab, and may be critical for the elevator torque member. 

The loa*ds for this condition are obtained as follows: 

1. For all portions of the movable surface except the area 
between the hinge line and the tab, assume the usual 
distribution of Fig. 2, with an unknown value of unit 
loading, w, at the hinge line. 

2. For that portion of the movable surface included between 
the hinge line and the trailing edge of the tab, assume 
a uniform distribution. The unit load is w, the same 
value as at the hinge line. 

3. Compute the moment about the main hinge line in terms 
of w, and equate this value to the moment produced by a 
200 lb. load applied in the cockpit by the pilot, to 
solve for the unknown value of w. 

Note: All the foregoing values have been given in terms of limit or yield 

point loads. Design loads are 1.5 times limit loads. 

****** 


Vertical Tail .Surfaces 


Maneuvering Loads 

Where the propeller axes are in the plane of svmmetrv the vertical 
surfaces are designed for an average normal force coefficient, Cp = 0.45 

and for speed, V p , then Avg. w = 0.45 q p . The load distribution is the 
same aft that of Fig* 2. 

Xf the propeller axes are not in the plane of symmetry the vertical 
surfaces must be investigated for the following condition: 

(a) The design speed shall not be less than the maximum speed in 
level flight with one engine inoperative. 

(b) The 1lmit load need not be greater than that corresponding to 
200 lbs. force applied by the pilot except that in no case may 
it be less than 12 lbs. per sq. ft. 
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Damp in g Load s 

The tot al lir.it load acting or the <“in in the maneuvering condition 
shall be applied in accordance with the 3oad distribution of Fig* 1, 
except that no load need bo assumed on the movable surface. 

Flight Gust on Vertical Tail 

The following gust condition shall bo assumed for the vertical tail* 
Gust speed U = 30 fps 

Flight speed - (same as Condition I for wing) 

Avg. w = ~~r where m is slope of lift curve for vertical 

surface, per radian, corrected for aspect ratio. An 

aspect ratio of at least 2 shall be used, Where fl m tf for 
the vertical surfaces is not available from wind tunnel 
tests the following approximate formula may bo used; 

Vp = mph 

Jl = aspect ratio (not less than 2) 


w =s .226 V L ( 


4 


3 


+ 6 
IT 


) 


The gust condition applies only to that portion of the vertical 
surface vhicb has a well defined leading edge. 

The chord distribution shall be that for a symmetrical airfoil where 
data are available. The distribution of Fig. 1 may be used for the fin 
where desired. 

Tab8 on the Ru dder 

Where the propeller axes are in the plane of symmetry the loads on 
the surfaces are such as to balance the load from a maximum tab deflection 
at speed 7^ with no force applied by the pilot. 

0 

Where propeller axes are not in the plane of symmetry the loads are 

such as to balance the effect of 200 lbs. force applied by the pilot, 

plus the effect of maximum tab deflection, not at the speed , but at 

a reduced speed corresponding to the maximum speed in level flight , 

with one engine inoperative. By approximate formula Vj/ = 0.9 V L n-1 ' 

where n is the number of engines. n 

* 

. i *. • , * 

* • 

Loads are distributed along the chord in the some manner as for the 
horizontal surfaces. See Figs. 3 and 4. 
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Ailerons 


Maneuverin g 

« 

If the propeller axes are in the plane of svmmetry the ailerons are 
designed for normal force coefficient, C^t = 0,45 at the pullup speed V p , 

Then the l imit average loading w =0,45 q p . 

The distribution is according to Fig# 5, which applies for all aileron 
loading conditions. If the propeller axes ore not in the plane of sy mm etry 

the design speed shall not be less 
than the maximum speed in level 
flight with one engine inoperative. 

The limit unit load in either 
direction need not exceed that corres¬ 
ponding to 80 lbs, acting at the 
stick or an 80 couple acting at the 
rim of a control wheel considered to 
be resisted by one aileron only, 
except that in no case shall it be 
lower than 12 lbs. per sq. ft. 




Ailerons (Tab Effects) 

» . . . ■ . . . . . . . —urnm mn, m»mm — — 

Only those airplanes with propeller axes not in the plane of symmetry 
need be checked for the effect of tabs, When a tab is installed on one 
or both ailerons so that it can be used by the pilot to assist in moving 
the ailerons, the limit unit loading over both ailerons shall be of 
sufficient magnitude and in such a direction as to hold the ailerons in 
equilibrium with the tab or tabs deflected to their maximum throw. For 
this condition tho loads on the tabs are computed at maximum level flight 
speed with one engine inoperative. 


Ailerons— Flying Conditions 

We must not lose sight of the fact that the ailerons are also part of 
the wing area. They must therefore be checked to insure that they meet 
all the requirements of the symmetrical load conditions for the wings. 

To check this condition reference is made to plots of chordwise distribu¬ 
tion of pressure for the airfoil. The chordwise distribution varies 
with the angle of attack and is available in NACA Reports as a plot of 
p/q against Cp. The pressure distribution for our wing is given on page 6 
of Assignment 4. 
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Values of and q are taken from the wing flight conditions. 


Having 


these values the pressure across the aileron is obtained. These values 
are limit values. As in all conditions described the design values are 
1 .5,times those obtained from the basic data. 



Flaps are designed for Conditions VII and VIII described in Assign¬ 
ment 3* The minimum design speed V^* is 2V g ^ (twice the stalling speed 

with flaps down). Tho distribution of load over the flap is assumed 
uniform unless wind tunnel data are available to show tho actual distribu¬ 
tion. For aileron type flaps the normal force coefficients may be taken 
from NACA TR 360. For split flaps for which the upper portion is a fixed 
part of the wing the value of C^r may be given. 


Cfl « .273 + .021 , where £ is the flap opening in degrees. 

Where no data on Cjj are available it is assumed to be 1.60, which is 
a very conservative value. 

Control Surface Tabs 

The loads previously given for control surface tabs are for the pur¬ 
pose of designing the surfaces to which they are attached. Actually the 
tabs themselves may carry higher loads when they are partially deflected 
at higher speeds. For design of the tabs only all usable combinations 
of speed and tab deflection up to design speed Vq must be considered. Tab 

loads are considered to be uniformly distributed. 


Effect of Horizontal Ground Gusts 

• For large airplanes it has been found that the most severe loads on 
the tail surfaces may be encountered when the airplane is parked on the 
ground or taxiing in a cross wind. For large airplanes in addition to 
the requirements of the Civil Aeronautics Authority it is good practice 
to assume that the tail surfaces may have to withstand a ground gust load 
up to 60 mph velocity applied in any direction up to 3C° from either side 
for the elevator, or up to 45° from either side for the rudder. A satis¬ 
factory approximate solution is as follows: 

1. Assume that the trailing edge of the movable surface is 
the leading edge of a rectangular flat plate, that the 
surfaces are locked in neutral, and that the wind may 
como from the rear at any angle up to those noted in the 
preceding paragraph. 

2. Take the normal force coefficient and center of pressure 
data from basic Flap Plate data. (Fig. 7 of this assign¬ 
ment) 
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3. Calculate the average normal force at the value of 

for the maximum angle of attack (30° for elevator, 45° 
for rudder), 

9 

Values of Cjj are ,895 at 30° 

and 1.30 at 45° 

It will be noted that the center of pressure lies between 34 and 35 
per cent in the range from 30 to 45 degrees angle of attack. It is there¬ 
fore assumed that the distribution is triangular over the entire tail 
surface with the maximum value at the trailing edge. 



• i 

Fig. 6 

Ground Gusts 

Average w = C$ where q = .002558 x 60^ 

Maximum w at trailing edge = 2 x w 

The values given above are limit loads. Design loads are 1.5 times 
the above values. 


# 
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Problem Assignment. 

Given the horizontal tail surface areas shown by the attached line 
diagram (Pig* 8) and the maximum balancing tail load from Assignment 5 
determine the limit loads as follows: 

% 

1. Maximum balancing load on stabilizers and elevators* 

2 * Maneuvering load on stabilizer and elevator 

(a) With tab aiding pilot. 

(b) With tab opposing pilot. 

For tab load assume max. = .264 at a maximum speed 
of = 220 mph. 


3 


An applied load of 150 lbs. on the elevator control column 
gives a moment about the elevator hinge line of 3240 inch 
lbs. applied to two elevators. 

Check also the, arbitrary maneuvering unit loads at the 
design speed Vp, 
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One-half of total horizontal tail surfaces. 
Actual outline is shovm reduced to equivalent 
rectangles and trapezoids for simplicity in 
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Assignment 12 


The design conditions prescribed by the Civil Aeronautics Authority 
in 6 CFR 04 will be illustrated in this assignment. Those conditions 
apply to designs which incorporate tail wheels* The recommended require¬ 
ments for gears incorporating nose wheels, commonly known as tricycle 
landing gears, are given in CAAM-04. The requirements for nose wheel gears 
are not mandatory but are recommended practice. Those given in 6 CFR for 
gears with tail wheels are the* minimum requirements which will he accepted 
by the Civil Aeronautics Authority. All of the tricycle gear arrangements 
which have been approved to date have been covered bv special rulings from 
the Authority, Loads for the tricycle gears have been based on rational 
equations which take into account the potential and dynamic energies involved. 
For a conventional tail wheel type gear the same energy considerations are 
approximated by using a set of semi-arbitrary landing conditions as follows; 


CONVENTIONAL (TAIL-tfHEEL TYPE) LANDING GEARS 


1. Level Landing 


The minimum "limit" (yield point) load factor is the lower value from 
either of the following equations except that in no case is it necessary to 
exceed 4.33. 



n = 2,80 


9000 

W + 4000 


, where W = gross weight of airplane 



n = 3.00 + 0.133 (~), where jl = wing loading in lbs. per sq. ft, 

o S 

at a load factor of 1.0, 


(b) applies only on planes where the wing loading 5s less than 10 lbs, per 
sa. ft. The factor is a vertical load factor. 

The resultant ground reactions are assumed to be taken entirely by the 
main chassis, equally distributed to the two wheels and in such a direction 
that they lie in a plane which includes the axles and the center of gravity 
of the airplane less landing gear; except that the aft component of the 
resultant load need not exceed 25 per cent of the vertical component. The 
basic weight is that for full gross less chassis weight. The propeller 
axis or fuselage reference line is taken as a horizontal reference line. 

The shock absorber unit and tiros are assumed deflected to half their total 
travel, unless some other position is shown to be more critical for the 
landing gear. The minimum factor of safety required is 1,5; that is the 
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maximum "n" from equation (a) or (b) is multiplied by 1.5 to give the design, 
load factor. Balancing loads in the airplane are supplied by inertia loads 
acting opposite- to the ground reactions. This condition simulates a tail 

high landing. 

2, 3-Point Landing 

The design load factor is the same as for level landing.. The sum of 
the static ground reactions (load factor = l) is the gross weight of the 
airplane less chassis. These loads act normal to the ground line. The 
total load is divided between the chassis and tail wheel in inverse pro¬ 
portion to the distances, measured parallel to the ground line, from the 
center of gravity of the airplane less chassis to the points of contact 
with the ground. The load on the main chassis is divided equally between 
the wheels (assuming a conventional chassis with two main wheels). All 
shock absorbers and tires are deflected to the same degree as .in level 
landing. The tail wheel is also investigated for this condition. This 

condition simulates a three point landing. 

3 . Side Load on 'lain Chassis - (Ground Loop Condition) 

The minimum "limit" load factor is 0.667. The gross weight of the air¬ 
plane is assumed to aot on one wheel in a direction perpendicular to the 
ground, airplane remaining level (not tipping sidewise). In addition a side 
component of equal magnitude is assumed to act inward and normal to the 
plane of symmetry at the point of contact of the wheel on the ground. An 
aft component equal to 0.55 times the vertical component is assumed to act 
parallel to the ground at the point of contact. The airplane is assumed to 
be in the three-point attitude with chock absorbers deflected to their static 
position and the tire deflected to one-quarter the nominal diameter of its 
cross-section. The minimum ultimate factor of safety is 1.5. This con¬ 
dition simulates a turn on the ground executed by applying brakes to one 

wheel only. 

4- One Wheel Landing 

An investigation of the fuselage structure is required for a one-wheel 
landing, in which only those loads obtained on one side of the fuselage in 
the level landing condition are applied. The resulting dead weight load 
factor is one-half that for the level landing condition of item 1 . I™ 1 ®* 

condition is identical with level landing for loads on the loaded wheel.) 

Its purpose is to design the fuselage for unsymmetncal landing loads. Ihe 

minimum ultimate factor of safety is 1.5. 


IE - 2 

ETI - Advanced Stress Analysis 

- ► 






5. Braked Landing 


The minimum "limit 0 load factor is 1.33. The airplane is investigated 
for loads developed when a landing is made with the wheels locked and the 
airplane in an attitude such that the tail wheel just clears the ground.^ 

The weight of the airplane less chassis is assumed to act on the wheels in 
a direction perpendicular to the ground line in this attitude. In addition, 
a component parallel to the ground line shall be assumed to act at the point 
of contact of the wheels and the ground, the magnitude of the component 
being equal to .55 times the vertical component. The tire is assumed to 
have deflected not more than one-fourth the nominal diameter of its cross- 
section, and the deflection of the shock absorbers is the same as in level 
landing. The minimum factor of safety is 1.5. This condition simulates 
the sudden application of brakes on landing. 


Shock Absorption 

The shock absorption of the landing gear unit must be demonstrated by 
a drop test. The level landing loads are assumed to be produced by a free 
drop in inches equal to 0.56 times the stalling speed in miles per hour, . 
except that the height of free drop must not be less than IB inches for 
ships employing flaps or other high lift devices and need not be more than 
18 inches when such devices are not employed. This requirement accounts 
for the steeper glide when flaps are used. The height of free drop is 
measured from the bottom of the tire to the ground, with the landing gear 
extended to its extreme unloaded position. 


***** 

The method of analysis will be demonstrated for a conventional braced 
cantilever landing gear. 

Design data; 

Gross weight = 6200 lbs. 

Land gear wt,= 400 
Net weight = 5800 lbs. 


Vring area = 332 sq 

W 

^ = 18.67 


ft. 


Level Landing 


Vertical "limit” factor n 

* 



n = 2.80 


9000 

6200 + 4000 


2.80 + .88 = 3.68 


Since ~ is greater than 10 lbs. per sq. ft. equation (b) does not 
apply* ‘ fche load f actor calculations are made by equation (b) for this 
loading n = 3.0 + 0.133 (18.67) = 3.0 + 2.48 = 5.48. 
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Since the lor;er value from the two criteria is to be used n = 3.68 and 
the design value - 3.68 x 1.5 - 5.52 . 

Not weight ~ 5800 lbs. 

Vertical Design Load per wheel - - x 5.52 = 16,000 lbs. 

Fig. 1 shows the line diagram of the chassis and the location of the 
most rearward c.g. with respect to the axles. Since this location would 
give an aft component greater than 25% of the vertical component, if the 
resultant load passes through axle and c.g., it is permissible to reduce 
the aft component to 25%o of the vertical component. Then aft load per 
wheel = ,25 x 16,000 = 4000 lbs. Reaction points arc at E, the shock 
absorber attachment point; B, the axle attachment point; and C, the brace 
strut attachment point. The complete solution for loads and reactions is 
given on Fig, 1, 

Fig. 2 shows the ship in the 3-point landing attitude. This attitude 
may also be used for the braked landing condition. 

Fig, 3 shows the side load condition. It is required that this con¬ 
dition be checked with the gear deflected to its static position only, but 
since it is obvious with the gear shown that higher loads will be obtained 
with the gear extended a check should also be made in this condition. Such 
a check covers also loads from an accidental side landing with one wheel 
carrying most of the load. 


Assignment 


It is advisable that the student complete the solution for the 3-po3nt 
landing and ground loop conditions indicated on Figs. 2 and 3 to obtain 
practice, in landing gear analysis. The axial loads should be obtained in 
members BC. CD, BD, ED, EB and in the axle below D for level landing, 3-point 
and ground loop conditions. 
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Solution for Level Landing 


Reactions at B, C, and E. "E" is shock strut attach, 
take only vertical reaction. Gear pivots about axis^ BC • 
taken in plane "BDE”. Drag load taken in plane "BCD". 


point and can 
Vertical load 


Vertical Load 




Vt? - ( 16,000)(38.2) _ 4Q 000 lbs. | 
E 12.78 

i 

V B = 48,000 + 16,000 = 64,000 lbs. 
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Horizontal Load 


Reactions in plan© "BCD"# 

Forward reaction at C = 4000 lbs. 

_ . . „ . „ _ (4000)(56.37) 

Couple at B and C - 

ReactionsJL to plane "BCD". 



« 10,350 lb 


s. \ 


B 



Couple at B and C 


<issaifea = soo ib.. p b / 


21.75 


c 


c 


***** 


Resolution of Reactions -L and H to plane "BCD". 


Joint "E" 


to plane BCD = 48,000 x sin 37°45 = 29,400 lbs 


% 

I 


|{ to plane BCD = 48,000 x cos 37°45’ = 38,000 lbs 


3Qcoo 



I 48 000 


F?onT 


2.%4-oO 


Mt>*I 


Joint B 


6 4000 



£foo 


jpgabtr V/SiV 


64,000 x cob 37°4&' — 50,700 lbs. 


64,000 x 3in 37°45' = 39,200 lbs. 


It Till 


Totals at B 


I to plane BCD - 39,200 + 900 = 40,100 


»l 


350^ 




Joint "C 






X 


900 



Forward = 4000 lbs. 
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«r»tl 


Check by Taking; Moments about Point D 

Moment about "D" in plane ’’BCD’* from wheel reactions 

= 4000 x 40.4 = 161,600”# 



aft 



out 


Moment about "D" in plane "BDE" = 16,000 x 28.4 = 454,400"# 

From reactions at fuselage at B, C, and E 

Mom. in plane "BCD” = 10,350 x 21.75 - 4000 x 15.97 - 161,600”# (Check) 


Mom. in plane "BDE 


tl — 


48,000 x 22.58 - 40,100 x 15.97 + 900 x 15.97 


= 457,800"# (error = 3,400"# in 0.7??) 


***** 


Torsional moment on axle at "D" - 4000 x 4,9 = 19,600"# 

S 900 x 21.75 = 19,600"# (Check) 


***** 


Sequence of Operations: To obtain Axial Loads in Members 


llTTlt 


1. Obtain loads in EB and ED from reaction at E 


Unit 


2. Obtain loads in BC and CD from reaction at C 


3. Axial load in axle below "D" ~ component of 16,000 lbs 
Load along axle = 16,000 x cos 37°45 l 


6. 


Itrjff 


4. Axial load in axle, part BD from reactions at B 


Check bjr summation of axial loads at "D", considering components 
along BD of loads in ED and CD as well as axial load in lower 
axle below "D". 


► 
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FIG.3 - GR0U1TD LOOP 
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TRICYCLE (HOSE-WHEEL TYPE) LANDING GEARS 

4 


The minimum conditions recommended for the design of Tricycle Landing 
gears are as follows: 


1, Three Wheel Landing with Vertical Reactions . 

% 

The minimum limit load factor is the same as that used in level landing 
with tail wheel type gear. That is it is taken from the formulas given on 
page 12-1• The sum of the static ground reactions (one load factor on the 
airplane) is equal to the gross weight of the airplane less the weight of 
the landing gear. The total load is divided between the main wheels and 
nose wheel inversely proportional to the distances, measured parallel to 
the ground line, from the center of gravity of the airplane less landing 
gear to the points of contact with the ground. The load on the main gear 
is equally divided between wheels. The dead weight loads and the ground 
reactions are assumed to act perpendicular to the ground line, with the ship 
in the 3-wheel landing attitude with all shock absorbers and tires deflected 
to one-half their total travel unless it is apparent that some other more 
critical combinations of deflection could occur. Where the center of gravity 
may vary the most critical c.g, locations must be investigated for each 
gear; that is maximum aft c.g. for the main gear and maximum forward c,g, 
for the nose gear. Tho ultimate factor of safety required is 1*5. That 
is the ultimate load factor is 1.5 times the applied loud factor. This, 
condition is illustrated in Fig, 4 and simulates a straight drop in making 

ground contact. 



fo^'p, F&F bd/tD OM No Si 

I WrtepL „ _ , 

Use max,. jQrr, Load pN 

6TSL.S 


yi~- ultjmatc Load 


FA C TOjZ 




T' ✓ / / / / / / / // 

f s / / ✓ 

a _ 

b. 

1 



/ / / // / V 


FIG.4. LAEDIUG WITH VERTICAL REACTIONS 
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% = 


(ri«V) (b) 


*> 


+ b 


% = 


a + b 


Net design load on nose wheel equals 

% - (n)(unsprung weight of nose wheel) 


***** 

Net design load on two main wheels equals 

% - (n)(unsprung weight of main chassis) 


Where the dead weight of the landing goar is high, as on a large air¬ 
plane, it is sometimes advisable to calculate the dead load at the panel 
points at which the landing gear deed weight is carried and account for 
it item by item. It is of course permissible and conservative to neglect 
the effect of the landing gear dead weight in computing the landing loads 
in the chassis members. 


***** 


2. Three Wheel Landing with Inclined Reactions. 

The minimum limit load factor is the same as that for condition 1, 

The resultant of the ground reactions is a force lying in the plane of 
symmetry and passing through the center of gravity of the airplane less 
chassis. The value of the vertical dead weight force for a load factor of 
one, (1), is equal to the weight of the airplane less landing gear. The 
horizontal component of the dead weight factor acts forward and is 26 per 
cent of the vertical component. The ground reaction opposing this com¬ 
ponent is 25 per cent acting aft. The total force acting on the nose gear 
and main goar is divided so that the resultant moment on the airplane is 
zero. The shock struts and tires are deflected the same as for condition 1. 
The most critical center of gravity positions must bo investigated. 

These rxre again forward c.g, for the nose gear and aft c.g. for the main 
gear. The loads on the main gear are equally divided between wheels. 

See Fig, 5. The minimum factor of safety’is 1.5. This condition represents 
a landing with considerable forward speed, decelerated by contact with 
the ground. 
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s 

r 

t 

3. Two Wheel Landing with Vertical Reactions—Nose Up . 


The minimum limit vertical load factor is the same as for conditions 1 
and 2, The airplane is assumed to be in the extreme nose-up attitude, 
governed either by ground clearance at the tail or by the maximum angle of 
attack for the airfoil. This condition therefore represents a stalled 
landing with brakes off. The gross weight of the airplane less the weight 
of the main chassis gear is assumed to act at the rear wheels in a direc¬ 
tion perpendicular to the ground line. The total load is to be divided 
equally between the two rear wheels, 

A couple will be sot up between the dead weight and the ground reac¬ 
tions which must be balanced by the rotational inertia forces on the air¬ 
plane. See Fig. 6. Shock absorbers and tires aro deflected the same as 
in conditions 1 and 2. The ultimate factor of safety is 1.5. 


♦ 
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FIG. 6. TWO T7EBEL LAITDIIIG 

VERTICAL REACTIONS 
' 1T0 SE UP 


The torque causing rotation is (nW)(a). The center of rotation is the 
point of contact with the ground. The inertia forces may be calculated 
from the standard formulas to be found in any physics handbook. Items 
of mass may be grouped in a small number of major assemblies in calculating 
the angular acceleration and the damping inertia loads. The formulas to 
be used are as follows*. 

Torque ~ (Moment of Inertia)(angular acceleration) 

T = I CC 

where I = < JSl 

<■ 6 

For consistent units the torque should be in foot pounds, d in feet, 

VF in lbs., and g is the acceleration of gravity in ft. per sec. per sec. 
Given the angular rate of acceleration it is a straight forward process 
to obtain the maximum accelerations on dead weight items in the airplane. 
These will of course be maximum at points farthest removed from the point 
of rotation. As far as the design of the landing gear is concerned the 
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actual angular acceleration and rotational inertia arc not required, the 
necessary forces necessary to balance the moment on the landing gear being 
supplied as reaction couples nt the support points. Shock absorbers and 
tires are deflected the same as for conditions 1 and 2. 

4* Two-Wheel Landing with Inclined Reactions--Nose Up . 

The load factor is the same as for conditions 1, 2, and 3. The air¬ 
plane is in the extreme nose up position shown in Fig. 6. The resultant 
force on the main wheels acts in the direction shown in Fig, 5, (25# aft 
component), and is equal to the gross weight of the airplane less the un¬ 
sprung weight of the rear gear, e.t one load factor. The total ground 
reaction is divided equally between the tv/o rear wheels. The resultant 
moment on the airplane is balanced by inertia forces, as in condition 3. 
The shock absorbers and tires are deflected the same amount as for con¬ 
dition 1. This condition represents a noso-up two wheel landing with 
brakes. The usual factor of safety of 1.5 is maintained. 

5. Two-Wheel Landing with Inclined Reactions—Nose Down . 

The load factor is the some as for the four previous conditions. The 
airplane is considered to be in a nose down attitude with the front wheel 
just clearing the ground. The resultant forces at the ground act with 
25# aft component as in Fig. 7 # It will be noted that the basic (one load 



FIG.7. 


"IIESI JiAi!DII;G V/ITII I1TCLI1IED 
REACT 1017S. HOSE DO’/II 


• • ► 
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factor) weight is that of the ship less rear gear. There is a couple 
betvreen the wheel reactions and the center of gravity of the airplane which 
is balanced by the rotational inertia of the airplane. Shock absorbers 
and tires are deflected as in condition 1. The critical center of gravity 
position must be investigated. This will be maximum forward c.g. for 
highest rotational acceleretiono. This condition represents the transition 
point from condition 4 to condition 2 when the nose wheel is just read* to 
contact the ground. The usual factor of safety of 1.5 is maintained. 

6• Two-Wheol Landing with Brakes—None Down . 

The minimum limit load factor is 1.33. The minimum design load factor 
is therefore 2.0. The airplane is in the attitude show in Fig.7 but the 
gross weight of the airplane less the rear gear is assumed to act at the 
rear v/heols in a direction perpendicular to the ground line. In addition 
there is a horizontal aft component of .55 times the vertical component which 
is applied at each wheel at the point of contact with the ground. The 
total load is divided equally between the two rear wheels. The resultant 
moment is balanced by inertia forces on the; airplane. The deflection of 
the shock absorbers is considered to bo the same as for condition. 1, but 
the tires are assumed to be deflected not more than one-fourth their 
nominal diameter. Factor of safety =1.5. 

7. Side Drift Landing . 

The load factor is the same as for condition 1. The attitude of the 
airplane, the vertical components of the landing gear reactions, and the 
deflections of the shock absorbers and tires are the same as for condition 1. 
In addition a horizontal aft component and a side component, each equal to 
.25 times the vertical component, are applied at each wheel at the point 
of contact with the ground. The resultant moment on the airplane is balanced 
by inertia forces. The factor of safety is 1.5, The side forces act 
inward on one main wheel and outv/ard on the other. The side load on the 
noso wheel acts in the same direction as the side loads on the main wheels, 


8• Side Drift Landing with Brakes . 

\ 

The minimum limit load factor is 1.0. The attitude of the airplane, 
the static ground reactions (one load factor reactions) on the front and 
rear gear, and the deflections of the shock absorbers and tires are the 
same as for condition 1. However the total load on the rear gear is 
’assumed to act on one wheel in conjunction with an inward side component 
.75 times the vertical component and an aft component along the ground 
line of .55 times the vertical component. The side load on the nose gear 
is .75 times the vertical component and acts in the same direction as the 
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side load on the main gear. (Thus one reor wheel is not loaded). The 
resultant moments on the airplane are assumed balanced by inertia forces. 
The minimum ultimate factor of safety is 1.5. This condition represents 
a short turn with one main wheel braked and the other ,iust swung clear by 
centrifugal force, or a side slip landing with brakes. See Fig. 3 , 



FIG. 8. LILZIT LOADS FOR SIDE DRIFT LAHDIKG 

WITH BRAKES: 


9. One-Wheel Landing . 

An investigation of the fuselage structure is required for a one-wheel 
landing in which only those loads obtained on one side of the fuselage in 
condition 5 are applied. This condition is intended to design the fuse¬ 
lage for wracking loads in a one-wheel landing. The loads on one side 
of the main landing gear are exactly as for condition 5, while the other 
side is not loaded. The loads acting at the center of gravity of the 
airplane are therefore one-half of those for condition 5. 
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Assignment 13 



DESIGN LOADS FOR CANTILEVER LANDING GEAR 

OF TRANSPORT AIRPLANE 


In this assignment we will compute the design loads for a landing gear 
suitable for the 20,000 lb. transport airplane used as an example in this 
course. All critical conditions will be considered. The method illus¬ 
trated completely covers the analvsis requirements for a conventional landing 
gear, using a tail wheel. Tabulated data are used wherever possible because 
of the advantages of conciseness, and ease in checking the results. The 
landing gear and its support points are shown on Fig.'l. 


Ground Loads 


Reference: 6 CFR 04,241 - 04,245 

ACM 04.24 - Fig. 24 


Landplane Landing Conditions for 
Tail Wheel Type Landing Gear (6 CFR 04.24) 


Condition 

Level 

3-Point 

Side 

Reference 

6 CFR 04 

.241 

.242 

.243 

Load Factor 

= n 

„ 0 9000 

200C0 + 4000 ~ 3,lf 

5 3.IP 

.667 

Attitude 

Frop, Axis Horiz, 

3-Point 

3-Point 

Comp. Normal 
to Ground 

T7 ' " 

nW =3.18 (20000 - 900) 

= 60,750 

60,750 

, V (3) 

.667 (20000) = 13,340 

• 

Comp. Parallel 
with Ground 

60,750 (.44) = 26,800# 
.25 r 60,750 = 15,-feOO# 

Use (2) 

Zero 

.55 (13340) = 7,340 

aft. 

Side Comp, 
Parallel 'With 
Ground 

Zero 

Zero 

ri»V = 13,340 inward 

Shock Strut 
Deflection 

50# Travel = 5" of 

Strut Extended 

50# = 5" of 
Strut Extended 

Static = 2 ,f of Strut 

Extended 

• 

Tire Peflec- 
1 1 on 

50? = 16" Roll. Radius 

50# = 16” 
Rolling Radius 

25?: = IP#" Rolling 

Radius 


Notes: (l) W = Gross Wt. (20.000) - Chassis Wt. (900) 

(2) With C,0. aft, the resultant would make an angle whose 
tangent = .44. This aft force is greater than the maximum 
required = ,25V. 

(3) Side landing loads given for one wheel onlv. 
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Ground Loads on Main Chassis 




V = forces parallel to shook strut. 
p lus is Up. 

H = Forces normal to £ shock strut and normal the plane of 
symmetry of Fuselage. 

Plus is used as inboard in the following analysis. 

S = Forces normal to <g shock strut and parallel to the plane 
of symmetry of fuselage. 

”lus is Aft. 


Level Landing 



Loads at C.G. are equally divided between main wheels. 
Loads include 1.5 min. F.S. on the ultimate. 

V G = 1.5 x 60,750 X f» = 45,600 lbs. 

D 0 = 1.5 x 16,200 x \ = 11,400 lbs. 
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Level Landing 


Side Brace Member (£in V-5 plane) 


p 


BP =~~ (45600) 


-37,550 lbs. Comp 


Drag Brace Member (£*(4 in V-I) plane) 
Fc = |LJL (11400) = -26,600 lbs. Comp 

£ *T + * > 


Re&ctions 


Point B 


Vb = 
s B = 


Point 0 


V. = 


D„ = 


= 37,550 

X 

VW 

42.4 

= -26,500 

P ovm 

= 37,550 

X 

30 

~ +26,500 

Inbd. 



42.4 



= 26,600 

X 

30 

= -15,200 

lbs. Dov/n 



52.4 



= 26,600 

X 

43 

r* n .t 

= -21,800 

lbs. P.vd, 


Oti 


Point A 


V A + v c + v b + 45,600 ~ 0 


^A - 


26,500 + 15,200 - 45,600 = 

-3,900 Dovm 


D a + D c + 11,400 = 0 


D a = 21,800 - 11,400 = +10,400 Aft 


Sft + Sn ~ 0 

+. +J 


s h - -26,500 Out-Bd. 


Moment about V axis at A = I-I-y = 17.5 x 11,400 = -199,500 


« A 


L o gds on Shock Strut from Brace Member s 
p oint F 

Vp = Y c + v p = -26,500 - 15,200 = -41,700 lbs. Down 
Dp = D c - -21,800 lbs. *Vrd. 

S F = Sg = +26,500 lbs. Inbd. 
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Level Lan di ng 


Axle 


Bearing; Loads 


Vj = 45,600 (|~) = 17,500 

V K = 46,600 - 17,500 = 23,100 
D t = 11,400 (: 5 _) = 4,390 

D F = 11,400 - 4,390 = 7,010 


S ectio n J-J 

Sheer = / (17,500) 2 + (4390) 2 = 18,100 
Section Y-K 

M = 16,100 (13) = 235,000"# 

S - Y (45,600) 2 + (11,400) 2 =47,000# 

Section L-L 

M = 47,000 x 10 = 470,000"# 

S = 47,000 lbs. 

Inner 01 eo Tub e - Section M-IS 

M S = 11,400 x 16 = 182,500"# 

0 

M d = 45,600 x 17.5 = 798,000"* 

“Resultant =/7T°2,500) 2 + (79B,000) 2 = 817,500"# 

Oleo Bearing Loads 

Dj^ = 11,400 (5JLJL) = 16,900^- Fwde on inner tube. 

• 33,5 

T> 1 t = 16,900 - 11,400 = 5,500 lbs. Aft. on inner tube. 

Stf °k' % = 45600 (~~) = 23,700# Inbd. 9 Outbd. 
Shear at M-M = 11,400 lbs. 
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Section N-N 


Shear - 




(23,700)* + (6,500)° = 24,30 


Loads, Shears, and Moments in Shock* Strut Sb Axle 


Level Landing; 

Moment Convention 


M v , %* Ms ? v , D, S correspond to tho axis about which moment acts 

Plus Moment - when moment is clockwise as vou look in plus 

direction of axis. 


\A 


3 


3o 


n 


73 r 

<4 







F ! 


! S3 1 

i -^2. 




i4 


s 




s- 


/////<£/// 



13 


kr. 


J 


S 


'7j? ~ 




too 
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Level Landing; 

Oleo ^luid 

Load on column of oil = 45.60O& Compression 
Cuter Oleo Tube 

w0 m « « ■ ■> ■ 

Section 

S = / (D m ) 2 + (S M ) 2 = / (16,900) 2 + (23.700) 2 = 29,100# 
Torque = My = 1?.5 (11,400) = 199,500"# 

Sec t ion F-P 

Torque = 199,500"* 

Shear = Sp - S M = 26,500 - 23,700 = 2,800# Inbd. 

= Dp - Dj .,5 = -21,800 + 16,300 = 4,900* Fwd. 

Shear Resultant = V (2,000 ) 2 + (4,900) 2 = 5,640# Fwd-Inbd. 

(Above F-P) 

M = 29,100 (11.5) = 334,500"# 

Axial Load = Vp = 41,700# Tension 


Section N-1 T 

Torque = 199,500"# 

Mp = 23,700 (33.5) - 26,500 (22) = -211,000"* 

Mg = 16,900 (33.5) - 21,800 (22) = -86,000"# 

“Resultant = Y ( 211 ,O 00) 2 + (* 6 , 000) 2 = 228,000"# 

Axial Load = Vp = 41, 7 00# Tension 


Lugs - Point A - 6 " ^ to ^ Lugs, 
Out-Bd, Lug - Torque taken by two Lugs* 
V, = -3900 X # = -1950# Dovm 




S A = -26,500 x | = -13,250# Out-Bd. 


1 


’A 


1 


= 10,400 if - - 19 V 50 . ? = 5,200 - 33,250 



= -27,050# Pwd. 
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In-Bd. Lvfc 


V A2 = -1950^ Down 


S Ao = -15 t 250 A Ovtbd. 


2 


D 


A 


2 


5200 + 33,250 = 38, 450- A**t 


Three-Point Landing 



% ~ 


91,100 ( 40Q .r....ii) xi = 40,4004 

400 

Loads ecmal to each wheel. 


Loads at Axle 


y n = 40,400 (cos 


D Q s 40,400 (si 


.922 
22°45 1 ) 

.387 
22°45 *) 


= 37,300? Dp 

= -15,6504 Pwd 


***** 


Ling Diagram for Gear same as for Level Landing (See page 13'*:) 
Follow Similar Procedure as in Level Landing. 


Si de Brace Member 

P BF = 37,500 (i£§) 


= -30,800 lbs. Comp 
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39 ? 


Drag Brace 


-PC * 15,650 (Zfl|) 


=s 46,700^ Tension 


Reactions 


Point B 


V B = 30,800 ( 


30 \ _ 


42.4 


) =s -21,700 Down 


S B = SO,800 ( 30 ) = 21,700 


Inbd 


42.4 


Point C 


Vp = 46,700 ( 


30 


52.45 


) = 26,700 Up 


43 


D. = 46,700 (. 
c ’ 52.45- 


) = 38,300 Aft 


Point A 


V A = -26,700 + 21,700 - 37,300 = -42,300 
D a = -38,300 + 15,650 = -22,650-". Fwd. 
S A = -21,700 Outhd. 


-pint F - Leads on Shock Strut 

yp = 26,^00 - 21,700 = 5000* Up 
Dp = 38,300 Aft 

Sp x: 21,700 Inbd. 

***** 


Axle 


Bearing Loads 

* 

V s = 37,300 (|y) = 14,350 Up 

D t = 15,650 (5 ) = 6,020 Fwd. 

J T3 

V K = 37,300 - 14,350 = 22,950 Up 
= 15,650 - 6,020 = 9,630 Fwd. 
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Down 






Section .J-J 


Shear = 


14.350) 2 + (6.020 ) 2 = 15,550# Up-Pwd* 


Section K-K 




Shear = / (37,-500) 2 + (15.650) 2 - 40,400# 


Moment = 40,400 x 5 = 202,000"# 


Section L-L 

M « 10 x 40,400 = 404,000”# 
S = 40,400# 


Inner Oleo Tube 

Section M- M 

Sheer = 16,650 FVrd. Below M-M 

* 

M„ = 15.650 (16) = 250,500"4 
»> 

M n = 57,300 (17.5) = 653,000"# 

“Resultant = )* (653,000) 2 ' + (250,500) 2 = 698,000"# 

Oleo Bearing Loads (On Inner Tube) 

% = 15,650 (i2d£) = 23,100 Aft. 

33*5 

% = 23,100 - 15,650 = 7,450# Fwd. 

S„ = S« = 37,300 (—|) = 19,450# Inbd. Outbd. 

"*■ uOi O * 

Resultant bearing Load = / (23,100) 2 + (19,450) 2 ~ 30,200# 


Section N-JT 

Shear = + (19, 450) 2 = 20,850# 

Oloo Fluid 

Load = 37,300 h Compression 
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Outer Oleo Tube 



Section K-M 

Shear = 30,200# 

Torque = 17.5 (15,650) = P. ; v = -274,000"# 

S ection F-? 

Torque = -274,000"# 

Axial Load = -5,000# Compression 
Shear (Below F-F) = 30,200# 

A 

Shear (Above F-F) 

9 

% 

# 

= S F - S M = 21,700 - 19,450 = 2,250* Inbd. 

= Pp - D m = -38,300 + 23,100 = -15,200'/ Fwd. 

Shear Resultant (Above F-F) = Y (2,250) 2 + (15.200) 2 = 15,350# 

M = (11.5) 30,200 = 347,000"-* 

Section N-1T 

Torque = -274,000"# 

Axial Load = -5,000# Comp. 

Shear = 15,350# 

% = 19,450 (33.5) - 21,700 (22) = 173,500”# 

M s = 23,100 (33.5) - 38,300 (22) = -68,000"# 

Resultant = Y (68,000) 2 + (173,500) 2 = 186,500"# 


/ 
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*io[ 


Loads Axle - Point 0 

Kg = 7,340 (18.5) X l| = 203,600"? 

V 0 = [iS,340 x (.922) + 7,340 (.387)J x 1.5 = 22,700? 

T> 0 = [7,340 (.922) - 13,340 (.387)"] x 1.5 = 2,385" 

» 

S G = 13,340 x 1.5 = 20,000# 

% = 7.15 (20,000) = 143,000"?? 


5’ide? Br*c.e 


BP 


20,000 (71.55) - 22,700 (17^5) 

21.2 


L — 48,800$ Tension 


Praf, Brace 


P 


FC - 


2,365 (54.5) + 205,5 00 = ml Comp 

(24.6) 




Reactions 

Point B 


V R = 48.800 (_|SL) = 34,500 
» 42.4 

Up 

S B - 46,800 ( 4 ^° 4 ) = -34,500 

Oi.) t bd 

Point C 


V, =13,560 =-3,160 

Down 

B c = 13 ' 560 ( 6&5> =-n,M6 

x*Vd. 




oint 



V A = -22,700 


I 

34,500 + 7,760 =-49,440# Down 


P A = -2,385 + 11,100 = 8,715 Aft. 

5. = -20,000 + 34,500 = 14,500 Inbd. 
A ' 
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l Jo2 


Point F 


Vp = 34,500 - 7,760 = 26,740*; Up 
Sp = -34,500# Outbd. 

Dp =-11,100^ Fwd. 

***** 

Axle 


Bearing Loads 

+* m* *m—Mm* * mm+*mm . i ■ » ■ i 



-20,000 (17,05) + 22,700 (5) 

13 


-17,500# 


Down 



= 40, 200 <! TTp 

^ (5) 2,355 + 143,000 

13 


11,900# Aft. 


D k =2,365 - 11,900 = -9,515# Fwd. 
Section J-J 

Shear ^YT^SOC) 2 + (11,900) 2 = 21,150# 


Section K-E 

>1111 — am 1 II >■ II > mmm ■■■ a . - 

Shear = V”(22,70C) 2 + (2,386) 2 = 22.P00# 

M d = (17.05) 20,000 - (g) 22,700 = 227,500"# 

Iv'v « 2,385 (5) + 143,000 = 154,900"# 

^Resultant =/ (227,500)2 + (154,900)2 = 275,000"# 
Axial Load = 20,000# Ccmp. 

Section L-L 

« 

Shear = 22,800# 

Torque = 203,600"# 

M d = (17.05) 20,000 - (10) 22,700 = 114,00”# 

My =10 (2,385) + 143,000 = ]S6,850"# 

' = V {114,000) 2 •+ (166,850) 2 = 202,000"# 

♦ 

Axial Load = -20,000 Comp* 
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4 


Vo 3 


Inner Oleo Tube 

Section M-M 



Sr* r/c 

P a StTi O/J 

Ft<$, 7 


k 


l 



Shear 



20,150# 


Mg = 203,600 + 2,385 (13) = 234,600”# 

M d = (30.05) 20,000 - (17.5) 22,700 = 205,000"# 

^Resultant = V (205,000) 2 + (234,600) 2 = 312,000# 


Oleo Bearing Loads on Inner Tube 


Dv = 

I • 


203, 600 + (49.5) 2,S»5 

36.5 


=-8,°10# Fwd. 


Djj = -6,810 + 2, 3^5 = 6,425 Aft. 
Sw (66.55) 20,000 - (17,5) 22,700 


'M 


36.5 


-25,600# Outbd. 


Sj| = 25,600 - 20,000 = 5.600# Inbd. 
Section N-N 

Shear = *y “j"goo)’2 + (6,425) 2 = 6.530# 
Oleo Flui d 

Load on Column of Oil = 22,700# Comp, 


Outer Oleo Tube 

• mmmm rn m mmmmm ■ i ot 

i 

Section M-M 

■ m i - • - — 

Torque ~ 143,000 + (17.5) 2,385 = 164,700"-# 
Shear = "V (25,600) 2 + (S.filO) 2 = 27,100# 


Section F-F 

Shear (below F-P) = 27,100 

M = 27,100 (11.5) = 312,000"# 
Torque = 1% = 184,700"# 

Axial Load = V p = -26,740# Comp. 
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S/o*i 


Section N-N 

Torque = 164,700"# 

Axial Load = -26,740# Comp. 

Shear! Sp - S M = -34,500 + 25,600 = -8,900# 

D p - d m = -11,100 + P,810 = -2,290# 

Shear = J (8,900)2 + (27290)2= 9,200# 

J * 

= -34,500 (25) + 25,600 (36.5) = +72,500”# 

Mg = +11,100 (25) - P.P10 (36.5) = -45,000"# 

Checks M d = 5 x S A = 5 (14,100) = -70,500"# 

Mg = 5 x D a = 5 (6,715) = 43,600"# 

% 

“Resultant = /T^O, 500) 2“ + (43.600) 2 = 83,000"# 

Lug; - Point A 

V Al = \ (-49,440) = -24,720# Down 
S A (14,500) = 7,250# Inbd. . 

Da. = h (8,715) + . *?£> . T9£ = -35,130# Fwd. 

i 6 

V A?/ = -24,720# Down 

s Ao = 7,250# Inbd. 

\ = $■ ( R - 71 5) - 125|Z22. a 26,430# Aft. 

n roblen As s1frnment 

► 

1. Check all computations in the text being sure that you thoroughly under¬ 
stand each set of data. 

2. Make a summary of design axial loads, shears, moments and torsion by 
completing the table attached. This sheet will give a complete resume 
of load data for the landing gear. 
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Assignment 14 

DESIGN OF LANDING GEAR MEMBERS 


The previous assignment dealt with complete loads, shears, moments 
and torques on the landing gear members. This assignment will concern the 
detail design of the members themselves. Fig. 1 is a sketch of the design 
arrangement for the gear. 

# 

/ 

The allowable unit loads are based on the valuer..given in ANC-5. 

In the following example we. adhere to our standard nomenclature which 
is as follows: 

I = Moment of Inertia of a cross-section. 

0 2 = static moment of a cross-section. 

O.D. = outside diameter. 

I.P. — inside diameter. 

A = cross-sectional area. 

Z = i = section modulus. 

y 

“ fiber stress in bending. 
f 0 = fiber stress in compression. 
f g = fiber stress in shear. 

Jt = stress ratio = Actual load per so. inch 

Allowable load per so. inch 

il 

S = Shear on a cross-section. 
p = Compression end load on a cross-section. 


Only representative critical sections are investigated in the sample 
analysis to follow. In an actual analvsis it would be necessary to investi¬ 
gate- a great number of additional points to secure an adequate analysis. 

For the purpose of illustration only tho*e most critical will be investi¬ 
gated. The sample calculations are representative of an actual analysis. 


14-1 

ETI - Advanced Stress Analysis 






14-2 


ETI - Advanced Stress Analysis 

















Hjc? 


Design of Axle - C.M. Stee; 1 Forging* 


Section J-J 


load - Shear = 21150 - Side Landing 


O.D. 

I.D. 


3" 

2-11/16" 


A = 1.396 sq. in 
I = 1.41 


0 = .632 
t = 5/32” 


f - 30. 
s bl 


21150 x .632 


2 x (2L) x 1.41 

32 


= 30,300 lbs. per sq. in. 


H.T. 


160,000 - 160,000 


Ml. Shear = 95,000 lbs. per sq. in. 




•‘US. = 


95,00 0 

30,300 


- 1 = 2.13 


Section K-K 


Loads - Shear = 47,000 lbs. - Level Landing 


M = 275,000"# 


- Side Landing 


P = -20,0004 



O.D. = 

I.D. = ‘4-3/16" 


1 

A 

n 

•j 


5.035 

2.13 

2.24 


D/t = 28.8 
Q = 1.47 


f b - • 55 123,000 lbs. per sq. inch 


2.24 


of) or*n 

f„ = —jlL— . = 9,400 lbs. per sq. inch 

2.13 


All. Vod. of Rupture = 167,500 lbs. per so. inch. AFC-5, page 4-22. 


P _ 123,000 9,400 

167,500 160,000 


734 + .059 = .793 

- 1 


M.S. = 


.793 


- 1 = .26 


qo 47,000 x 1.47 

J> —« O s< __ * 

s - 


bl 2 x (JL.) :< 5.035 

32 


- 44,000 lbs. per sq. inc^ 




= if i P - 22 - i = i.ie 

44,000 - 
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Section L-L 


HN 


Loads - 


S 

T 

M 

P 


22,800 “ 
203,600"'/ 
203.000"// 
- 20 , 0001 - 


Si do Landing; 


o.r. 

i.r. 


S = 47,000// 

M = 470,000"# 


= 5" 


= 4* 


in 


o _ 470.000 
A b “ 


Level Landing 


I = 
A = 
l'/t 


10.55 
o.73 
= 20 


4.22 


~ 111,500 lbs. per sq. inch 


0 = 2.82 
Z ~ 4.22 


Level Landing 


/II. Modulus of Rupture — 1^8,000 lbs. per sa. inch. 


M.S. = 


188 


111.5 


-1 ~ .68 


f 


s 


47,000 x 2.82 _ 

—______-25, 200 lbs. per sq. inch - Level Landing 


**** 


Side Landing 

fb ~ ~^jl 222. = 48,000 lbs. per sq. inch. 

*X « C* G> 


_ TR _ 203,600 x 2.5 _ _ . 

S T ~ 21 2 x 10755 ~ 24 » 100 lbs. P^r sq. inch 


f 


s Horiz. Shear bl 
at N.A. 


- SQ _ 22,800 x 2.82 


5- V i'o“5~ ” 1 2 > 200 lbs. per sq. inch 


r = 20.000 _ 

* c 3.73 


-5,360 lbs. per sq. inch. 


Comp 


f 


(at I-I.A.) 


24,100 + 12,200 = 36,300 lbs. per sq. inch 


M. S. 


~ 95 


36.3 


- 1 = 1.61 
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At Extreme Fiber 


4/2 


twur. = /(24,100) ^ + (iM2? I_5ji62) 2 = 36,000 lbs. per sq. in. 


All, Tor, Mod. of Rupture - .655 (160,000) 


105,000 lbs./sq. in 

ANC-5 


M, S. — L • G, 


CT 


inflix# 


f b - * (f 


b 


+ f c) + 



f .) 2 + + f °i 


2 


= 48,000 - 26,680 + (36,000) = 57,300 lbs. per sq. in. 


M 


•»• S • 


_ 186 


57.3 


- 1 = L.G. 


Design Inner Oleo Tu be 

Section M-M 


Loads - S = 11,400# - Level Landing 

M = 817,500”# - Level Landing 

Fluid Column Load - 45,600^ - Level Landing 


O.D. 

I.D. 



I = 5.178 
A = 4.12 sq. in. 

Q = 3.48 


* _ 817,500 

f b ~ -snw- 


158,000"# 


t - 1/4 
D/t = 5.5 

174 

l/d = 41 • 5 

5.5 





= .-. I - 4Q - = 15,350 lbs. 

5.178 xf 


per sq. 


inch 


Hoop Tension Fluid Pressure = 


= 2,320 lbs. per sq. in 
Tf_ ' Level Landing 


4 


F.T. 


= Yjj t- - 23,200 lb 


s 


ner sq. inch 


Y - / 77 T~* C M 2 i_ ( 158,000 - 23, 200 N 2 

9 - { 15, 35W + ( -g- 1 - ; - 69,500 lbs. per sq. m. 
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-V /3 


All. Tor. Mod. of Rupture = .62 (160,000) = 99,200 lbs. per sq. in 

ANC-5, page 4-12 


M. S * = 


99,200 

rrrT-r - 1 



= .43 


All. Bending Modulus of Rupture = 184,000 lbs, per sq. in. 


M.S. 


184,000 

158.000 


= .16 


Section N-N 


Leads - Shear = 24,300 lbs. 


0.0. = 5 1/4 
I.D. = 5 


I = 6.612 in. 

A = 2.02 cq. in. 


f 


24,300 x 1.64 _ 0 , 

.25 x 6.61 ~ 2z,100 lbs. per sq. an. 


V! C- 


Z = 2.52 
f = 1.81 
Q = 1.64 


— 95,000 -j — jr 
24,100 " L ' J ' 


Outer Oleo Tube 


Section 





Loads 


S = 30, 200 ^ 

T = -274,000"4 
Fluid Column Load = 



-37,300# 




= 1,900 lbs. 


per sq. 


an. 


O.D. 

= 6 1/4 W 

I = 12 

Q = 2.37 

I.D. 

= 6 ,f 

A ~ 2.43 

D/t = 50 

II 

CO 

4-s 

30,200 x 2.37 
.25 x 12 

= 24.800 lbs. per eq. in. 

(—) At N.A. 

01 


S/o 


(Torsion) 


~ *~2~x~I^ (3.12) = 35,600 lbs, per sq. in. 


f 

s (Total) 


35,600 + 24,800. = 60,400 lbs. per sq. in. 


M.S. = 


_ 95,000 


60,400 


- 1 = .57 
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4VV 


f 


1?*T. 


1 QOO x 6 

= •^ r '—™ = 45,600 lbs. per sq. in 
2 x .125 r n 


= j(— l - 6 r -9 .) 2 + (60,400) 2 = 64, 


•,600 lbs. per sq. in. 


All. Tor. ,,r od. of Rupture =. .5 (160,000) 

D/t = 50 h/" ~ 4.° 


= 80,000 lbs. per sq. in 


M.S. 


_ 90,000 
64.60C 


- 1 = .24 


Section F-F 


Loads - 


M 

P 

T 


P 

r* 

o 


M7.000*4 

-6,000 ■I’ Comp, 

274,000"# 

1900 lbs. per sq. in. 
30,200 lbs. per sq, in. 


O.D. 

I.D. 


6 3/8” 
6 ” 


A 

I 


3.73 

17.7 


3-Point Landing 

Q = 3.67 
D/t = 34 


f b “ * 3,187 55 62 > 50c lbs - P° r sq. 


f 


(Torsion) 


= 274,000 
2 x 17.7 


x 3.187 = 24,700 lbs. per sq. in. 


* - SQ _ 30,200 x 3.67 __ 

* s (Hori z ) bl “ ■ —~TrT~ ~ 16 * 700 lbs * P er 5C 1. in. 


f ~ -5000 ~ 
C 3.73 


-1340 lbs. per sq. in. 


f 


H.T. - - 


_ 1900 x 6 _ . Ari 

= 30,400 lbs. per sq. in 


2 x .187 


(Ma x. ) 


(24 700) 2 + ( iS4-0 + 62,500 + 30,400 ^ 

2 


2 


52,000 lbs. 
per so. in. 


All Tor. Mod. of Rupture = .575 (160,000) = 92,000 lbs. per sq. in. 


M.S. = 


92,000 _ 1 
52,000 


= .77 
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Section N—IT 


u/f 


Loads - 


M 


S 

v 


T = 

p = 


1° 6,500"ft 
15,350"ft 
-5.000 
-274,000"^ 

1900 lbs, per sq. in 


3- p oint Landing 


O.D. 

I.B. 


= 6 1/4" 
= 6" 


I = 12 
Q = 2.37 


A = 2.43 
D/t = 50 
L/D = 4.8 


= 186,500 x 3.12 

12 


1 = 48.500 lbs. per so. in. 


f c = 


-5000 

2.43 


-2060 lbs. per sq. in 


f 


K.T, 


L 9 ™LZ_1 = 46,400 lbs. per sq. in 
•1^5 x £ 


f 0 = SQ - Aft? 350. x 2_.37 _ 12 100 lbs> per sq , in . 

r or T ' * * 


M 


.25 x 12 


f„ 

°(Torsion) 


= - 35 600 lbs. per sq. in 

2 x 12 ' r 


r = 



(35.600) 2 + (i ^ 5 . 00 . . . .t.i 6 .^ 40 P - + - - 2 --—) 2 = 60,000 lbs./sq. in. 


All. Tor. tlod. of Rupture = .5 (160,000) - 80,000 


M 


.3. 


80 . 1 
60 


= .33 


** + * 


Side Brace Tube - C.M. Steel Tube - Welded Lug Ends 

H.T. after Welding = 160,000 lbs. per sq. in. 

All. = .80 x 160,000 = 128,000 lbs. per sq. in. 
Use Column Yield Stress = 100,000 lbs. per sq. in. 
Use Curves Columns 


A?!C~5, page 4-16 

9 

P BP - -37,350 Use full length = 42.4" (conservative) 

Tube 2" x .120" =.666 L/> =63.8 

6 

Allow. P /A ~ 65,000 lbs. p€^r sq. in. 


A = .7087 
sq..in. 
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f 4* 


Actual P/A ~ 


-37,350 

#7087 


- -53,000 lbs, per sq, in. 


M.S. a 


|| - 1 = .22 


P BF = 48,800 Tension f“ t - = 69,000 lbs. per sq. in. 


M.S. z 


_ 160 


69 


- 1 = 1.31 


Drag Brace Tube 


C.M# Steel - Tube - YJelded Ends (see previous page) 


P FC = 


- 26 , 600 # 

46,700# 


L - 52.4" (conservative) 


2 1/4" x .083" 


A = ,565 sq. in. 


P = .766 


L/P = 68.4 


All. P/A = 57,800 lbs. per sq, in. 


Actual ?/k - 


■ 26,600 
' .565 


= 47,000 lbs. per sq. in. 


M.S. = 


57.800 _ , 

47,000 


= .23 


Torque Link — Alum, Alloy - 17ST Processed Billet Forging 

ULT = 50,000 #/o-0 with 
Y.P.= 28,000 #/o"J grain 
Elon. = 16$ 

1 


TORQUE 



-Z.7 4 000' A//1K.-3 pr. A>fl/VD//V(S 


Qnotz:\ this Distance 


Z 7 -) o 00 
to 


it 


Z 7 4 00 





(g)*Z7 4°0 


Ft&. 3 


fib. Z. 


R* 


= Z 7. 400 * 

' _ XI. 400 



X, 


T. /3. 700 
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H)7 


Section 7-Z 




Bending Mom. = 5 x 27,400 = 137,000"# 

Shear = 27,400? 

M 

I - ~ * 2 x (5) 3 -i.xl.5i C4) 3 = 12.8 in. 4 



{V = jjZj—92 x 2.5 = 26,POO lbs. per sq. in. 

b 12.B 

M.S. = 1.5 x 28,000 _ i _ g 7 

26,000 - 

Q N A = (2 x -^) 2.25 + 2 x % x 1 = 3.25 

fg = lLig£j= 13,900 lbs. per sq. in. 
s .5 x 12.B * * 

All Shear = 30,000 lbs. per sq. in. 

M.S. ~ L•G• 


Probl em Assignment . 

♦ 

» 

(l) Make* a complete check of the design of members given in the text. 
Note that for the heat-treated steels used in the landing gear, the 
Moduli of Rupture in shear, bending and torsion are used, based on 
the allowable values from ANC-5. 
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.Assignment 15 


ANALYSIS OF tfELDED STELL TUBE ENGINE tfOTJNT 



Note: The method given for engine mount analysis is also applicable to a 

trussed fuselage. 

1. Space Diagram . 

The first stop in the solution of a truss type engine mount is to draw 
a center line diagram of the members to scale. This tvpe of structure is 
best solved gr&phicallv so that an accurate space diagram showing side, top 
bottom and cross-sectional views is essential. For the purpose of graphic 
analysis the p rojecti ons of the members in the side truss are used. It is 
then necessary to correct the loads in members which do not appear in their 
true length in a side view and to account for the effect of their side com¬ 
ponents in loading the top ^nd bottom trusses. 


2. VJoight and Balance of Dor.d^ hood. 


The second step in the solution involves the determination of the dead 
loads which are to be carried by the structure. For this purpose it is 
necessary to have the weights and locations of the different items which 
are to be supported by the truss. The weights and centers of gravity of 
purchased parts suc v as propellers, engines, engine accessories, starters, 
etc. mav be obtained from their manufacturers. Structure, cowling, oil 
tanks, the oil system and controls weights must be estimated or calculated. 
For t v e airolane as a whole a complete weight and balance estimate is 
required. This is errived at bv c’oosing a set of coordinate axes perpendi 
cular to end other and so located that thev lie forward of and above for 
below) all parts of the airplane, for convenience in keeping ell lever arms 
to weights of the same sign. Each main item of dead load is located to 
scale on a balance diagram. For convenience items ere generally grouped 
into assemblies, and a number of miscellaneous items in the same locality 
will generally be consolidated into one main item before env attempt is 
made to distribute the lords to the respective panel points. For the 
engine mount the same reference axes arc used as in the weight and balance 
estimate, thus simplifying location of loads. The weight and balance 
diagram for the engine mount which wc v r ill analyze ore shown on fig. 2, 
page 15-4. 

3. Distribution of Dead Lo ad to p ane 1 j o i nts . 


r or the method of distributing loads 
points r ':fer to Fig, 1. p anol points are 
distributed is represented bv W. 


inside tho structure to panel 
A, B, C, and D. The Load to be 


Alon£ AC; 




At As 
At C: 


W <--K> 

hi \ / d 


<*><rT-„> ( oV 


“d' 


A1o ng gP s 


W (_?--) 

n D: (iV)(“—)(7T 


f 


f 


) 

) 
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For loads inside the structure the general case covering distribution to 
anv number of panel points is as follows: 


Panel Point 

eight 

Horizontal 

Vertical 

m m » ft 

a) 

All 

W 

Arm 

X 

Moment 

V/>: 

Arm 

__ 

Moment 

_'_>y _ 

(2) 

A 


*a 

vf a x a 

ya 

w a '/a 

(3) 

B 


x b 

Wb x b 

7b 

,v b yb 

(4) 

C 

Wc 

Xc 

etc. 

Wc x c 

y c 

vr c yc 

(3) 


W 

* 

Wx 

y 

W y 


vfp 9 etc. rm'st bo chosen sue^ that line (b) which is the sum of 
lines (2), (3), (4), etc. is eaual to line (l) as to original weight and 
horizontal and vortical balance. 

Loads forward of the engine ring are grouped for convenience into a 
single resultant load, acting at the center of gravity of the entire group 

See Table 1. - 


Tables 2 and 3 illustrate the method of distributing the loads to 
panel points. The horizontal and vertical distances to the panel points 
are tabulated for reference. Their use is illustrated in the appo tion- 
ment of the structure and cowling to the panel points, ^or convenience 
in taking the weights from the weight and balance report for the entire 
airplane it is customary to use the total for the entire ship and uo 
divide the final values to correspond to the loads for one truss of one 
engine mount. In our example we will use the loads for one nacelle com¬ 
plete and divide by two to get the final loads for one truss. 


In addition to the dead loads an engine mount is subjected to loads 
from engine torpuo end in certain cases to loads from landing chassis. 
Also for the flight conditions it is nccessarv to take into account the 
thrust of t^e propeller, the drag of the nacelle proper, and the fore and 

aft components of the inertia loads. 


A 

Design Condi tions (Civil Aeronautics Authority) 

i m\m »> ■ i' h i « ■ i n *» » 

The engine mounts and nacelles must be designed to meet the loading 
conditions corresponding to env of t^ose computed for the wing, tail 
surfaces and fuselages in the preceding assignments. Since the weights 
in the engine section remain practicallv constant while the weight of the 
airplane as a whole is varied, it is obvious that the worst gust loads 
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will be encountered at minimum flying weight for the airolano e.s a whole. 
The following are the minimum coraiitions-which-must be investigated. 


1. High Angle of Attack at Li ght Load . (Condition I) 

'(a) The vertical and fore and aft dead weight factors-ere determined 
in the manner given in preceding assignments. The propeller thrust and 
nacelle drag are taken for a speed of V L . The torque loads which must be 
combined with the dead weight loads are based u^on the normal rated engine 
RPM and power which gives the speed Vp. 


(b) Seventy-five per cent of the dead weight, thrust and drag loads 
from Condition I are combined with torque loads obtained by using the 
full rated take-off engine R r 'M and power. 


(c) Torque . Torque loads are computed by the formula given on page 15-7 
The torque from this formula is actua l or basic torque. Design load factors 
must be added as follows: 

4 

% 

For a 2-cvlinder engine, 6 

v or a 3-cylinder engine, 4.5 

^cr a 4-cvlinder engine, 3.0 

For 5 or more cvlindcrs, 2.25 (our case) 

2, Sid ©_ Load on En gine Moun t. 

The design load factor is one-third of that for Condition I (light 
load gust). The loads are assumed to be due to sideward inertia forces. 

The design factor shall in no case be less than 2.0. No other loads are 
considered acting. This condition is used to insure rigidity in the 
cross bracing members of the top and bottom truss. 

»3. Landing Conditions, 

The engine mount must be designed to withstand any landing condition. 

For land planes it is generally true that light load gust factors are 
greater than the landing factors so that landing loads are not critical. 

For sea-planes and flying boats the landing factors are in general con¬ 
siderably higher than the flight factors, so that landing loads design the 
engine mounts. 

4. Up Load on Engine Mount. 

The engine mount must be designed for the maximum inverted flight 
load. Where the inverted flight load factors are smaller than one-half 
the landing load factor, the load in each member shall arbitrarily be 
assumed to be 50 per cent of that for level landing but opposite in sign. 
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Horizontal Reference] Line 


Hz-l 


5. Nosing O ver . 


vVhere the engine will strike first in nosing over an investigation 
should be made for the loads sustained when the ship is on the main wheels 
and the nose, with the load factor being the same as for level landing. 

For this condition the gross weight of the airplane acting through the 
center of gravity is bela.nccd by parallel acting forces on the nose of 
the airplane and the main wheels. The attitude of the airplane is deter¬ 
mined by its geemetrv. 


Vertical Reference Line 


l<?2,5 


223,5 


I 


2/7 



Fig. 2 

height and Balance Diagram for Engine Mount 

Note: Reference'lines for vertical and horizontal distances agree with 

those on page 16-9, Assignment 16. 


The items shown on Fig. 2 have already been condensed into a rela¬ 
tively few groups. A full weight and balance diagram would normally include 
n much larger group of items, which would condense to approximately the 
values shown hero. Note that the items ahead of the engine mount, (that 
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is, the engine and propeller), have far more effeet on the design loade-lii 
the members than do those behind the ring. For preliminary design it is 
possible to consider the engine and propeller only, neglecting the effect 
of structure W'ight, in preparing an estimate of sizes for the mount. For 
f nal design the weight of the mount structure may then be taken from calcu¬ 
lated weights. 

The engine mount structure must be laid out carefullv to use the 
available attachment points on the wing or fuselage and still clear all 
accessories on the engine. The line design shown in the example is for 
analvsis illustration purposes only and is not intended to work with any 

* i« • t 

particular engine. 


TABLE I 

ITEMS FORWARD OF THE STRUCTURE 




Forizontal 

Vertical 

Item 

Weight 

Am 

Moment 

Am - 

Moment 

p ropcller 

Engine, including 

400 

170.5 

68,200 

217 


Accessories 

1300 

183.5 

238,550 

217 


Total 

1700 

180.5 

306,750 

217 


Forward of Structure 







• 

ITEMS IN 

THE STRUCTURE 



Engine Mount 


• 




and Nacelle 

475 

205,5 

97,600 

217 

103,000 

Oil and Tank 

105 

221.5 

23,200 

215 

22,600 

Total in Structure 

580 


120,800 


125,600 


TABLE II 


DISTRIBUTION 

OF ITEMS 

IN STRUCTURE TO 

PANEL POINTS 


Panel 


Horizontal 

Vertical 

11 mi 

Point 

Weight 

Arm - Moment 

Arm - Moment 

Engine Mount 

lu 

138 

192.5 

202 

and 

lL 

138 

192.5 

232 

Nacelle 

2u 

100 

223.5 

'205 

Oil and 

2L 

100 

223.5 

229 

Oil System 

lu 

4 

192.5 

202 


lL 

3 

192,5 • 

232 


2u 

57 

223.5 

205 


2L 

41 

223.5 

229 


* 
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TABLE III 

TOTAL PAKEL POIKT LOADS - ONE NACELLE 

Horizontal Vertical 


Panel Point 


Load 


Arm 

Moment 

Arm 

- Moment 

lu 

136 

+ 

4 

= 142 

IS 2.5 

27,300 

202 

26,700 

1 

138 

+ 

3 

= 141 

192.5 

27,100 

232 

32,700 

2u 

100 

+ 

57 

= 157 

223.5 

35,100 

205 

32,200 

2 

100 

+ 

41 

= 141 

223.5 

31,500 

229 

32,300 

Total 




= 581 

• 

121,000 


125,900 


against 120,800 against 125,600 
Table I Table I 

* * * * * 

¥ 

Basic Loads for 1-side of 1-nacelle are one-half the values shown 
on Table III. 

Where a number of conditions must be investigated it is convenient 

to work with unit loads. This is handled simolv for members forward of 

+» . * 

the structure by considering separately in turn the effect of say 1000 lbs. 

acting vertically, fore and aft, and sideward at the centroid of weights 

forward of the structure. In this case the weights at oanel points lu 

* • ^ * 

and lx, are also to be considered. The panel points 2u and 2 l ere 
attachment points for the engine mount and their loads need not be included 
in analyzing the mount itself. 

' For illustration we will compute the actual loads for Light Load 
Gust, Condition I. Load factors are calculated as follows: 


The minimum flying weight from Assignment 3, page 3-18, is 13,290 lbs. 
The unit wing loading is therefore 


13,290 

1,010 


13.1 lbs. per sq. ft. 


Using the dnta from Assignments 2 and 3: 


_ JEL, m 

n l light .(575) (sj 


_ (.95)(30)(220)(4.4) 

(575)(13.1) 


(K for s = 13.1 = 1(13.1) 


1/4 


= .95) 


3.67 


n^ = 3.67 + 1.0 = 4.67 applied wing load factor 
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H2S 


For the balancing tail load with anv center of gravity, referring to 
Assignment 5: 


The greatest dead weight load factor is obtained with center of gravitv 
at 30 per cent of the mean ©erod.vnamic chord. 


C N = 


ni s _ (4,6 7 )(13,l) _ 


q 


123.7 


,494 


- 4.90 


C c — -.01, C c l ~ - ,100 - (-.20)(Cj\j) CP = .27 (most fwd.) 

T!F = .25 - £^1 or C^ 1 = -(.02)(,494) = -.01 

C N 

N x x = (0(J) = (-. 100) (i~y) = -.945 
Mi = (-.0l)(i||il) = -.095 



-.1365 from page 5-8. 


***** 


ATitb c.g. at 30 per cent, taking lever arms from Fig. 1 of Assignment 5, 
page 5-6, taking counter-clockwise moments around the center of gravitv 
as plus 

V 

( Nj ) (2.95) + .095 - (4.67) (.05) - (.945) (. 10) - (.1565) (.15) = 0 

2 . 95^3 = -.095 + .238 + .095 + .020 = .258 

F 3 = = .0874 upward or tail (say .09) 

2.95 


Vertical Dead Weight load factor, acting down, 

= -4,67 - .09 = -4.76 (applied) 

Horizontal Dead Weight load factor, acting aft 

* 

= ,945 + .1365 = 1.0815 (applied) 


Design Dead Weight load factors are 
■ 

- (4.76)(1.5) = -7,14 acting down 
+ (1.0816)(1.5) = 1.52 acting eft 


1 


f 


***** 
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Design Torq i w . 

According to requirements it is necessary to consider only 75 per 
cent of the light load gust factors to be acting with the torque from 
take off per'er or 100 per cent of the gust loads to be acting 7Jitb torque 
from maximum (except takeoff) power. Usually the difference in torque 
is not great and some analysis can be omitted by using ta keof f tor que 
with the full light load gust loads. This practice is rcTcomm*ndod. For 
our case take off power as given on page 3-18 is 1200 HP at 2600 RPM; 
gear ratio is 2:1, 

Then the basic torque at takeoff is 


(63,000)(1200) 

"T^eooJTH 


= 58,100 in. lbs 


The torque at normal power would be 


(63,000)(1000) 

“T2400W 


= 52,500 in. lbs 


The difference in torque if the maximum is used would have little 
effect on the final sizes of members. 


Adding the required safety factors from 60FR-04 the design torque is 

(58,100)(1.5)(1.6) = 131,000 in. lbs. 

The thrust for this condition is 2730 Ibr. for two engines or 1365 lbs. 
for one. Multiplying by the factor of safety the design thrust would be 
(1365)(1.6) = 2053 lbs.' acting forward. The estimated design drag of 
one nacelle at this speed is 400 lbs. This figure includes the factor 
of safety of 1.5. The net thrust load acting on one nacelle would then 

be 2053 - 400 = 1653 lbs. acting forward. 


***** 


Resume of Design Loads and Load Factors for Light Load Gust . 

Load Factors 7*14 dovm 

1,52 aft 


Torque 

Thrust and Drag 
(Resultant) 


131,000 inch lbs. 

1653 lbs. acting forv/ard 
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Since it is possible that under some unusual condition power mnv be 
lost, it is advisable to consider the dead loads either with or without 
thrust and torque whichever gives the more critical loads. This is 
accomplished by tabulating the incrcnents o*' loads in members due to 
thrust and torque and to dead loads separately and taking the summations 
of loads in each member which give the greatest combined effect. The 
method will be illustrated. 

Our first step is to draw the space diagram for the mount, Fig. 3, 
and to locate the center of gravity of loads forward of the engine and 
place the panel point loads. Fig. 4. At this point we will compute the 
correction factors for the members which do not appear in their true 
lengths in the side view, since the solution of truss loads is to be 
graphic, and based on the projected side vie'.v. Fig. 5 illustrates the 
method of apportioning the torque between the top and bottom trusses, and 
the side trusses. The loads due to torque are applied at the engine 
ring. Where either a top or bottom, truss is cut out to clear accessories 
all of the torque is assumed to be carried as a couple on the side trusses. 
Torque loads add to the dead weight loads in members of the side truss 
since the effect of torque loads is to give upward loads on one side and 
downward loads on the other. 

Where the torque loads are not easily balanced as in this case of a 
symmetrical truss it is possible to calculate the exact distribution by 
methods Involving consistent deflections, (beast Work) This procedure 
is not usually required. Instead it is possible to make over-lapping 
assumptions, such as assuming two-thirds of the total torque carried as 
a couple on tep and bottom trusses, and two-thirds carried on side 
trusses. It is not generally advisable to put much faith in Least Work 
analyses on engine mounts, because of the errors introduced by the use 
of the rubber shock mounts. 

The foregoing method of analysis has assumed rigid attachment 
between engine and engine ring. Dynamic suspension, where shock mounts 
are used at the points of attachment of engine to the mount, are of such 
a variety and are being changed and improved at such a rate that no 
method successfully covering all of them can be given in the scope of 
this course. The distribution of load for such a mount depends upon 
detail design, ratio of the spring rates of the absorber unit in different 
directions, etc. Specific advice on a particular installation can 
usually be obtained from either the engine or the shock mount manufacturer. 


Assignment: 


Using the method indicated on Figs. 3, 4, and 5 obtain the loads in 
the members of the engine truss for Condition. I. Light Load Gust. Work 
is to be done graphically and correction factors applied to obtain true 
loads in members as explained in Assignment 4 of the Basic Analysis Course. 
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2u . 34-50 



stress Diagram for Horizontal LDad 

Stross Diagram for Vertical Load 1" = 1000# 










ft 


<r 


Fig, 5 - Front Vie w 

Showing method of distributing torque to top and bottom 

trusses and to side trusses, 

***** 

Vertical couple = (2)(1020) = 2,040 lbs. 

Horizontal couple = (2)(l510) = 3,020 lbs. 

Design torque = 131,000 lbs. 

Tangential reactions at 4 points on ring = "(ly^lB ' )" = 1820# 

***** ^ 

A 

Components are 1020 vertical 

1510 horizontal 

r Che cl-: of torque moments: 

(2040)(20) = 40,800 
(2020)(30) = 90,600 
Total = 131,400 
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Assignment 16 

* 


GENERAL OUTLINE 0* FT'SELAGE ANALYSIS 


A , Metho d of Annlvjsis. 

T v e general steps in the analysis of a fuselage of the semi-monocoque 
tvpe used on transport airplanes will he outlined here. 


1 , W eight a nd Ba 1 a nee and_ vrei ght d i strj.hu ti on. 

The dead vreight of structure and the vreight and location of variable weight 
items such as fuel in the fuselage, passengers and cargo must be determined 
from a weight end balance estimate before the analvsis of the fuselage 
structure' can The*weight estimate gives the weights, and locations 

with respect to a set of horizontal and vertical reference axes of these 
items. It is generally necessary to make a redistribution for analysis 
purposes. For trussed type fuselages this redistribution consists in appor¬ 
tioning the loads to panel points by the same method used for engine mount 
analysis. For a monocoque structure the loads are assumed to be transferred 
to thG structure at their respective centers of gravity. A series of con¬ 
centrated loads having the same value are assumed to be a uniform load over 
a section of the fuselage• Structure weights are assumed to be a series of 
uniform loads or of uniformly varying loads depending on the actual weights 
of the fuselage cross sections at different stations. The final center of 
gravity of the distributed loads must check the original center of gravity 
in both the horizontal and vertical directions. Fig. 1 shows a typical 
fuselage- loo ding diagram. 


e. 



o of weights in fuselage and possibl e c.g. p ositio ns . 


All loading conditions must be studied to determine the worst loading cases 
for the fuselage. For example the forward portion of the fuselage which 
has fixed weights (the crew) will probably be designed by the light load 
gust condition in which the rest of the fuselage is carrying minimum weights 
The aft portion of the fuselage may bo designed by an intermediate weight 
condition in which the rear cargo compartments and rear cabin seats arc 
loaded at the same time that there is a downvrard load on the tail surfaces. 

The critical conditions arcs 


( v ) Maximum forward c.g. 

(b) Maximum aft c.g. 

with (1) Lightest possible load in airplane (light load gust) 

(2) Semi-light condition (max. fuselage load with minimum 
fuel load in wings) - designs fuselage proper. 

(3) Full gross with maximum fuselage load. 
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3* Unit de ad we ig hts . 

To facilitate compilation of load, shear and moment data for the different 
conditions of flight and landing it is advantageous to work up a dead weights 
load, shear and moment diagram with a load factor of one. This diagram is 
made for weights vertical and for weights horizontal, since in certain design 
conditions the dead weights have fore and aft components with respect to 
the horizontal fuselage reference line. For compilation of final values 
the resultant inertia forces acting in a given condition are resolved into 
horizontal and vortical components. These components are the multiplying 
factors to he used on dead loads to give their actual values in the design 

conditions. 


4. Design condi tion s. 

(a) The fuselage must be analyzed for any of the critical flight 
conditions for which the wings are investigated, including 
the effects of both inertia loads and tail loads. 


(b) The fuselage must be checked for level end 3-point landing, 
and where such a condition is possible for a nosing over 
condition in which the fuselage is supported on the main 
wheels and the nose and the load factor, taken perpendicular 
to the ground line is the same as for level or 5-point 
landing. 

(c) The fuselage must make good the side bending and twist 
occasioned T)v side loads on the vertical fin or by side 
loads on the tail wheel. 

(d) The fuselage must be able to take the wracking loads from 
a landing on one wheel, or from unsymmetrical loads on 
the wing or horizontal tail surfaces. 



For a monocoque fuselage allowance must be made, as on a nonocoque wing, 
for the fact that the sheet covering is only partially effective in com¬ 
pression. This means that the neutral axis at any fuselage station is not 
known when the shears and moments are calculated, and also that the neutral 
axis must be determined by cut and try methods. 


The vertical location of the neutral axis is not important when moments are 
computed for vertical loads only, but must be considered when horizontal 
loads exist since the latter loads have an effect on the moment except in 
the rare cases when they act at the rcutra-1 axis. Since the neutral axes 
not only are unplaced, but will vary in position along the length of the 
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fuselage a final correction must be made at each, station to obtain final 
corrected bending moments. Then for original data, when horizontal loads 
are present, the moments of the horizontal loads are computed about a 
reference horizontal axis and at each station a correction for eccentricity 
is made after the neutral axis is determined. The method is illustrated 

on Fig. 2. 

Reactions are supplied by the wings and tail surfaces in the flight con¬ 
ditions and bv wheels in landing conditions. A check on the reactions is 
obtained from those required at the fuselage in any particular condition. 
Where small discrepancies occur they are balanced by vertical couples on 

the spars. 


B. Desig n C onsider ati oris . 

The design of a monocoque or somi-monocoque fuselage is analagous to 
that of a stressed skin wing in many respects. The same fundamental stress 
distribution is assumed; that is the entire fuselage is assumed to act as 
a beam, with the panels of the skin transferring the shear load in diagonal 
tension. The general method of calculation of section properties and unit 
stresses has alreadv been given in the wing analysis. Certain special 
problems which also apply to stressed skin wings will be treated here, 
particularly those related to detail design. 

1. From the beam theory the unit stresses in the longitudinal 
stiffener and sheet combinations are proportional to the distance from 
the neutral axis. It is advantageous therefore to place the bending 
material on top and bottom in so far as this is consistent with the require¬ 
ments of side bending. This can be accomplished in a design where longi¬ 
tudinal bulb angles or T-sections are used, by placing heavy sections top 
and bottom and using light sections along the sides. In addition an 
additional economy in weight is generally gained because the heavier sections 
have higher allowable compressive stresses than the light ones. 

2. Since the shear stresses due to bending are a maximum at the neutral 
axis it would be advantageous to use the maximum gauge skin near the center 
(in side view) and use lighter sheets top and bottom. Practically this 

end may be only partially attained since the thin sheet on the top and 
bottom, when it is under compression loads from bending, wrinkles so badly 
that for sake of appearance as well as actual strength it cannot be reduced 

to gauges much lower than those used on the sides. 

3. The -.Vagner beam theory of shear transfer is applicable to the 
design of the sheet panels and rivet seams. If the theory were used to 
design frames and transverse stiffeners the results would be unduly conser¬ 
vative. The methods for design of frames carrying special loads will be 
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Fig- 2 

Level Landing Loads 
Shears, Moments 


On c ectijDp_ P-b 

0 

V-Shear = 100 + 200 + 300 

= 600 Its. 


A 


tef. JLm a 


m 


y 


'A 


e 


9 o 


2oo 


o! 



b 


C 


So 



f~ ^ 

Voo^l 


d \lco 


Compression =30+60+90 

= 180 Its. 

Mom. about Point "m n 
= 300 a + 200 b +100 c 
- (SO x 0 + 60 d + 30 e) 

neutral axis is "v" 

A 

inches below "m", then 
r inal moment about N.A« = 

•■■Tom. at f V f - 180 x v 

Seme method mav be applied 
to anv fuselage section. 










given. Frames which nre intermediate onlv, and carrv no special external 

load3 ere theoretically subjected onl^ to loads induced by the tendency 

• • > 

of the fuselage tube to flatten during bending. It may be determined from 
actual deflection measurements on a fuselage test, compared to deflections 
of the frames when loaded alone, that the loads induced in the frames by 
bending of the fuselage are very slight. 


4. 


(a) Longitu dinal seams in sheets . 

Longitudinal seams in sheets are most critical near the neutral axis, since 
their function is to transfer the longitudinal shear (the intensity of 
longitudinal shear at any point equals that of the vertical shear) from one 
sheet to another. The longitudinal shear may bo calculated from the formula; 


Specie. 



ems 




SQ 

bl 


and from torsion 

f — Torque 
s 2 At 


where S = total vertical shear 

Q = static moment of parts on the side 
away from the neutral axis 
b = sheet thickness 

I = Moment of Inertia of entire cross- 
section 


The values of "Q" may be taken for one side onlv if the sheet thickness 
of one side is used for u b n . After the value of f s is determined multiply 
it bv the sheet thickness to determine the running shear per inch. A 
seam mav then be chosen in which the rivets will develop the required 
strength per inch. A final check should be made to determine that the 
net area of sheet remaining after rivet holes are deducted will develop 

*»-• l 

the diagonal tension load in the sheet. For this purpose it mav be assumed 
that the diagonal tension per inch on the sheet is equal in intensity to 
twice the shear stress. Working backward from this assumption an allowable 
shear value for skin panels may be approximated as follows; 


Assume that the skin is 24 ST Alcl^-d for which the allowable tensile 
stress is 56,000 lbs. per sq. in. If the longitudinal seam were made with 
l/8 rivets 3/4 inch on centers the net length of sheet per inch would be 
1 - 4/3 x 1/8 = 5/G inch. Then the allowable tension load per inch on 
the net area would be 5/6 x 56,000 = 46,800 lhs. per sq. in. Since from 
the Warner theory the tension load is twice the shear load the shear 
allowable, 


P 

* S 


i!L22£ = 23,400 lbs. per sq. in. 


«or flat panels this value has been approached and even exceeded considerably 
in static test. For fuselages it must be greatly reduced because of the 
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curvature in the sheet, which actually doflects in bending as well as 
diagonal tension. Good average allowables for shear in fuselage Panels are 


10,000 

lbs. 

oer 

A* 

• 

cr 

CO 

in. 

for 

.025 

and 

under 

12,500 

T1 

ft 

it 

ti 

IT 

.036 

it 

it 

15,000 

n 

tl 

H 

11 

ft 

. 040 

11 

h 

17,500 

tt 

I! 

11 

«t 

It 

.051 

and 

over 


The above values are based on average curvature where the longitudinal 
spacing does not exceed seven inches. 


(t>) Verti cal and cro sswise s eams in sheets. 


Cross seams in sheets are designed primarily by the bending tensions. Com¬ 
bined with shear from vertical or side bending an- torsion. Since from the 
vfrgner Beam theory the shear is transmitted through diagonal tension at 
approximately 45° with the longitudinals, the crosswise loads per inch from 
shear due to bending are the same as the longitudinal load per inch. The 
torsion shear load may be represented by loads acting directly along a cross¬ 
seam. The loads which act on a cross-seam are therefore the vector summation 
of the longitudinal loads in the skin and the loads parallel to the seam 

• ?? h * re v th !. el S® brai0 summation of the bending and torsional shear loads, 
with the bending loads very much the more important factor. Suppose the 
unit tension stress due to bending to be 30,000 lbs. per sq. in. on the 
bottom of the fuselage, and the sheer stress to be 5,000 lbs, per so. in. 

Then per running inch the loads on .025 skin would be 750 lbs. longitudinally 
and 125 lbs. crosswise. The resultant diagonal pull would be 760 lbs. per 
inch A 2-row splice of l/s 17ST rivets - l/2 inch on centers would give 

the following values: Bearing for 17ST rivets = 2'0 lbs. each. Value per 
inch of spl?.cc = 4 x 230 = 920 lbs. (o.k,) ^ 


Checking the net area of the sheet. 

Net length per inch =1- 2x1/8= 3/4 in. 


Tension value on the net area 


760 _ 

3/4 x .025 



lbs. per sq. in. 


If the material is 24ST Alclad the allowable is 5S.000 lbs. per so. in 
and the splice is therefore o.k. 


( 0 ) Cutouts . 

♦ 

Cutouts are allowed for by framing them with enough material to more than 
replace the parts removed. It is essential that enough stiffness be present 
to resist the bending loads induced when the stresses are made to f3ow 
around the opening. Oponin-a which ore round or r~al are simpler to re¬ 
inforce than those which are square or rectangular because of the- absence 
of concentrations at the corners. 
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When cutouts, such as windows occur in the rectors of highest longitudinal 
shear their presence is allowed for by placing sufficient area between the 
windows to compensate for that cutout. In general this means that the 
sheet between windows will be twice as thick as that above and below the 
windows* See Fig. 3. 



If shear oer inch ~ 3C0 lbs. in .025 sheet shear across sheet between 

* 

windows = 500 lbs. per in. 

Unit stress in .025 sheet = 12,000 lbs* per sq. in. and in .040 sheet = 
15,000 lbs. per sq. in. 


5Ye will now consider the foregoing points 
lage for our type problem. The planview of the 
of passengers and cargo is shown on r ig. 4, png 


in the design of the fuse- 
fuselage with the arrangement 
o 16-*.• Fig. 5 shows the 


side view of the fuselage and the diagrams of lord distribution for maximum 
forward and aft center of gravity locations. 
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In calculation of the centers of gravitv lever arms to the different 
components ore taken from a set of horizontal and vertical reference axes* 

It is convenient to take t v e reference axis for horizontal leves' arms at 
the nose of the fuselage and.to number fuselage stages from t v> e some 
reference point, so t l, at the fuselage stations and v orizontal weight stations 
are the same* The reference line for vertical lever arms may he taken con¬ 
venient!^ oi)v place outside the structure* See Fig. 5 for an illustration 
of the use of reference axes. 

In determining the most critical loading conditions the intended use 
of the plene, the maximum length of flights required, and the maximum 
allowable loadings for the different baggage compartments must be considered. 
The v/eight distribution for the most critical cases is shown on Table I. 

J.'ote that all computations are within the accuracv of a 10 inch slide rule 
which is considered close enough for design. 


TABLE I 


Weight Distribution 


7/ing 


*mm * 


• w mMi 


», «k>' ^ ' 


Fuselage 10,140 


Gross 
"Fuselage 
Wise. 
Tail Surf 
Wheel 
Fuselage 
Deed Wt. 


C.O. Fwd. 

F-D5.st • JT -Mom. 
231.7' ~ 2. 2°‘57600 
269 2,715,000 

20,000 250 5,000,000 

_j,.- ,. , -,1 ^, in., — | - — -1. ug-r -T- r — m * m 


wt. 

9‘,*60 


Wt 






3,350 299 


600 690 


3,950 356 


1 , 000,000 

414,000 

L.. 4 Ii».op. 0 ._ 


340 PO 


p ilot & 

Co-Pilot 
Cargo 

Forwfrd 2,POO 141.5 

Pass. Main 
Cabin 


2,040 


267 


Stewardess 
D ass. & 

Rr 

Baggage 
p ass. b 
Baggage 


130 362 


410 404 


60 

340 

70 


467 

161 

530 


27,200 

396,300 

545,000 

47,000 

166,500 

28,000 
54,900 

37,100 


340 


130 


410 


420 


410 


Cargo Rear 
Fuselage 
Useful Ld 6,190 

3,950 

Fuselage 

JTota^.10,140^ 


594 


390 


w- —- * 


T,414,000"' 3,950 


2,715,000 10,140... 


C.O. A: 

ft. 





4 

F-Dist 

• 

f-Mom. 

jrt._ 

V-l'i 

st 

. V-Motn. 

231/7 ' 

2 . 

2^5,000 ' 


227* 

~ 2,240;000 

309 

3 . 

135,000 


179. 

5 

1,820.000 

271._ 

±, 

420.000 


203 

-A * 


4,060,000 



♦ ^ s • •• • 

• * P • P “» _ — 

19*4 


650,000 





135 


81,000 

j558_ _ 


414,000 


185 


_m i ooo 

80 

• 

27,200 

A 

176. 

5 


141.5 


290,300 

• 

B 

a 

* 


267 


545,000 

C 




362 . 


47,000 

D 




404 


165,500 

E 




467 


196,500 

F 







G]^ & 




530 


217,000 

g 2 




594 


232,500 

F 

176 

.5 


• 

1 

,721,000 

6; 190 

176 

.5_ 

1,089,000 


m 

1 

,414,000 

"3,950" 



731,000 

% 


3 

,135^000 


N* *“ *« 


_1,820^000 
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The Effect of a 1000 lb* unit up load on the tail will now be considered. 
See Fig. 6. 



Front Fear 

Spar Spar Fig. 6 



Sta# 685 



1000 lbs. 


Unit Tail Load 

For a load of 1000 lbs. on the tail the front spar reaction is. (1000)(™~) = 
9180 lbs. and that at the rear spar is 9180 + 1000 = 10,180 lbs. 


The moments at the rear fuselage stations from unit tail load are as 
follows: 

M 562 = -(1000)(686 - 562) = -123,000 in., lbs. 

1*373 = -(1000)(685 - 373) « -312,000 in. lbs. 

•'‘290 rear spar) = -(1000)(685 - 290) = -395,000 in. lbs. 

Note that moment is considered minus when it puts tension on the bottom 
of the fuselage. 
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TABLE II 



Dead vVeig v t 

Shears and 

Moments, 

. L.E. 

= 1.0 


Sta. 



S v ear 

Am. B a 




Moment 

776___ 



_J) _ 




0 

% 

'600 


- 600 

-600 

(690 - 

562) 

-77,000 


5.83 

.-•775 - 562 x 

2 

-331 

0 

, 213\ 




402 

i —-— ) 

ia 

- 731 

• 

( ) 

3 ' 


-23,500 

562 



- 931 




-100,500 



K 

I 


-931 

(562 - 

373) 

-176,000 


70 - 

(s 2 ) 

- 70 

- 70 

(530 - 

373) 

- 11,000 


60 - 

(F) 

- 60 

- 60 

(467 - 

373) 

- 5,600 


410 (E) 

A & 

- 410 

-410 

(404 - 

373) 

- 12,700 


3.1 ( 

.IBS) 

fs 

- 5*5 

-585 

(94.5) 


- 55,200 


5.83 

402 


- 260 

-260 

(63) 


■ - 16,400 

373 

■ % 



-’2316 




-377,400 



9 

# 


-2316 

; (373 - 

- 290) 

-192,500 


130 - 

■ (D) 

- 130 

-130 

(362 - 

290) 

- 9,400 


2040 

“170 

(62) 

- 742 

• 

-742 

(31) 


- 23,000 


5.*3 

(83) 

- 485 

-485 

(41.5) 


- 20,100 

29b“rt 



-3673 




-622,400 


_ +5190 

290 Fwcf +1517 

+1517T437 +~ 657100 

-516 (21.5) - 11,100 

-251 (21.5) - 5,400 

-"5737800 

_ +4950 

247 ^wd +5700 



^£(43) 

- 516 


5.83 (43) 

- 251 

247 Aft 

• 

+ 750 



12 (65) 

340 - G X 
2eoo B 
340 - A 
247 (5.*3) 


+5700 (247) 

- 780 -780 (214.5) 

- 340 -340 (161) 

-2800 -2800 (141) 

- 340 -340 (80) 

-1440 -1440 (123.5) 

0 


+1,407,000 

-167,500 

- 54,900 
-396,300 

- 27,200 
-178,000 

Error + 9,500 



ETI - Advanced Stress Analysis 


12 










The fuselage reactions at the spars for center of gravitv forward 
for items aside from the tail load are found as follows: 

*4 * 



Fig. 7 

Spar Reactions for Fuselage Dead »Veig v t 


The center of gravity for fuselage weights is at station 269. The weight 
of the fuselage and contents at one load factor is 10,140 lbs. 

Front Spar Reaction = (iA) (10,140) = 4,950 lbs. 

Rear Spar Reaction = (10,140) = 5,190 lbs. 

TO 


**** 

Table II following shows the dead weight shears and moments for a 
load factor of 1.0. Loads ere assumed acting upward and a minus moment 
means tension on the bottom fibers of the fuselage. 
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Table II covers the effect of vertical components of weights on1v. 

The horizontal components of weights will be treated separately* Aft load 
is considered to be plus. The actual locations of weights are taken from 
scale drawings of the side view of the airplane. For purposes of illustra¬ 
tion we will assume a set of conditions for this airplane*as follows: 

1* All useful load items in the fuselage act along a line 176.5" 
below the line for vertical reference. (See Fig. 5) 

2. All structure items other than the tail surfaces and tail wheel 
act along a line 194" below the reference line. 


3. The total horizontal load is resisted between the front and rear 
spars along a horizontal line 217" below the reference line. 

9 

• 4. All moments due to horizontal components of loads will be calcu¬ 

lated about a line 182" below the reference line. (This is the center of 
gravity of items 1 and 2). 


5. The unbalanced moment of the horizontal loads will be resisted 
hy a vertical couple on the spars. The spar reactions due to this couple 
assuming aft horizontal loads with a load factor of 1.0 are as follows": 


.Spar reactions 


= ilO,140)U5) + (600) (47) 

43 ~ ~ 


= 8900 lbs. 


See Fig. 8. 


600 lbs. 


T 

Vertical 

Sta. 21Z._ 


Fig. 8 

8 air r* c c. o f Mome nt s 
Horizontal Loads 
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6. For a load of one factor the end load forward of the front spar 

or aft of tie rear spar is equal to the shear for a vertical load factor 
of one. See Fig. 9. 


C = 


v 


Compression 
Load 
Vertical 
shear forward 



T 



= Tension Load 
= Vertical Shear aft 
of Spar for Aft 
Load Factor of 1.0 


Fig. 9 
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SOLUTION SHEETS 



Solution to Problem of Assignment 1:1• 


'i 4 T 
* - \ 


+ shear part to the left tends to go up. 

+ moment = tension on bottom fibers of boom* 




dialysis 








Solution to Problem of Assi/rnment 
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Solution to Problems of Assignment 2. 

■ mmmm iiw u b^w■—» i in ■ ncW^ > ■ am m. « mm ■ ■ ■ 



Assume above loads are- for a load factor of 1 and that the design load 
factor is 6. Then the table of design loads in members would show loads for 
a factor of 6. Unly the web members, i.e* the drag struts and the tie rods 
are designed here. The loads shown in the chord members must be combined with 
the effect of lift loads to design the wing beams. 
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Solution to Problem of Assignment . 

, 3:1 and 2 




5/16-2 4 jtound 
32_Eound 
-32 Round 

o und 



Urea 


. 


Al. 

sq. 


t 

1 

1 

1 

Drag 


Alloy 

17ST 

inch 

1 1/2 x .058 .263 


- 3900 i 

1 

- 4310 


Struts 

1-11 

if 

1 1/2 x .019 j.223 

40" 

- 3000 

- 3650 1 




it 

1 1/1 x .058 .217 

40" 

- 2100 

- 2150 1 



2-12 

n 

1 3/lx.058 .308 

40" 

- J40Q_ 

- 6190 



i-ii 

n 

1 1/4 x .058 !.217 

- 40" 

- 2100i 

- 2150 



Drag 

Struts 

5-15 

C.K. 

Steel* i: 

1 1/1 x .035 

.131 
.120 
Vl06 " 

1 

j 

« 

10" 

- 3900 

- 1120 

.11 

i-u 

ii 

11/8 x .035 

40" 1 

- 3000 

- 3190 

.06 

.05 

J=13_ 

f! 

1 x .035 

40" 

- 2100 

- 2200 1 

2-12 

ii 


1x142. 

i*iq£j 

. 16 ". 

- 5400 

- 5900 

.09 

i'-ii 

if 

t 

Xa-^031_i 

Li£^_ 

r - $100 

.--22C0 



treated to yield point ~ 100,000 lbs, per sq. inch* 


Column formulas 



Al. Alloy 17ST 

p 

A 

12,500 

Critical L/a 85 

% 

P 

101,600 


A 


Steel HT. to yield 



point r 100,000 

P 

100,000 

lbs. per sq. inch 

A 


Critical L L 75.6 

r 

P 

K 

286,000 


- 3345 L Short column, pinned ends. 

£ 

,G00/(L)2 Long column, pinned ends. 

e 

2 

- 8.74 (i) " Short column 

e 

2 

,000/(L) Long column 


Tube areas may be taken from tables in Niles and Neivell "Airplane 
Structures" or calculated. 
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l /sv 

Solution to Problem of Ansignmo nt. 

4 • 1 = ^ ^+ >N 

(B z )(40) + (2000)(40) + (9C0)(0) » (800)(40) - (500)(80) - (300)(ll0) 

- (200)(140) - (500)(l70) = 0 

► 

40R 2 + 80,000 - 32,000 - 24,000 - 33,000 - 28,000 - 51,000 = 0 

40R 2 = 168,000 - 80,000 «= 88,000 
R 2 » 88,000/40 = 2200 lbs. 

£.\ - 0 (T 

Rj ° 2600 lbs. 

V = 0, Chock Rj + R 2 « 4800 lbs. 

2000 + 900 + 800 + 300 + 300 + 200 + 300 =» 4800 lbs. Chocks. 


« 



Basic 


Stress Anelysis 





















Solution to Problem of j 


4 si 


ooa 6 


o 




a 


c 

+ 2../O0 




ft 


/ ~/&0O 




£>Gsic Stress Analysis 















■ 


Solution to Problems of Assignment . 



5*1 


A - -3800 lbs. 

V = .5800 

Compression 

H = .1110 

9 

S = i8069 

B - 4*3300 lbs. 

V = .7495 

Tension 

H a .5344 


S 3 *3910 

C - - 4880 lbs. 

# 

Compression 

V = .6741 


H = .1672 


s = .4560 


x 3300 = 2200 lbs. (down) 
x 3000 = 420 lbs. (forward) 
x 3800 = 3060 lbs. (outward) 

x 3300 = 2470 lbs. (upward) 
x 3300 ts 1760 lbs. (forward) 
x 3300 - 1290 lbs. (inward) 


x 4880 = 4270 lbs. (down) 

x 4880 » 820 lbs. (forward) 
x 4880 a 2230 lbs. (outward) 


£ V = 0 ^ = up 

4000 -t 2470 - 2200 - 4270 - ? 
6470 - 6470 = 0 checks. 


£H •= 0 -r + - aft 

3000 - 420 - 1760 - 820 = ? 
3000 - 3000 - 0 Checks. 

0 * 

£ S = 0 <r~ + = in 

4000 + 1290 - 3060 - 2230 = ? 
5290 - 5250 = .0 Checks. 


5 *.2 


V - 4000 lbs. up, H - 3000 lbs. aft. S = 0 


£V = 0 


. 5800A 4 .7495B f .87410 = -4000 (l) 


■£ H = 0 


.1110A - .5344B + .16720 = -3000 ( 2 ) 


• I 


£S = 0 


.8O69A 4 - .3910B 4 .45600 = 0 


From (l) 


% 

1.000A 4 1.293 + 1.505C = -6900 (la) 


From ( 2 ) 


1.000A - 4.81B + 1.505C = -27000 (2a) 


From ( 3 ) 


1.000A 4- .485B 4 .5650 = 0 


(3a) 


Subtracting equation (3a) from equation (la) 

A 

JU*CTBCTi.29B' 4 I. 5 O 5 C = -6900 

B 4- .5650 = 0 



,805B + .9400 - -6900 


(3) 


(4) 


5 - 8 
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Solution to Problems of Assi gnment. (Continued) 


5:2 


M 

Subtracting equation (5a) from equation 2a) 


JUQ&sri 4.S1B + 1,5050 = 
* lj£QA-* .4858 + .565C = 

- 5.2958 + .9400 = 


-27,000 

JO _ 

- 27,000 


Subtracting equation (5) from (4) 

• 805B + - 6,900 

- 5.295B + .04,27,0 00 
6.100B » 20,100 

B « + 3300 lbs. 

C = - 10,180 lbs. 

A = + 4150 lbs. 



Components check: 

A =* 4150 tens. V « x .5800 ® 2410 lbs. (upward) 

H s= x .1110 =s 4’60 lbs. (backward) 

S « x .8069 » 3340 lbs. (inward) 

B - * 3300 V « x .7495 « 2470 lbs. (upward) 

H « x .5344 = 1760 lbs. (forward) 
Sax .3910 « 1290 lbs. (inward) 

C » - 10,180 V » x .8741 * 8880 lbs. (down) 

H « x .1672 « 1700 lbs. (forward) 

3 b x .4560 = 4630 lbs. (outward) 

£.V » 0; 4000 + 2470 + 2410 - 8880 *= ? 

8880 - 8880 » 0 checks. 

£H * 0; 3000 * 460 - 1760 - 1700 » ? 

3460 - 3460 = 0 checks. 

£ S ® 0 5 4630 - 3340 - 1290 * ? 

4630 - 4630 » 0 . checks 9 
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o 


Solution to Problem of Assignment. 

m *mmmi mwmmi m i i > » 

6:1 (a) y = 3x 5 + 25x 4 + iCx 8 + 12r. 2 + lOx + 8 


Si 


C « 


(3x 5 + 25x 4 + lSx 3 4 12x 2 + lOx * 8)dx 

3x 5 dx + 25x^dx + 16x^dx + 12x 2 dx 4 lOx dx + 8 dx 


Ct 


3x^ 25x*> 

6~ * 


6 


+ i§S 

r* 


’ * isd ,ad t5 , ,c 


3 


/% 

4 



y dx 


0.5x^ 4 5x^ 4 4x^ + 4x^ 4 5x 2 4 8x f 


To find the area under this curve between x ® 2 and x » 1 we sub 
stitute these values as tho limits. 


2 


J *y dx = £(0.5)(2) 6 + (G)(2) 5 + (4)(2) 4 + (4)(2) S + (5)(2) 2 + (8)(2)] 

- jjo.S)(l) 6 + (5)(1) 5 + (4)(l) 4 + (4)(1) 3 + (5)(1) 2 . + (B)(l3 

- t 3 2 


4 160 4 64 4 32 4 20 4 16 


J 


- (j3.5 + 5+ 4 + 4 + 5 + 8^J 
(b) y ■ 8x 3 + 9x 2 + 12x + 24 

iX * (3)(6x 2 ) + (2)(9x) +12+0 
dx 

- 24x 2 4 13x 4 12 


* 324 - 26.5 * 297.5 


(c) To find ths area between x o 10 and x » 0 for the curve y » x 


2 - X 


Area 


r 

j y dx a j v* - 


3)dx a f*x 

J 0 


10 

x^dx - 3dx 


10 


£ 3 - 3x 
3 


^ 0 




3 


- (3)(10) 




a 3o3.3 - 30 a 303.3 
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VS9 


Graph of Ar>as 


To chock by segments, toko tho plus and minus areas separately* For the 
nogatire area 




Total of plus and minus areas =» 306*76 - 3*46 » 303*3 Checks. 
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o 


Soluti o n t o i J roblenig of Assignment 

7:1 (u) 



Load 




/ 





'SO 


ti 


tc’.-zsc^ 



£ x - iso 




7:1 (b) 


3DO 


Mom + 


IC7 

SHE fir f 


U>4 D + 



ETI - Basic Stress Analysis 


Mom* at center = (250)C~) » 3126"^ 

£ 

from area between. K 2 and of 
beam in shear curve. 

Equation of Mom. at any station 

V. Mom. = 250x - A|d 

**•* 

Shear » +250 - lOx 

Shear at just to loft of Rg s 
+250 - (10)(50) = -250 lbs. 

Rj « Rg » 250 lbs. 


3 

Mom. =» 167x - » 167x - .0667x 3 

u 

Max. Mom. •= (167)(28.9) - (.0667) 
(28.9) 3 =» 3210"# 

At R«? where x = 50. 

Mom. = (167)(50) - (.0667)(50) 2 

= 8350 - 8350 = 0 (Chock) 

*** 

Calc. V, where shear passes 
through zero. 

167 - 0.2x 2 = 0, 0.2x 2 = 167 

# 

x = \f055 ■= 28.9" 

x 2 » Ml = 835 
0*4 

*** 

Shear = 167 - = 167 - 0.2x 2 

2 

Shear at 50" =* 167 - (0.2)(50) 2 

(x = 50) - 167 - 500 => -333 (Check) 

Loud = -0.4x 









7:1 


Mom. + 


SHE fiP+ 



#- 


LOAD 4 


^-5-oT^ 


- SO- 



Mom. from a to b « 300x^ 


W 


Mom* at b « (5GO)(lO) « 3000’V 
Mom. from b to o » 3000 + 300x 2 - 

25x| 

~~T 

Max* Mom*(p.t x 2 *= 12") * 300 + (300) 
(12) - IP! (12) 2 * 4800"# 


1 


Mom. at xg a 20 M 


»jj. 


4000"# 


Mom. at R? =» 4000 — (200)(20.) 0 0 

(Chock) 


*** 


Shear a to b » +300 lbs. 

Shear b to c = 300 - 25x 2 with 

origin of x at point b. 

Shear passes through zero 12" to 
right of b. 

fJ&OO - 25x g * 0, x 2 « 12^J 

bhear betv/een c and d « -200 


*** 


3 


Equation of Moment. 

. * .. . 1 ” " m p 

Moment = 209x - - 2 ~*2£ — 

Ct u 

Where x « 27.1" Mom. « (209)(27.l) 

- £ (27.I) 2 - 2li (27.I) 5 * 5670 
2 3 


Mm. 


.- 1835 - 665 » +3170 
Where x - 50, Mom. 3 (209)(50) - 

(50) 2 - 2^1 (50) 3 » 10,450 - 

3 


5 

2 


6250 - 4170 = (30) = zero 

error in droppin 

decimals 


*** 


Equation of Shear . 

Shear « 209 - 5x - 1*1*2 ® 209 - 


Jl 


5x - O.lx 2 


2 


Shear passes through zero at x ® 
27.1" (see solution on next page) 
"Where x ® 50, Shear - 209 - (5)(50) 

- (0.1)(50) 2 = 209 - 250 - 250 
».-291 lbs. (Check) 

Equation of Load . 

Where x » 0, Load ® -5 lbs./in. 

Where x ~ 50, Load r= -5 - (0.2)(50) 

* -5 - 10 * -15 

lbs./in. 
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r’.vi • Basic Stress Analysis 




In problem 7:1 (d) the solution for the 
shear passes through zero is accomplishod by 
quadratic equation. 


distance ”x n ' to the point where the 
completing the square to solve a 


Hi 


2 


The general solution would be as follows: 


general form (x + a) 2 =• % 2 + 2ax + a 2 


In our problem equating the shear to sero 


209 - 5x - O.lx 2 = 0, or O.lx 2 + 5x «* 209 


Multiplying both eides of the equation by 10 

x 2 + 50x 2090 

50 in the second term of the left side of the equation represents 2a in tho 
general equation. Then a = 25 and if wc e.dd 25 2 to each side of the equation 

the left hand side is a perfect square. 

x 2 + SOx + (25) 2 * 2090 + (25) 2 
(x + 25} 2 ■= 2090 + 625 = 2715 

Extracting the square root of each side 

x + 25 «V 2715 = t 52.1 
x = t 52.1 - 25 * +27.1 or -77.1 


The real solution is x = 27.1 in. 
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foments (By areas of shear curve) 

at b a (2S22, t.?J?2) (30) <= 56,700"# 

£ 

% 

at o = 56,700 + (390)(10) » 60,600 "f 

at d = 60,600 - (410)(10) - 56,500"# 

at a = 56,500 - (810)(20) = 40,300"# 

at f a 40,300 - (1210)(20) - 16,100"# 

at g = 16,100 - (1610)(10) = 0 (Check) 
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Shear s 

at a-** 3390 lbs., at b = 3390 - 3000 ® 390 lbs. 

at o « 300 - 800 = -410 lbs., at d « -410 - 400 » -810 lbs. 

at e » -810 - 400 « -1210 lbs., at f - - 1210 - 400 » -1610 lbs. 

This checks with reaction, 

= 0 

(R 2 )(100) - (400)(90) - (400K70) - (400)(50) - (800)(40) - (300)(l5) = 
lOORg - 36,000 - 28,000 - 20,000 - 32,000 - 45,000 = 0 


lOORg = 161,000; Rg = 1610 lbs. 



» 3390 lbs. 
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Solution to Problem of Assignment 

_, rn LI I ' -i__i.it — . IK M—l > ■ ■ ■ —I <«>■ ■ * 


8*1 (u) 


Q 




V 

I 

* 


10,834. 6 oo 


-+ 62SOOO 


6Z5,ooc> 


n&\ 


ex e. 


Mom ik 


She w + 



Soo* 


3u 


l tt> 


$ 


z 


Seg. (l) El£« -625,000^-+ 8 3,33xf 
where x^ * 50, « -20,834,000 

Sog. (2) 

EI$> « -20,834,000 + 12,500x 

-03.3Sx 2 2 


2 


2 


whoro x 2 ° 50, El 


=* 0 chock 


Trial El© Sugm.(l) = 500 *JL = 250x 2 


El ©(at : 

El © Segpu(2) ^ 


1 


2 

50)« 625,000 


1 


625,000 + 25,000x2 - 250x 2 


2 


True 


2 


Sogow(l.) EI0= -625,000 + 250x£ 


Segm.(2) 

El 0 = C 2 + 25,000xg - 250xg £ 


C 2 = 0, El© = 2 o,0Q0x 2 - 250x 2 £ 


2 


*** 


Sogm* (l) H 53 500x^ 

Sogm# (2) M « C«^ - 500x2 

whore x^ *= 0, k « » 


25,000 


Segn.(2), m 93 25,000 - 500x 2 


*** 


S©gm# (l) S » 4-500 lbs. 
Sogrn* ( 2 ) S » -500 lbs* 


*** 


Actual value of max* 


E « 10,000,000 
I * 3*0 


ei 5" 

l 


-20,834,000 

-20,334,000 

(io,ooo,oooTU) 


-.634 11 
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Sol ution to Problem of AasiRnnont . (Continued) 


ib(e> 


8:1 (b) 


Ell 


•+ 


♦ 

/ IjU 

! 

i 


f \ 



Eie„±L 


-TX/Gl. 

~A*/S 


Mort.-Hf 


5*//mc± 


Lazo -t 



3 


(1) El l * -dOO.OOOx! + 83:33x1 

(2) El ^ « -7,333,360 * SOO.OOC'xg + 


oOOOx/ 

where Xg * 30; El^ 


-11,833,560 


where Xg » 60} El ^ * * 7.31 o..: 60 


(3) Big » -7,533,360 


4* CV ■ / Y)' *-r 

v> 


2 


+ 50007- 83."3x 


3 


5 


*** 


3 


2 


Trial Segm.(l), El© • + 250x1 
whoro a 2G, El© ** ♦100,000 

Sogm.U), El© * 100,000 + 10,000x 2 

whoro xg ° 30, El© « 400,000 
where x 2 » 60, EI0 » 700,000 


Sogm.(3), El© 


700,000 ♦ 
2 


lOjOQOx-j, 


- 250x 


*** 


3 


True 

“Cl) El © » 


-400,000 + 250Xi 


2 


(2) El© « -300,000 + 10,000X2 


(3) Eld 

0 +300,000 + 10 , 000 x 3 - 


*** 

Sogp* (l) 

M ® +500x^ 

• 

Sagpw (2) 

M * 10,000 

Sogm. (3) 

M a 10,000 - 500 x 3 


*** 

Segn. (l) 

S a +500 

Segnu (2) 

S » 0 

Segm. (3) 

S a -500 


*** 


At Contor EI^* ** -11,833,360 



-11,833,360 



• 394 11 


8-9 


ETX - Basic Stress Analysis 


1 
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Solution to Problem of Assignment, (Continued) 


l /£>3 


8si (c) 


^max. 


’■Q r§ 


2 


!*_(&) « L (£) 

2 2 2 V 

w ^ 2 v; /£ 2 % 

T~ 2 ~ — 

2 


7/ 


J? 2 


wi 2 

8 




a 


M 


*** 


Trial Eq 



at x 


El 0 

_ 4? 


wj 7L C 

4 


TO 
6 


3 


2 



El© 


(l ) 2 

4 v 2 ' 

/W^£s/ J? 2 , 


4 

-if 

16 


w /J?\3 
*6 V 2 ' 

< 5 > ( 4 s ) 




3 


46 


1 
24 


w 


Jl 


3 . 


True Eq 


EI^ 


1 wi>3 


wx° 


24 


4 


6 


*** 


at x =» 



E1& 


4 wC 3 .;i|! 

24 4 


w£ 3 

6 


_L 

24 


w 


J? 3 


*** 


d 


max 



at x o 


w^ 3 / A W £ , $ .5 

’ ( 1 } + IT ) 


2-1 


JL- (Z) 4 

£4 v 2 7 


w $ 4 , i 3 


48 


12 




■— (—) 

2 4 ''16 ' 


w J? 4 f- 


j - Jl- + JL 

1 4 8 9 


6 


1 
384 


* 

J 


5 

384 


w 


J! 


4 


El d Max • 
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Solution to Problem 





9:1 (l) Section properties. 


Ho * 

1 A 

h 

^ I 

% 

y 

y 2 

Ay 2 

I * 

_ X Q 

\ Q 

1 

1*125 

19.81 

, 22.25 

9.07 

82.0 

92.Q 


10*20 
pii^p fu r T~- ... »***• *• *♦< 

~2~ 

.445 

19.44 

8.67 

8.70 


...sa_-.LJ_J 

—S'SS- 

0 

1.705 

9.94 

16.97 

- .80 " 

+ .6 

1.0 

50.2i 

/ O i v> 0 \ 

-i-4.80' 

4 

.445 

‘ .4 3 

.19 

-10.31' 

L06T3 

47.3 i 


-J2I5CI 

5“ 

.750 1 

.12 

.09 

-10.62 i 

:_ijj^oj 

84.8 

^ - g-m n—< r~r * 

-7.99.. 

7*17.39 V 

-17.39' 

£ 

4.470 j 

10.74 

48.17 i 


1 

258.8 1 

50.2 

r 


* Note: 

negligible 


I 0 of parts Ho* 1, 2, 4, and 5 are 


so small as to be 


I » 258.8 + 50.2 « 303 


in 4 


I 


309 


y (^ns. side) - 10#74 


28.7 


1 

y 


309 


(compr. side) « K ~’ 53 * 4 


(2) Maximum bending stresses 


Tension 


- i ‘T§tr 2 - «- 900 ll> - p ot ">• in 


Compression 




max 


1 , 200,0 00 

- 33.4 


-36,000 lbs* per sq. in. 


(3) Maximum shear stress in web. 


fimax 


( 20,000X17 .29) 
“ (.091)(309) 

(4) Shear along lines A, B, C, and D. 


« 12,300 lbs. per sq. in 


Line A 


Lina B 


S = ^ a 660 lbs. per inch 


S 


(20,0Q 0)(10.2 + 3.86 ) 

309 


» 912 lbs. per inch 


Line C 


S 


(20,000)(-4.60 - 7.99) 

309 


» -815 lbs. per inch 


Line D 


6 « 


(20,000)(-7*99) 


309 


-517 lbs. per inch* 


Allowable rivet spacing: 


Line A 


Double row of rivets 

Allowable spacing « 13 2.03” (Use 2 inches) 

obu 
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Solution to Problem of Assignment . (Continued) 


L /?o 


9:1 (4) 


Line D 


Single row of rivets 


Line C 


Line D 


Allowable spacing - 62.2. 
Single row of rivets * 


Allowable spacing - 
Double row of rivets 
Allowable spacing - 


--..738" (Use 5/3 inches) 



= •825" (Use 3/4 inches) 


(2) (672) 
517 


% 

2.60 H (Use 2^ inches) 


(5) 



Average stress on Segment No, 1 

t„ - ix.zx.mv-m) , 35, 200 li,. 


per sq, in. 


39,600 lbs. 

s 15>000 lbs< 


(1.200.000 



12,900 lbs. 


(1,200,000)(4.S0) 

309 

1,200,000 ( 4 . 60 ) 

309 

1 , 200,000 ( 7 . 99 ) 

309 


18,700 lbs. 


17,800 lbs. 


31,000 lbs. 


♦ 

Check: 39,600 " 15,000 * 12,900 - 18,700 * 17jS00 + 31,000 

67,500 -- 67,500 

£M - (39,600)(9.07) + (15,000)(8,70) + (12,900)(5.77) + (18,700) 


(6.83) 


(17,800)(10.31) i- (31,000)(10.62) 


= 359,000 -t 130,000 + 74,000 ■+ 128,000 +- 184,000 + 330,000 


- 1 , 250 , 000 "# 


Error = 5000"# or ,l& - negligible 


(6) Change in I lament in 1C" - (10)(20,000) =. 200,000"#. 

Change in leads in elements is proportional to change in moments. 

Therefore change in load in No. 1-—(39,600) r 6,600 lbs 

JL y jess'*/ y UW 

660 lbs. per in. Check. 
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Solution to Problem of Assi f omen t, (Continued) 


* 7 / 


9:1 (6) 


Similarly - No. 2 


AF = (15,000) => 2,500 lbs. 


250 + 660 o 910 lbs. per in 


Check. 


2 


- No. 3 upper - — (12,900) = 2,150 lbs. 

Jl 


250 + 660 + 215 * 1125 lbs# oer in* or 
—|y « 12,300 lbs. per sq. in. Check. 


No. 5 


A b' 


2_ 

12 


(31,000) » 5,170 lbs. 


or 


517 lbs. per in. 


Check. 


No. 4 


^ P = 12 ^ 17 < e00 ^ = 2 « 970 lbs * 


297 + 517 *= 814 lbs. per in 


Check 
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Solution to Problem of Aosignmor 


+ 






0 


m 


N 


/ \ 


% 

\0 


0 

rv> 

$ 


\0 £)£FlEC.T/ort /MCHS 


0 

V- 

<*>' 

M) 


DEFLECTIOH X 10) Oo ( 


Q 

, Q' 



% 

1 

\D 

\0 


r * 

*> 

CK 

vj 

\j 

V; 



20 . z 

XjO 

20.4 


22.3 


rV 

0 


.7 


o 

0 


b 


c 


d 


e 


f 


M 


x fOj 000 


3 


4 * 


40 


4o ***44-0 ^■<4°-. 
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Solution to Problem Assignment. 


*f7 


3 



11:1 





5 - 8oo-/ox 



*3'2 poo 


LO#0=-/O % 


{32Q y oaa') 


3 

§ 

QD 


Mom±_ 


£ 


5*3?-> 



fisfoM, - Sooo ~/dz>x 


SHZ -h 


&ooo 


For load with removedt 

Hax. foment » -32,000”# 

koment area • (~32,000)(80) » -853,333 


3 


£I^ b « (-853,333)(60) « -51,200,000 


For 100 lb* unit loud at 11^: 

Momont area * (8000)(80) «* 320,000 

2 

E1 6b * ( 320 ' 0C °K 53 « 33 ) " 17*066,660 


Actual Reaction at b 


/ *» f\r\ \ /51,200,000 \ - . 

(100)^iy^066,660 * 300 lbs * 


R 


b 


(R^ « 800 - 300 » 500 lbs. 


R 


a 


H ft - (300)(80) - (800)(40) 


Tension on top fibers. 


-3000”# 
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Solution to Problem Assignmen t. (Continued) 




ll!l (b) 




£FL. 


5>M>+ 



C 








/2<JO 




Mom 4r 


5H€R P 



Loro 4 


300^(Omr Loap) 


a 40 




b 


Bo 


*4 


J 


c 







From Assignment 10 # 
Total Moment Area » 



(20Kl20) 

12 


3 


2,880,000 


FI£ c from tangent at a 

« (2,880,000)(60) « 172,300,000 

Mom* Areu between a and b * 746,670 

Dist* to centroid from b *= 14*3 ,f 

(see next page) 


El^^ from tangent at "a" » 

(746,670)(l4.3) =» 10,677,000 


Deflection at b 

40 

" lio ( 172 ' 800 *°00) - 10,677,000 

0 46,923,000 Due to loads. 

**** 


Moment 


Moment 


area 

area 


(a-b) 

(b-c) 


-160,000 

-320,000 


El £' c from tangant at "a" 

“ (-320,000)(53.33) - (160,000) 

(93.33) = -17,065,600 - 14,932,800 
- -31,998,400 


from tangent at "a 11 

- (-160,000) (13.33) = -2,132,800 

Deflection at b 

40 / 

» 120 ^31,998,400) - (-2,132,800) 

« -8,533,300 

% 

p p 46,923,000 /% 
b 2 8,533,300 “ 1650 lb s. 
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Solution of Problem Assignment* (Continued) 


11:1 



Moment of moment urea between a and b about a 

y'y dx • x * J (I200x - 10x 2 )x dx 


0 


^40 

» I (l200x 2 - 10x 3 )dx 

J 0 



40 3 10x 4 


0 


120Qx .. 3 



40 


400x 3 - 2.5x 4 


0 




40 


(400)(40) 3 - (8.5)(40) x 


0 



r 


«• ^25,600,000 - 6 # 400,000^j » 19,200,000 


distance to c.g. of area from "a” 

3 25*7 inches, distance from b « 14.3 inches 

746,670 
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Solution of Problem Assignment. (Continued) 



MoMr loot'to x* 


' X- 47 -ff'l 

M - -12 0 00+ 95'oX 

—Joy 



too 

SHEA E + N 


5 - 


foo-zoy 


S-^FO-Zoy. 



i 



1 

03 

' ' 

# 

L _ 



W« 



f 

<f 24 ofi 0 





r< 


In first segment, a-h, 

M = 100x - 10x 2 
Whore x *= -10 11 , M * -12 > OQO ,, *jf- 


**** 


In second segment, b-c 

M * -12,000 + 9S0x - lOx 


2 


Where x * 80 tf , m * 0 


chock* 


Max*- + Mom# in span b-c occurs 
where x - 47*5 ,t 


M » +10,500”* 


£.% x 


0 




(R S )(120) + (1650)(40) - (2400 

(60) = 0 

120H 3 » 144,000 - 66,000 » 78/ 
Rg » 650 lbs., R x - 100 lbs 


/oo*%/e t e^/6*z> 




= 650 


at 
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Solution to Problem of Assignment. 


12 *2 


VA--Z O 


*/, 





* or this problem E and I are hold constant and therefore do not need to 
appear m the equations 


* 0, iiig » 0 


M 1 L 1 /L-. L 


I 


1 


+ 2ko Cl + 2 ) + k 3 L 2 

TT ij > * TT 


2 


, 3 S 

W 1 L 1 . vr 2^2 

"I TIT 


Simplifying: 


Wil* 


3 


0 + 2k z (i x ♦ l 2 ) 0 - II: 1 

Noting our signs (v» « - ) 


T 3 

+ w 2 L 2 


4 


2 K 2 (*0 + 00 ) 


; ( r20)(40 ) g _ ( gp)(eo ) 8 


4 


240M 2 * -320,000 - 2,560,000 « -2,080,000 


U 


2 


2,880,0 00 
240 


0 


-12,000"# (Tension on the top fibers 

of the boom) 


pie load, shear, and moment curves are shown in the solution for 
■Problem Assignment 11# 


H 


EH - Basio Stress Analysis 
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Solution to p rnhlors of Assirrrnent. 


j /?& 


13*1 


Soan 1-2 


as 


(soof) 


frco body 


!i = 500 



M = 11,196 


Sheor = 100 




2 


£ Yij =s 0 /+V taken plus 


L 


(H 2t )(30} + 500 - 11,196 - (300)(16) =0 

L 

30?2 t - 11,196 + 4500 - 500 ss 15,196 

aJ 

Rp = 506*5 lbs# 


(m 2 = o & 


Note that both 
the shear and 
moment at each 
end must be in¬ 
cluded* Ho is 

C L 

actually the 
shear to the 
left at 2# 


(III)(30) " 500 - (100)(30) - (300)(15) +11,196 = 0 
30RJ = 500 + 3000 + 4500 - 11,196 = -3196 


*1 = 


-106.5 lbs. Therefore R^ acts upward instead 

of downward as assumed. 


Span 2-3 


M 2 = 11, 


(400f) 





R 



3 


1125 - 


K 



l 3 


S » 1505 


(H2 r )(40) 4* 1125 - 11,196 - (400)(20) =0 

40R 2r = 11,196 + 6000 - 1125 * 16,071 


R 2r » 451.6# 


R? = 9P.2# 


*2 s ' + * 2 * = 506.5 + 451.8 ~ 955 * 3 # 

1 * R 
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Solution to Problems of Assignmen t 


13:1 


Wr 4l0/? per inch 



'1 =■ 1*0 for 

all spans 

S-3Q0C0CC0 


y r 


o 


y 2~ -°- 4 


y 3~ ° 


K. = 


= ( 10 ) ( 10 ) ( 2 £) =+ 500 ";? 


I 


M 3 3 (10) (15) (li) - +1125"# 


Important Note : When the supports deflect the moment of inertia 

beams must be used even vdien it is the same for all spans* The 

>• 

eouation is: 


of the 
general 


-111 2II 2 


1 




1 


ll 12 


iJ 3 L 2 _ p^l3 + vj 2 L 2 3 6E(y 1 - y ? ) 


6E(y 


▼ 

3 


yo) 


2 


i 


2 


41l 


1>1 2 


L 


1 


L 


2 


Substituting in the eouation: 



+ 211 (TO + 42) + . (1125) (40) - 
2 l 1 1 



(4) (1) 


, ( 10) (40 ) 3 
(4) (1) 


(6) (10,000,000) (0 i 0.1) + (6) (10,000,000) (0 4 0.A) 

‘30 40 

15,000 t 140H + 45,000 - 6?,500 + 160,000 + 800,000 r 600,000 

140M o - 1,627,500 - (15,000 + 45,000) = 1,567,500 


1*2 =. 11,190"# 

See following page for solution for react! 
moment curve 3 • 

13:2 If there had been no deflection at 2 


and load, shear, and 


MOIL, - 67,500 + 160,000 - (15,000 - 45,000) r. 167,500 


% - 



_1196"# 


ETI - Basic Stress Analysis 
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Solution to Problems of Assignment 


14:1 (a) 


rn +3000 b\ 2 + 2000, 


w « 5 lbs. per inch unif 


P » End Load « 4000 lbs., I « 1*0 

E « 10,000,000 (Aluminum Alloy) 


3 




P 



(l0,000,000)(l) 


4,000 


y 


500 


50 


L 60 


3 


50 


* 1.60 


sin 


L 

3 

L 


0.9996 


cos r- « -0.0292 
3 


Di « - wj 


:2 


D 


2 * M 2 - v/j 


,2 


At point of maximum moment tan 


3,000 - (5)(2500) - - 9,500 

2,000 - (5)(2500) * -10,500 

Di cos 
~~ j- i_ 


D 2 - 


i 


0 1 sin 


3 


tan 


3 


-10,500 - (-9,500)(-0.0292) 

(-9500)(0•9996) 


-10,780 
- 9,500 


+1.133 


x 

3 


0.849 


COS 5. c 

3 


.660 


^max. 


D 


1 


cos 


X 

1 


+ W3 


.2 -9500 


.660 


+ (5)(2500) - -14,400 + 12,500 


« - 1,900 inch lbs. in 

span. 


Location of maximum moment point in span 


r * 0.849 


3 


x « (0.849)(50) « 42.5 inches from point (l). 


14:1 (b) 


Same as 1 (a) except the material is stool. 


3 


I EI 


P 



(29 ,000,000 )(l) 
4000 



7250 


65.1 


L 80 

3 " B5a 


.94 


sin 


L 

3 

L 


.808 


cos **r 9 .590 
3 


D x » - Wj2 a 3000 - (5)(7250) - -33,250 
D 2 - - wj 2 « 2000 - (5)(7250) - -34,250 
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Soluti on t o Problems of Assignment . (Oontinued) 


A 


Yc 2 


14si (b) At point of maximum moment 


tan 


x 

3 


-34,250 - (-33,250)(.590) 

(-33,250)(.BOB) 


-14,630 

-26,850 


+ .545 


3 


« 0.50 


cos 


X 

3 


.678 


% 


ax 


= ~ 3 4~~ + (5)(7250) » -1570 in. lbs. in span 


.878 


Location of maximum moment point in span 

-r « 0.50 x ® (0.50)(85.l) « 42.5 inches 

3 

The magnitude of the maximum span moment has been changed 
but not the location. 


14:2 


t 


< 



3 -» 


\\El 


V P 



^29,000,000) (l) 


S 


6000 



»\ 4830 * 69.5 


L 

# 

3 


60 


69.5 


L 

• 863; . sin -r 

3 


♦ 760; cos 


L 

3 


.652 


L 


Cl 


Mg - (l + k)wj2 - (l&i - wj 2 ) cos i 


3 


Sin 


l 

l 


Cl 


4000 - (1 + ,5)(10)(4850) -£5000 - (10)(4830)J (.652) 


.760 


s 


4000 - 72,450 + 28,230 

.760 


-40,220 

.760 


* -52,920 



C 


1 


C 2 « M x - wj 2 » 5000 - (10)(4830) » -43,300 



C2 


x x . .2 


Mx a C 1 sin -r + c 2 cos ^ + w 3~ (l ♦ k £) 

3 3 L 
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_atioa to Problems of Assignment . (Continued) 

14,2 Taking values of x at 10 inch intervals. 

= -52,020 


C 2 a 


-43,300 


♦48,300 


k *» 0*5 
1 « 69*5 


*/ 82 > 




( 2 ) 


• 144 

• 288 
•432 
.576 
• 720 


.143 

.284 

.419 

.545 

.659 


cos 


u 

(4) 


.990 

.959 

.907 

.838 


C 0 cos £ 

(e) 0 


-42,870 

-41,520 

-39,270 

-36,290 


Moment at any station « (5) + (c) + (8) 


1 + kf wj 2 (l + k ~) 

L / v " 

( 7 ) ( 8 ) 


10 

20 

30 

40 

50 


&om. a 

T! _ 


- 7,570 
-15,030 
-22,170 
-28,840 
-34,870 


42,870 

41,520 

39,270 

36,290 

32,560 


52,320 
56,350 
SO,380 
64,400 
68,430 


+1880 
- 200 
-1060 
- 730 
+1000 


14:3 


M, -stood 


"it 


froocA- 




2 o\ 


t£/ 

30 /* 


\ 1 




n # 




2. 


p-Sooo 




L-6o 


-S 


<9 


£■ » 

Xr. 


, Oc o, 

lo //V *^ 


OOO 


zo ir jig ws so 

A? ~o.s 


n 


;T 


) ( 29 ^ 000 ^ 0002110 ) = 


220 


60 

220 


272 radians; 


. L 

sin -r 
0 


« .269; cos 


.963 


Cl 


M 2 - 


(1 + k)wj 2 - wj 2 )(oos ^) 

J 



sin 
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Solution to Problems of Assignment. (Continued) 




14 s3 


Cl 


4000 


- (1 + 0.5)(20)(48,300) - [jOOO - (20)(48,500)'J(.965) 


.269 


4000 - 1,449,000 + 925,440 .„ 

» . • 2 — ® <-1,931/450 



C 


1 


C 2 * Mi - wj 


2 


5000 - (20)(48,300) » -961,000 


C 


2 




i2 


+966,000 


M_ * Ci sin £ + Cs cos £ + wj 2 (l ♦ k £) 

j 0 L 



10 

Mom. 

C3 

- 86/920 - 960,040 

+ 

1,046,500 

S3 

- 460 

20 

n 

xs 

-175,760 - 957,150 

+ 

1,127,000 

S3’ 

-5,910 

30 

tt 

S3 

-262,680 - 952,350 

+ 

1,207,500 

S3 

-7,530 

40 

tt 

*5 

-349,590 - 944,660 

+ 

1,288,000 

S3 

-6,250 

50 

it 

Sf 

-432,650 - 936,010 

+ 

1,368,500 

S3 

- 160 


The maximum moment in the span is.approximately -7530 in. lbs. 
To obtain a closer value take values of x at 1 inch spacing on 
either side of x » 30 inches and plot in the additional points. 
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J-f 3 5 


Solution to Problems of Assignment # 


15:1 The lightest tube will be the one with greatest diameter and least wall 

thickness provided it does not buckle locally# The curves cf Modulus 
of Rupture page 5-18 of ANC are reduced in large values of D/t to allow 
for local crippling, v fe will first try a tube 3 h" x .065 wall. 


From ANC-5i Table 8-1 A r .7014 



D/t - 53.8 


Then 



4 . 20,000 

“ -5914 


^ t 33,800 


f b . 33,800 _ ,523 
* 6/*,000 



52,500 on Compression side 




64,000 on Tension side 


t 16,000 

- .7014 = 


+22,800 


P t = 55,000 


ANC-5, page 5-18 


f t 22,800 

55,000 

t 



Note that the maximum combined load will be on the tension side. 
Maximum unit stress in compression - -33,800 ^ 22,800 r -11,000 psi. 
only. Obviously the compression side of the tube is not critical. 
For the tension side: 


f b - £t _ .528 4. .414 = 

^ F t~ 


.942 


This tube is therefore satisfactory. If the allowable load had been 
based on the ultimate tension only, the combined unit stress in tension 
which is 33,800 4 - 22,800 r 56,600 would have been shown to exceed the 
allowable, 


15:2 


The solution of this problem can be made only after a tube size has been 
assumed since the value of I must be known to solve the precise equation 
for bending. Assume a tube 3;1" O.D. by .083 wall. 


I r 1.3012 

A = .891 


i/y = .7435 

D/t = 42.2 


E = 10,000,000 
% - 1.2085 




Solution of Precise Equation. 


J *N 


El 
P 




(io)(io) 6 (i;3Q12; 

7000 



I 860 - 43.1 


L - 40 t 

2j (2)(43*1) ■= .464 cos 2 j - .893 

wj 2 ;r (-100)(186,000) - -186,000 

15-7 

ETI - Basic Stress Analysis 







Solution to Problems of Assignment. (Continued) 


15:2 


Mjuax at oontar ** w,-j 


•i [l- cos J 


fs (-186,0Q0)(l - -Xr) = (-156,000)(-0.12) 


22,520 


.893 

+ 22,320_ ^ + 30j0 00 psi 


f a 

*b - .7435 


f b « 

_ « .55 

*b 


F b « 55,000 (AriC-5, page 5-18) 


f 


-7000 
• 89X 


-7850 psi* 




column 




1*2085 


L 


40 


1.2085 


33 


Allowable £ * F 0 from AHC-5, Table 5-1, page 5-2. 

A 

i‘ o * 42j500 - (534.5)(-—-) = 42,500 - (3S4.5)(33) 

F = 42,500 - 11,050 = 31,450 psi. 
c 


f c 7,850 
77 “ 31,450 


.25 


ir + F~ 
*b c 


55 + .25 « . 8 ^ which is loss than 1 * 0 * 


The tube chosen is therefore satisfactory. The only lighterJr ube ™ hich 
S any possibility of carrying the loads is 8 * 0 D. with .065 wall. 

A rough check to 11 show that this tube is too Sin °® 

checkin? a tube with a smaller value of I we would know that the 

deflection and hence the combined moment would increase sligh y. 

value of 9 would change very little and hence the a l lo ^tle F would 

do.rLo J.ordi» 6 ly. Ih. , 2 !^. »w‘ 

Ihen taking the moment from the first solution without solving a new 

precise equation 


For the 3^ - 


.065 tube A « *7014 

i/y » .5914 


Then f b = * - 37,800 


^b - 
f 


- .5914 

52,000 

- 7000 
.7014 


fb 


F 


•73 


- 10,000 


b 


Use 


F c - 


32,000 (estimated from first solution) 
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Solution to Problems of Assignment* (Continued) 



15 * 2 




This tube is therefore too weak. The lightest standard size which is 
sufficient is Sg- O.D. x *083. wall. 


4 
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Solution to Problems of As a 1 grime nt. 


16:1 


Using member 2-3 as the redundant 4 



Design Loads for ^embers 


Lembor 

?0 

..»-*T 

P 0 

^a x a 

.25 P a X a 

♦ 

j ( 6 ) t (5) 

( 1 ) 

( 2 ) 

(3) 

(4) 

( 6 ) 

(6) 

t 

(7) 

1 1-2 

0 

-.707 

+6110 

+1630 

4*6110 

+7640 

1-3 

- 10,000 

-♦707 

+6110 

+1530 

-3890 

-5420 

• 

1-4 

+14,140 

+ 1.0 

-8G40 

-2160 

4-5500 

+7660 

2-3 

0 

+ 1.0 

-0640 

-2160 

-8640 

-10,800 

2-4 

0 

-.707 

+6110 

+1530 

+6110 

+7640 

3-4 

-19,000 

-.707 

+6110 1 

+1530 

-33S0 

-5420 

♦ 


Note that up to Column (g) you can check the results of the example problem 
Beyond that the arbitrary correction changes the design values. For this 
reason an attempt should always be made to choose as the redundant member 

the one carrying the lowest load . 



ETI - Basic Stress Analysis 


16 - 7 











Solution to Problems of Assignment* (Continued) 


16 j 1 


/O, OOO 


/o OOo 




n<$. 


^EDONDANT St£UC Tv/?fz 


OOO 


p/<S. & 


Member 2-3 fenoMe 


ooo 


f / r 7 ^ 7 


(Jmt Load /hJ 


Member - 2.-3 


1 



f~1*5 • 



Calc. Design 


Loads 


(pESSGN LOADS BEE 


IN Pa(?£Ntubses) 
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tf9o 

Solution to -Problems of Assignment . (Continued) 

16:2 Using member 1-4 as the redundant. 


..ember 
1^2 


Size 

l-Vo49 

1-.058 

1 -. 06 S 

lg-.065 

1-.065 

1-.058 


Length Area 


+ 10,000 

0 

0 

-14,140 
+ 10,000 
0 


a 

-.707 

-•707 

+ 1.0 

+ 1.0 

-•707 

-.707 


Po^aQ 

Pa 2 Q 

-14,500 

1.025 

0 

.87 

0 

2.22 

-20,500 

1.45 

- 11,100 : 

.785 

0 

.87 

-46,100 

7.22 


E is constant and can be omitted in solution for Q. 


Q 


X (l5o ^ £° r conven * erice computations 

x a - - • +6330 lbs * 


**** 


Design Loads for Members 


Member 

p 0 I 

p a 

PnXa 

I .25 

P 0 + p a x a 

(6) 1 ( 

(i) 

(2^ 1 

(3) 

M 

1 (5) 

(6) 

(7) 

1-2 

+10,000 I 

-.707 

j -4510 

-1130 

+5490 

+6620 

1-3 

0 

-.707 

-4510 

-1130 

-4510 

-5640 

1-4 

0 

+1.0 

+6380 

+1595 

+6380 

+7975 

2-3 

-14,140 

+1.0 

+6380 

+1595 

-7760 

-9355 

2-4 

+10,000 

-.707 

-4510 

-1130 

+5490 

+6620 

3-4 

0 

• 

-.707 

-4510 

-1130 

-4510 

-5640 
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Solution to Problems of Assignment s (Continued) 


16 s 2 



w 


* 



F/O, /O 


MEM8E£ /- 4 

J?EM O VED 


/0jCOa 

/vo, // 

t 

t 

Un/T J^OAD IN 

Msm ebb /- 4 



C-S^O) 


/~ r /G, l %-> 

C?/)Lo Ah/D DeS/GK 


Loads 


C 


- 

NTH BEES') 
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Solution to Problems of 



(Continued) 



16:2 


Design of Members 


i 

Member 

Material 

Size 


/ 

L 

* 

Design 

Load 

t 

Allow. 

Load 

i 

Margin 

of 

Safety 

1-2 

Chromo-Molyb * 

1-*049 


30 

0 


+6620 

■ 1 ■ i 

+11710 

+ .77 

1-3 

Steel 

1-.058 

.334 

30 

90 

-5640 

- 6000 

+ .06 

1-4 

Tube 

1-.065 


42.4 


+7975 

+15270 

+ .91 

2-3 

li.T. = 95,000 

1^-.0G5 

.508 

42.4 

83.5 

-9355 

-11700 

+ .25 

2-4 

psi • 

1-.065 


30 


+6620 

+15270 

+1.31 

3-4 


1-.058 

.334 

30 

90 

i 

-5640 

- 6000 

+ .06 


Refer also to Assignment 5. 


Allowable 

Critical 


£ for tubes - 95,000 H.T. 

A 

i = 91.5 (All tubes having 




below this value are 


short columns.) 


From Table 4-1 AtfC-5 

P L !•& 

Allowable £ = 79,500 - 51.9 (^-) 

.a < 

Values arc plotted on Fig# 4-2, page 4-14 of Al v IC-5. 

Allowable tension is based on 80,000 psi. to allow 
for welding to end fittings. 



✓ 
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Solution tj Problems of Assignment* 


H93 


17:1 





l**t> 


Evaluating moments from both ends toward 
the center. 


Segtn. M = 

Segm. a-2, k » 
Segm. 3-b, M » 

begm. b-2, h = 


R^x 

%(l0 + 

K 3 x - | 

R3(20 + 

| Hi(20 


x) - lOOOx 


R 


1 * 


x) - lOOOx 
+ *) - 


lOOOx 


Substituting the values of x at joint 2 
to check the equations from both sides: 

From the left end, 

% = R x (10 + 10 ) - (l 000 )(l 0 ) 

» 20 % - 10,000 


From the right end, 

&2 » £3(20 ♦ 10 ) 


- ( 1000 )( 10 ) 


* 30R 3 - 10,000, (but 2*3 
» 20 R^ - 10,000 (checks) 


2 

3 


R l) 


Assuming R^ unknowns 


^ %, - ° 



**** 


(Ei)(50) + (H 2 )(30) - (1000)(40) - (lOOO)(20) = 0 
50% + 30R 2 - 40,000 - 20,000 - 0 


30R 2 « 60,000 - 50Ri 


e 2 


2,000 - | % 




r 2 - 0 




(Rs)(30) - (Ei)( 20 ) - ( 1000 )( 10 ) - (1000)(10) - 0 


3CR- 

*3 


20R 


1 


1% 



R * R x + 2000 - 


5 k 

3 K 1 


+ I E 


1 


2000 lbs. (checks) 


**** 
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Solution to Problems of Assignment. (Continued) 



17jl Total internal work of bending is equal to 


ifi 


W for segments 1-a, a-2, 3-b and b-2 


For segment 1 -a, V/ 


1 

2E1 



10 


(%x)^dx 


0 


SFTTJ 



*10 


x 2 dx 


1 


r 


10 




H 


2 

1 


x 

3 


3 


0 



2 


SL do) 3 . i2222i 

6E 6E 


2 



(l-a) 


For segment a~ 2 . 


W 


1 

2EI 


10 


2 


(l0% * %x - lOOOx) dx 


f 

J 


0 


2 


isTry f ^ 100R i + 20 R i x - 20 » oooR i x + R i * 2 - soooRiX 

J n 


2 


2 


2E 



10 


♦ l, 000 , 000 x ) dx 


o 20 Ri 2 x 2 2O # OO0Ri x 2 Ri 2 x 3 

100 % x + — 1 ‘ x 


0 


2 


x l, 000 , 000 x 3 

' g 


2 


3 


2000R 1 x 
3 


3 



1 



. 22 Jj 00 ^ (l °) + 10R i - 10 , 000 %(l 0 ) 

2000 %( 10)' 3 1 , 000,000 ( 10 ) 


Rn 

2 /ia\ . -I AT) 2 / 1 A >2 n /-v aaaD f 1 a n 2 . 1 L. do ) 3 : 


2 


3 


3 


3 


3 



1 

82 22 


(1000R 2 + 1000R 2 


2 


l, 00 G f 000R* + 


1 


3 


2 , 000 , 000 % 

^ 3 


1,000,000,000 x 

+ 3 ) 


1 


• 2 + 3000R 2 


(3000% -* wvw*^ 


- 3,O0O,OO0R^ + 1000R 2 - 2,000,000k! + C) 


(7000R 2 - S.OOO.OOOR! + C) 


ts 



<a- 2 ) 


Note : Terms containing constants only may bo dropped since they die- 
appear in the partial derivative* C =» a constant. 
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Solution to Problems of Assignment. (Continued) 


17si For segment 3-b, W » 


i r zo , 2 _ ,2 




(■j Rjx) dx 


0 


•I 

X 


WW) 



20 


4 

9 


2 2 ' 

% x dx ® 


4% 

36E 


2 


20 


2 d: 


x M ax 


0 


0 


2 


4R^ 



20 


0 



2 

4% / 8000 s 

c 3®T ' 3 ' 


8000% 
27E 


2 



- (3-b) 


For segment b-2, W 


1 




10 


( 


40% + 2 %x 

_ 


2 



- lOOOx) dx 


0 


2 l'(ZJ ^ ( 40R 1 + 2 R 1 X " 3000x)""| 2 dx 

X'lo 

\ ~ (l600Rx 2 + 160R 2 x - 240,OOOR ] x + 4 % 2 x 2 - 12,000%x 


2 


0 


+ 9,000,C00x 2 )dx 


1 

36E 



10 


2 


(leooRx x ♦ 


160R 2 x 2 _ 240,000Rix 2 A 4R 2 x 3 12 , 000 %x 
2 2 3 


3 


0 


9,000,0 00x3 


3 


3 


1 



|j[l 600 Ri 2 )(lo) + SORfUo ) 2 - 120,000%(10 ) 2 + l|L.(io ) 3 


- 4000% (10) 


3 



(IG,000*1 ♦ 8000% 2 - 12 , 000 ,ODOR* 


4000R 


2 


1 


6 E 


3 


• 4,000,000% 


m (24 ' 000R i 


2 4000R 2 


3 


- 10 , 000 , 000 % + 



1 , _ 2 _ 2 


Xs J Xm ( 72 > oooR l + 4 000 R 1 - ‘18,000,000% + C) 


(19,000R! 2 - 12,000,000Rt L + C) 



(b- 2 ) 
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t >Olutlon to Problems of Aaaigniaetrt♦ Continued) 




17 a 


The total work of bending is 


2 




ar « 


nP n 2 - 


lOOHf A ? 000 Kf - 5,OOO*0OQRx ♦ 
6 B 6 K 


c eoooRx 


2 


2 


27IS 


19,000% - 12,000,000%+C 

27£ 


1 


—g- (9000Rf + 63,000% 2 - 45,000,000% + IG.000% 2 38,000% 2 


„ 2 


- 24,000,000% + C) 


4 


* 5?U (l26,OOOR^ 


- 69,000,000% * C) 





it 


i 


^(2)(126 ,000%) - 69,000,000 + o][ - 0 


252,000% - 09,000,000 « 0 


*» 


69.000,000/ ^ - 274 lb.. 


% ® 1543 lbs. 

% *» 183 lbs* 

(See solution for problem 17:2 for remaining data.) 

Comparison with the solution for problem 17:2 will show that the 3-moment 
equation is much faster and less liable to error than the method of 
internal work for this particular problem# The results obtained are 

4 

the same. 


17:2 Solution by 3-moments# 


General equation: 

“si! ♦ 2is 2 di + S. 
% 2 IT IT *2 


Loading terms 


For our case l&j « 0 and M3 •» 0. Terms 1 and 3 drop out. 

% 

(-1000)(10)(20 2 -10 2 ) (-1000) (20)(30 2 -20 2 ) 

-CiTCzo) * (2TTI0) 


Then 2£ 2 (H + ~) 

“ 1 * 


2M 2 (2C ♦ 15) » -150,000 - 166,700 » -316,700 

70M 2 « -316,700 


35 i 


2 


-4,525 in. lbs. (Tension on top fibers at joint 2.) 
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Sol ution to Problems of Assignment * (Continued.) 


1712 


/OOO 



/ooo 


4 S 26 T 






3.0 


ft 




e 3 


H 37 


For the left hand span (R^)(20) - (lOOO)(lO) + 4525 » 0 

20% - 10,000 - 4525 * 5,475 
% » 274 lbs. S L » 726 lbs. 

For tho rip,ht hand span (R 3 )<30) - (l000)(l0) + 4525 » 0 

30% « 10,000 - 4525 ■ 5475 
Rjj a 183 lbs, S R » 817 lbs. 
e 2 = S L + S E =* 726 * 817 a 1543 lbs. 


I 
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433 


Solution to Problems of Assignmen t. 


19a (a) Tho effective thickness of gussot which is working against each line 

of weld on tho .065 wall tube is .125 /2 « .0625. Therefor© the 
critical thickness will bo that of the gusset. Then 

L =i U)(l.5) ® 6 inches, t » .0625 inches 


and s » 125,000 psi. 

Then P » .48 Lts 

- (.48)(6)(.0625)(125,000) = 22,500 lbs. 


(b) 

L a (3)(2) = 6 inches, t a .093 inches 
s = 150,000 psi. (May not be usadhigher - ANC-5) 
P = (.48)(6)(i093)(l50,000) = 40,000 lbs. 

(c) For tube assembly the .058 wall is critical. 


The length of weld is the circumference of the 1 3/8 diameter tube * 


Then the weld strength is 


4.32 inches 


P a (.48)(4.32)(.058)(90,000) a 10,800 lbs. 

% 

ifotes If it could be shown that the actual thickness of the weld 

metal were greater than .058 its actual thickness could have 

been used for t, except that it could not be taken greater 
than U.25)(.058). 


19:2 (a) , . 

foment = (200)(10) » 2000 in. lbs.. Shear = 200 lbs. 

I of rivet group = (2)(l.5) 2 + 2(,5) 2 = 5.0 

foment load on outer rivets a (^?Q0 )(l«5) g Q0 > 

Ov 

' *■ Shear load per rivet « ~~ * 50 lbs. 

Resultant load « (600 2 + 50 2 )^ * 605 lbs. 


Allowable single shear 


690 Iba. 


Allowable bearing in .004 24ST = 1055 lbs. 

(b) The centroid of this symmetrical rivet group may be determined by 
inspection. Where this can not be done the position of the centroid 
may be established by taking moments about two reference axes at 
right angles such as A-A and B-B in Assignment 19:2 (b). 


Basic Stress Analysis 


ETI 
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Solution to Problems 



(Continued) 


^S>9 


19:2 (b) 


Taking the value of a 3/l6 diameter rivet ae 1.0 the value k for t! 
1/4 diametor rivets is 1.78 when shear is considered, (the ratio o 
the areas); or 1.33 when, bearing is considered, (the ratio of the 
diameters). The centroid of tho symmetrical group is at the same 
location, if the rivets are critically loaded in shear, or if they 
are critical in bearing- laying out the pattern of the joint to 
scale, we obtain the values for w d H . 



Fl/Ll, S/2:** 



=. !3So ISS, 

Csv&oe) 


M-'ZlSokes. 

Cs//£/>e) 


Considering Shear Values 


j 

Pivot No. 

d 


1,4,17,20 

2.5- 

6 

2,3,18,19 

2.06 

4 

5,8,13,16 

1.80 

3 

6,7,14,15 

1.12 

l 

1 

9,12 

» 

1.5 

2 

10,11 




d 


2 


.25 


k 

U 8 

1.78 

1.00 

1.00 

1.00 

1.00 


kd 


2 


11.12 

7.56 

3.25 

1.25 

2.25 
.25 


ivets affected 

Total 

Four 

44.48 

Four 

30.22 

Four 

13.00 

Four 

5.00 

Two 

4.50 

Two 

.50 




97.70 


4ik a 2 + 2 + 4 H + 7.12 + 7.12 


26.24 


3/l 6 
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(Continued) 


J DO 


Solution to Problems of 



19:2 (b) 


Vertical Load =* 10>000 lbs. 
Horizontal Load * 8>000 lbs 



Moment around centroid 

» (l0>000)(2.5) + (6>000)(2.5) * 45,000 in lbs. 

Considering Shear values: 

The vertical shear load per rivet on 3/l6 rivets 


is 


10,000 
26.24 


* 380 lbs.; on l/4 rivets * (360)(1.78) » 680 lbs. 


The horizontal shear load per rivet on 3/l6 rivets 
is 1^222 = 305 lbs.} on l/4 rivets - (S05)(l.78) ** 543 lbs. 


The moment load on the outer 3/16 rivots (5,8,13,16) 


xs m 


(45,000)(l.80) 
97.70 


828 lbs. each 


und on the l/4 rivets (1,4,17,20) . • 


is m = 


(45,000)(2.5)(1.78) 

97.70 


» 2050 lbs. each. 



The moment load3 on the 
value "d”, 

(2,3,18,19) = 
(6,7,14,15) * 
(9,12) » 

( 10 , 11 ) - 


other rivets are as follows by ratios of 

1690 lbs. each 
515 lbs. each 
690 lbs. each 
230 lbs. each 


At this point we should check the summations of shear and moment 
loads on the rivets. 



£ Vertical Shear « (s)(680) + (l2)(S80) - 10,000 lbs. 
Horizontal Shear » (8)(543) + (12}(305) = 8,000 lbs. 

(2050)(4)(2.5) + (1690)(4)(2.06) ♦ (828)(4)(l.80) 
(515)(4)(1.12) + (690)(2)(1.5) + (230)(2)(.5) 


Moment 


o 20,500 + 13,920 + 5,950 + 2,310 + 2,070 + 230 
= 44,970 in lbo. (error => 30 in. lbs.) 


**** 

The critically loaded l/4 diameter rivet is Ho. 20. The resultant 
load on this rivet is 2930 lbs. The double shear value of the 
rivet is 3440 lbs. and the bearing value in 5/32 24ST plate is 
3610 lbs. This rivet is therefore satisfactory for loads based 
on shear strength. 


ET1 - Basic Stress Analysis 
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SO/ 


Solution to Problems of Assignm ent. (Continued) 


19s2 (b) The critically loaded 3/l6 diameter rivet is No. 16. The resultant 

load on this rivet is 1350 lbs. The allowable double shear value 
is 1930 lbs., and the bearing value in 5/32 24ST plate is 2630 lbs. 
This rivot is also satisfactory.. 


Minimum margin of safety on 3/l6 


rivot = 


1930 

1350 




3440 
2930 

(♦Note: The Bureau of Air Commerco would require *20 M.S.) 


1 » .17 


Minimum margin of safety on l/4 rivot 


Considering Bearing Values 


Rivet No. 

d 

_d 2 

k 

kd 2 

Rivets affected 

Total 

1,4,17,20 

2.5 

6.25 

1.33 

8.31 

Four 

33.24 

2,3,18,19 

2.06 

4.25 

1.33 

5.65 

Four 

22.60 

5,8,13,16 

1.80 

3.25 

1.00 

3.25 

Four 

13.00 

6,7,14,15 

1.12 

1.25 

1.00 

1.25 

Four 

5.00 

9,12 

1.5 

2.25 

1.00 

2.25 

Two 

4.50 

10,11 

1 #5 1 

.25 

1 

1.00 

.25 

' . 

Two 

.50 


Hi » 78.84 


,£k - 2 + 2+ 4 + 4+ (8) (1*33) 
* 22.67 


For a load distribution based on bearing values: 


The v 


. 10,000 , 

1S 22 • 67~ ~ on V* rivets 


is 7 


8000 


22.67 


1/4 


et on 3/l6 rivets 
= (1.33)(440) « 585 lbs 
ivet on 3/l6 diameter r 
(l.33)(352) » 468 lbs. 


The moment load on the outer 3/l6 rivets (5,8,13,16) 


is 


is m * 


(45,000)(l»80 ) 

76.64 

bhe l/4 diameter riv 

(45,000)(2.5)(1*33) 
76.84 


=» 1028 lbs. each 


= 1900 lbs. each 


ETI - Basic Stress Analvsis 
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5~0Z 


Solution to Problems of Assignment . (Continued) 
19:2 (b) 



j&60 A* 85 Section of Joint showing 

^ resultant loads based on 

bearing distribution 



7l f* 7,^7 S LBS. 

(Sertse/vG) 


Maximum resultant load on 3/l6 rivet » 1600 lbs* 

Value in double shear » 1930 lbs. 

in bearing =» 2630 lbs. 

Maximum resultant load on l/4 rivet ■* 2675 lbs* 

Value in double shear » 3440 lbs. 

in bearing * 3510 lbs. 


Minimum margin of safety 


t 

on 3/16 rivet 


on l/4 rivet 


1930 

1600 

3440 

2675 


- 1 » .20 


- 1 


29 
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ADVANCED STRESS’ ANALYSIS 



SOLUTION SHEETS 






SOLUTION OF TABLE 
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Solution to Problem 1:2 


AIRFOIL CHARACTERISTICS 

FLAPS NEUTRAL 


* 


C YL 


^VP 


CP 


-.2 


1.0 


Cd, 


CjJ 


/ 


C|H| = - .029 


\C C 


.08 -.4 



Aero* Center = 2 

b% of Chord 

* 

Advanced Stress Analysis 
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I 


-TO~J 


Solution to p roblen 2:3. 


1. 

V G = 220 + 

♦16 (600 - 

220) = 281 

mpb. 





(Kg « 

• 16) 






2. 

_ (220) 2 
q L “ 391 

= 123.7 


4. Vif/S 

__ 20,000 

~ 1,010 

= 19.9 


3. 

(2B1) 2 

q 0 ~ 351 

= 202,5 


5. ','i/p 

20,000 
~ 2,000 

= 10.0 



q G over portion of wing with ailerons = 

= (•75)(202.5) = 151.9 

» 

Condition 

I 

J 1 

II 

III 

nil' 

IV 


V 

220 

220 

220 

281 


281 


q 

123.7 

123.7 

123.7 

202.5 

151.9 

202.5 


n (a) 

• 

2.54 (1) 

. 2.54 

-2,54 

1.62 


-1.62 


n (b) 

2.05 

• 


1.23 




n 

3.54 

3.54 

-1.54 

2.62 


-.62 


C N 

.5^0 

.570 

-.248 

.258 

.194 

-.061 

Cc 

(actual) 

-.030 

-.030 

-.008 

+.007 


+.009 

\ 

Co 

(assumed) 

-.114 


0 

0 

0 

\ 

0 


CP* 

.270 

.301 

.133 

.362 

.81(3) 

-.225 


°u 


-.029 

-.029 

-.029 

. 

-.029 


<V 

-.0114 (2) 



• 

-.109(5) 



Note (1) 



- (1«0) ( 50)(220)(4 ,40) 

(575)(19.9) 


2.54 


(2) C M ' = .570 (.250 - .270) = -.0114 



Applies only to that portion of the span incorporating 
ailerons * 





i 


For Condition III, loads are to be reduced to 75 per cent 
0 ' n their value for Condition III, For solution see page 2-10. 
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So& 


Solution to Problem 2:1 (Continued) 
Condition III^ 


When ailerons are displaced the effect on that section of the wing 
in front of the aileron is to move the center of pressure forward on the 
side with up aileron, (assuming normal flight), and to move the center of 
pressure back on the side with down aileron. 


For section affected bv aileron 


C H * = -0.08 - C M = -0.08 - 0.029 = -0.109 
q Cr = (. 75) ( 202.5) = 151.9 
<%' = (.75)(.258) = .194 
Cp' over aileron section = .25 


25 - (= 2 ^|) - 


_ c M * 


.25 + .56 = .81 


It is not necessary to find the center of pressure for the entire 
wing. If this value is desired an a check it is necessary to know the 
percentage of wing area affected by ailerons. In anv case this is 41.5 
per cent. Then for the whole wing with aileron down the center of pressure 


is - — 


Average CP = (.362)(.585) + (.81)(.415) = .548 
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1 

1 


Solution to Probl';n 3:1 

i n i i m m m < i <m m i. 





















* 57 © 


Solution to Problem 3:2 


(1) oC 

(2) C L Flaps Up 

(3) (.415)(C L ) 

(4) A C L 

(5) C L + A Cl 

(6) (.585)(C L + AC L ) 

(7) Arg. Or = (3) + (6) 


= - 8° 

- 4° 

9 

0* 

“ -.44 

-•13 

.18 

a -.183 

-.054 

.075 

= 1.0 

1.0 

1.0 

= .56 

.87 

1.18 

a .328 

.508 

.692 

= .145 

.454 

.767 


4° 

8° 

12° 

16° 

48 

.79 

1.10 

1.41 

199 

.328 

.457 

.58 

0 

1.0 

1.0 

.98 

48 

1.79 

2.10 

2.39 

867 

1.046 

1.228 

1.40 

066 

1.374 

1.685 

1.98 


(8) Cp Flaps Up = .018 

(9) (.415)(Cp) = .007 

(10) A C D = .105 

(11) C D +AC D = .123 

(12) {.5S5)(C D + A C D ) = .072 


(13) Avg. C D = (9) + (12) = .079 


010 

.010 

.019 

.039 

.062 

.100 

004 

.004 

.008 

.016 

0 

.026 

.041 

130 

.150 

.175 

.205 

.250 

.325 

140 

.160 

.194 

.244 

.312 

.425 

1 

082 

.094 

.114 

.143 

.183 

.249 ' 

086 

.098 

.122 

.159 

.209 

.290 


(14) Cj,_f Flaps Up 

(15) (.415)(C M ) 

(16) A c M 

(17) C M +AC M 

(18) (,585)(Oy + A C M ) 

(19) Avg. C M = (15) + (18) = 


029 

-.029 

-.029- 

-.029 

-.029 

-.029 

-.029 

012 

-.012 

-.012 

-.012 

-.012 

-.012 

-.012 

265 

-.290 

-.320 

-.350 

-.373 

-.390 

-.400 

294 

-.319 

-.349 

-.379 

-.402 

-.419 

-.429 

172 

-.187 

-.204 

-.222 

-f.235 

• -.245 

-.251 

184 

-.199 

-.216 

-.234 

-.247 

-.257 

-.263 


AERODYNAMIC CHARACTERISTICS FOR ENTIRE WING 


WITH FLAPS DOWN 45° 
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option to Problem 3:2 (Continued) 


Plot of Characteristics for Fing with Flaps Down 45 


C 


L 


2.0C 

















Solution to Problem 3?3 



=! 62.5 mph. Vf » design soeed for flaps down » 2V Sf = 125 mph 


^Y f « (.00256)(125) 


2 _ 


40 


m = 4.4 = 


ac l 

&CC 


W 20,000 

1,01 o 


7 = 


= 19.8 lbs. per sq. ft. 


**** 


For Condition VII, Positive Gust with Flaps Down. 


n-7 ~ 1 + A n ? 

ny — gust increment = 


KUV f m 
675 - 


K =5 1.00, U =3 15 fos. 


£ n 7 = 


l)(15)(125)(4.4) _ 

—575') CioVel ~ 0,73 


minimum 


Use ny = 2.0 


- n 7 (w) 

% =-5- 

7 9v f 


_ (2)(19.8) 


= .99 


40 


Using the permissible assumption that 
sb -.23 for the entire wing. 

C c a Cjj cos OC - C L sin cC 

= (.116)(.998) - (.99)(,058) = .059 

CP = .25 - = .25 - (~|) = .48 

Cjj .99 


OC = 3.3°, Cp = .116, 


**** 
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Solution 

to Problem 3:3 

(Continued) 

On the portion of wing not affected by flaps: 

c L = 

. 

C N * .41 

Cm ~ **«C29 Cj) = .016 

C c * 

(.016)(.998) - 

(.41)(.058) =*0.008 

CP « 

‘25 - 

= .32 

On the oortion of v/ittg affected by flaps: 

c L - 

= .41 + 1.0 

a 1.41 

C D « 

.016 + .170 = 

.186, C c = (.186)(.998) - (l.4l)(.058) =.104 

C M ~ 

= -.029 - .345 = 

■ -.374 

CP = 

r . j- ,-.374. 

. .25 - (y;41 ■) 

= .52 


**** 


For Condition VIII, Negative Gust with Flaps Down, 


rig =1 + &riQ 


& ng = gust increment 


KUVfin 


575 


3 


K = 1,00, U = -15 fps 




_ _ (1)(-15)(125)(4.4) 

n 8 (5 7 5 )'(19'; 8l- 


= -0.73 


n 8 » 1 - 0.73 = .27 


_ 125 
qf ~ 391 


2 


= 40 lbs. per sq. ft 


c _. (. 27)(19.6) 


V 


8 


40 


= .134 


Assume again that = %, oC = -8.1°, Cp = ,078, Cjj ® -.183 
(all for the entire wing.) 


c c = C D cos^; - C L sin^: = (.078)(.990) - (.154)(-.140) = .096 


CP S .25 - 5 = .26 - (^4||) 

C N • 1 *- i 


= 1.61, v;h i ch means that the average 
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Solution to Problem 3:3 (Continued) 


resultant is ,fil .x chord aft of the trailing ed^e of the winft’. How this con 
ditlon can exist will be explained more fully in later assignments. 

i 

4 


On the portion of the wing not affectod by flaps: 

♦ 

C L = C N = -.43 C c = -.040 C M = -.029 

_ ,-.029. 

CP = .25 - (t743~) =J- 8 

On the portion of the wing affected by flaps: 


C L = C N = -.43 + 1.00 = +.57 

# 

C D = +.01S + .103 = .122, C c = (,122)(.990) - (.57)(-.140) 
C M = -.029 - .262 = -.291 
CP = . 25 - = . 76 


.201 


♦ 


For Condition IX, Dive with Flaps Down. 

C c max> must be determined. A curve of C 0 vs.qC should be plotted to 
determine* this value. 


u) 

OC 



- 8° 

- 4° 

- 0° 

+ 4° 

(2) 

sin 

OC 


-.140 

-.070 

0 

.070 

(3) 

cos 

cC 


.990 

.998 

1.00 

.998 

(4) 

cl 



.145 

.454 

«767 

1.066 

(6) 

C D 



.079 

.086 

.098 

,122 

(7) 

cl 

sincC 


-.020 

-.032 

0 

.075 

(8) 

Cd 

cos cC 


.078 

-.079 

.098 

.122 

(*) 

• * 

M * 

Cc 

% 

= (8) - 

9 

{l } 

.098 

.in 

.098 

,047 


These values are plotted on the curve on paste 3-13. 
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Solution to Problem 3:3 (Continued) 


C „„ = +.111 and occurs at 

c max. 


= -4 


C 


V 


9 


= C L = *454 


n 9 s 



=5 (.454) (-10) - 


19.8 


% = -197 

w -.«- = - 69 


**** 


For the cortion of tho wing not affected by flans: 


% - = 


C D = .010 


C 0 = .003 


Cm = -.029 


C.V. - .25 - 


(-.029) _ 


-.11 


= - .01 


just forward of leading edge. 


For the portion of the wing affected by flans: 


C N = -.11 + 1.00 


- .69 


C D 


.010 + .130 = .140 


Cvr = - .029 - .290 = - .319 

3H 


C c = (.140)(.998) - (.89)(-.070) 


CP = 


25 - 


= .61 
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S7U> 


S olution to Pro blem 4:1 . 

i 

The curves given in Figures B to G inclusive are illustrations of graph¬ 
ical integration, and as such are applicable to any variation of wing plan- 
form and of lift coefficient along the span of the wing. For our case where 
Cjj is a constant along the wing span and the variation of the wing chord 

may be expressed as an equation the entire solution is possible by the use 
of simple calculus equations. 

From the trapezoid planform of Fig. A the area of the semi-span is 

- 1 -- 0 —- -- (540) = 72,900 sq. in. 

This area servos in our case for both Ap and Ap. 

* 

**** 


For Ap;, Fig. E ordinates to the curve aro (R| ) )(C)(b) but -1.0 so 

V 

the equation of the line bounding the area Ag may be written y — (C)(b). 

If we take the root of the wing as the origin for x, b will always be the 

which is x. The equation of the chord lengths is 


station on tho v/ing 


C = 180 - X = 180 - 1 

540 6 

Then y, the ordinate to curve E at any point equals (180 - 


?(*) 


- lOOx - 


2 


6 


The area under the curve equals 



540 


x^ 


(l80x - £ )dx 

6 


A 


E 



540 


180x 


2 


*3 


2 


T3)l6j 



540 


90x* - 


2 


x3 

18 


__ (357,464,000) 

jig = (90) (291,600) - - Jq— 


= 26,244,000 - 8,748,000 


i\ E = 17,496,000 


/ 


b sp 


B A E 


A 


D 


17,496,000 

72,960 


= 239,8 inches 


**** 
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Solution to Problem 4s1 (Continued) 

In our cnee the calculation for x is simplified by the fact that the 
win? was laid out with the 25 per cent point of each chord on a line at 
CO degrees with the longitudinal center line of the airplane. The 25 per 
cent point is also the aerodynamic center for the airfoil used. Then the 
aerodynamic center for the semi-span will lie on the 25 per cent point of 
the moan aerodynamic chord. Using line OK ns the reference, the moment arm 
of the aerodynamic center for any chord length along the span is 45’ . There 
foro the arm to the average aorodynamic center must also bo 45 inches. 

**** 


Length of the Moan Aerodynamic Chord. 

For the trapezoidal wing the MAC length is a length of actual chord at 
a station 259,8 inches out from the root chord. This may be checked analy¬ 
tically by finding the area under curve G and dividing by Aj). 


n 

For curve G the ordinates are y ~ C 6 . 


Then the area under the curve is 



C 2 dx 


C = i180 - 5- where the origin for x is taken at tho root chord. 




2 


c 2 «S (ICO - ^) 2 = 32,400 - 60x + 



540 


540 


2 


(52,400 - 60x + ^g-)dx = 52,400x - 


6 Ox 2 . x 3 
2 (s)<36J 


0 


(32,400)(540) - 


(30) (540) 2 + 


3 


s 10,206,000 


Length of MAC * 


= 140.2 inches 
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Solution to Problem 5?1 





( 6 ) 

( 6 ) 

( 0 ) 

(9) 

( 10 ) 

01 ) 

( 12 ) 

(IS) 

(14) 

(15) 

(16) 





Item 

V^ ~ 220 mph. 

I II 

V G = 29] 
III 

mph. 

IV 

♦ 

20,000 

20,000 

20,000 

20,000 

V 2 / X 

d -_(V in moh).*.. 

123.7 

123*7 

202.6 

202.5 

301 

s = W/wi ng area...,. 

19.0 

19.P 

19.8 

19.8 

q - (2) . 

6.21 

6.21 

10 .1 7 

10.17 

9 (-3) 

nj - applied wing load ^ctor,.. 

3.54 

-1.54 

2.62 

-.62 

o - (5) 

C « ' JTf . 

.5? 

-*24« 

. 268 

-.061 

t 

corresponding to C^ .......... 

5.3° 

-5.5° 

1 .2° 

-3.0° 


-.114 

0 

0 

0 

-n Vl = (?) x (4) ... 

-.709 

0 

0 

0 

n v . = F pr .. 

-.1366 

-.1365 

0 

0 

V/ . 

C H or C M* ••. 

-.0114 

-.029 

-.029 

-.029 

m ~ (ll) x (4) . 

-,0708 

-.190 

-. 294 

-.294 

n^ = tail load factor.,.. 

-.11 

-.002 

-.179 

-.075 

ng = - (5) - (13) = not load factor... 

-3.43 

+1,54 

-2.44 

+.70 

*n x * - (9) - (10) * chord load factor 
6 

. 9445 

.1365 

• 

0 

0 

T 55 (13) * V? ~ tni 1 load . * *... 

-2200 

-.40 

-3590 

-1600 





Toil l#ads in the above table are applied lo8ds. 
plied by 1*5 for us* in design. 


Thcv must, be multi- 

# 

♦ * 
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Solution to Problem 5s1 (Continued) 


o.g. et 30MA.C 




Vl = 220 mph. 

V r = 281 

l.r 

mph. 

No. 

Item 

I 

II 

hi 

IV 

(i) 


20,000 

20,000 

20,000 

20,000 

9 

(2) 

v z 

a ~ (V in rooh).•.. • • 

391 

123.7 

123.7 

202.5 

202.5 

(3) 

r. = tf/win£ area.... • • 

19. 8 

19.8 

19.8 

19.8 

(4) 

a = ( 2 ) ... 

I w 

6.21 

6.21 

10.17 

10.17 

-.62 

( 6 ) 

n.| — applied win& load factor.. 

3.54 

-1.54 

2.62 

( 6 ) 

p (5) .. 

Cn ITT . 

.57 

-.248 

.258 

-.061 

(7) 

corresponding to Cy ... ♦ • 

5.3° 

-5.5° 

1 . 2 ° 

-3.0° 

(*) 

C C cr C c' . 

-.114 

0 

0 

0 

(9) 

n = ( 6 ) x (4) . 

*1 

-.708 

0 

0 

0 

( 10 ) 

n x = Ik. 

4 

-.1365 

-.1365 

0 

0 

(11) 

Cm 9m' . 

-.0114 

-.029 

-.029 

-.029 

(12) 

Tti = (11) 7L (4) . 

-.0708 

-.180 

-.294 

-.294 

(13) 

- tail load factor.. 

4.067 

- .08 

-.055 

-.110 

(14) 

♦ 

nri =T - ( 5 ) - ( 13 ) = net load factor.. 

C* 

-3.607 

41,62 

-2.56 

.73 

(15) 

n x = - (9) = (10) = chord lead factor 
2 

.8445 

.1365 

0 

0 

(16) 

T = tail losd = (13) x W.. 

41340 

-1600 

-1100 

-2200 


* 


/ 
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Solution to Assignment : 


Calculation of dead weight shears and moments for the spars, 

% 

Effect of structure : 

All taken on rear spar since center of weight is at the rear 
spar* Values can be calculated directly from Fig. 7* 

Effect of Nacelle (plus land gear) weights : 

Values for front spar from Fig, 9 , 

Values for rear spar from Fig. 10. 

Effect of Fuel and Tanka/re ? 

Front Spar takes .52 times values from Fig. 11. 

Rear Spar takes .48 times values from Fig. 11. 


Front Spar—Dead Weight—Load Factor ~ ~1.0_ 


SHEAR. 

" STATION 145 115 Cutbd.42 

Wing Weight.. O' 0 0 0 


Nacelle.... 

.. .- 3170 ,f 

-6340 

-6340 

0 

Fuel and System*. 

• ♦ • 0 

0 

- 324 

-:-i86 

Total... . - 

-3170# 

-6140# 

-6664 

+186 


* 52 $ of total fuel and system. 


MOUEUT (H- s tension on bottom fibers) 


Nacelle. 0 -95,100 -558,000 

Fuel and System..... 0 0 - 11,800 

Total. 0 -95,100 -569,800 
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Solution to Assignment (Continued) 

Rear Spar - Dead Weight ~ Load Factor a ~i«0 


SHEAR 



MCKKCT ( 4- - Tension on bottom fibers) 


fr—- 

: x3 
) 

2,460,000 

1 

19,600,000 

1 x l^ 

1,953,000 

3,724,000 

11,856,COO 

» 

* 

1 

\ 


• 

“365x1 

-45,700 

-56,700 

• 

-83,200 

I-* 8 

f 

-5480 

-21,900 

-1 05xi 2 

• 

-16,400 

-25,200 

A 

-54,600 

•• 

, -.5x3/540 

-2270 

-18,200 

• 

-9 x x 3 /540 

- 3,300 

- 6,200 
• 

-19,800 

% 

> 

* 

• 

► 



“270 

-40,100 

-40,100 

-40,ICO 

M 

-7750 

• 

-40,100 

M wing 

-105,500 

-128,2C0 

• 

-197,7C0 

M Nac. 

0 

0 

H Nac. 

0 

+ 54,150 

• 

4317,680 

♦ 

M Fuel 

0 

0 

M Fuel* 

0 

* 

0 

- 10,9C0 

* 

M Total 

-7750 

-AO.ICO 

M Total 

-105,500 

- 74,050 - 

-t-109.080 
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Solution to Problem Assignment 6A - (2) 

To compute the '.shears, moments and axial loads 5n the Rear Spar for 
Condition III. 

Table VII 

Unit Lift Shear o.nd Mcipogt - Condition III 


(1) 

Station 

4 

405 

270 

145 

115 

42 

(2) 

Shear 

- 

m ng 

S4.8 

211 

356 

370 

455 

(s) 

Shear 

p, 

. Spar 

15,2 

33.8 

53.8 

59.2 

72.8 

i £L 

Shear 

R. 

, Spar 

79.6 

177.2 

282,2 

310.8 

382,2 

(8) 

M 0 IT.. 

Wing 

6,170 

26,600 

60,700 

71,300 

101,000 

(6) 

te . 

F. 

• 

Spar 

990 

4,260 

• 

9,^10 

11,400 

16,160 

* 

(v) 

M OF. * 

R; 

Spar 

5,180 

22,340 

50,990 

59,900 

84,840 


V* 


Center of p ressure for Condition III is at 36 per cent of chord. 
Therefore lift load is carried; 


21 

25 


- .84 by rear spar. 


4 
25 


16 by front spar 
(See also pg. 6A-2) 


******** 


same 


Dead Weight 
as given in 


Shears and Moments fcr a Load Factor of -1.0 are the' 

♦ 

Table II of the text. 


***** *** 


Air load factors are as follows* 

For Condition III the limit lead factor in the beam direction is 2.62 
(Assignment 5). The design load factor is (1.5)(^.62) — 3.53» The 
multiplying factor for design air loads in the beam direction is therefore 

(3,93)(19.9) =78.3 


19.9 = wing loading in lbs. per sq. ft. for a load factor of 1.0. 

Checking from q, the average loading in lbs, per sq, ft. for Condition 
III is (,258)(202.5) = 52.2 and the design load is (1.5)(52.2) = 78.3 
lbs, per sq. ft. 

The chord load factor for Condition III is zero. See pages 5-7 and 5-SV 


******** 


6A - 11 

ETI - Advanced Stress Analysis 






The vertical dead v;eir;ht factor for design is (-2.44) (1.5) = -3.66 
Than the multiplying factor °o r dead loads vertical is 


-3,66 

- 1.00 


3.66 


The chord load factor for dead weights is zero 


* * * * t- * * 


The design shears and moments for the rear spar 
ere computed in a table similer to that shown in the 
spar in Condition I. (See table ITT. in text.) 


for Condition III 
text for the front 


Table Till 


'Design Shears and Moments - Condition III - 

Peer Spar 


(l) Station 

405 270 

145 

115 

42 

(2) Unit Lift Shear 

79,6 177.2 

2*2.2 

310.8 

3*2.2 

(■?) Design Lift Shear 

6,240 13,900 

22,100 

24,400 

30,000 

(4) Unit Ud. fft. Shear 

-132 -366 

+1,100 

+2,800 

+2,206 

(5) Dos. lid. \Yt. Shear 

-4*5 -1,350 

+4,030 

+10,250 

+6,100 

(6) Design Shear 

5,755 12.550 

26,130 

34,650 

36,100 

(7) Unit Lift Moment 

• 

5,180 22,340 

50,990 

59,900 

84,840 

(6) Des* Lift Moment 

406,000 1,752,000 

3,998,000 

4,700,000 

6,650,000 

(9) Unit Pd. vVt. Moment 

-7,750 -40,100 

-105,500 

-74,050 

+109,080 

^10) Pes. Pd. V/t. Moment 

-28,400 -147,000 

-386,000 

-271,000 

+399,600 

[ll) Design Moment 

377,600 1,605,000 

3,612,000 

4,429,000 

7,049,600 


Column (3) = (Col. 2)(76,3) 
Column (6) =s (Col. 7)(76,3) 
Column (h) = (Col. 4)(3,66) 
Column (10) = (Col. 9)(3.66) 


***v*t* 
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Si*- 


4 

Chordwise Loads'* 

i n I a 

Since there are no chord loads from dead weight, and no propeller 
thrust is assumed to be acting, the only chord loads on the wing will be 
those due to nacelle drag. 

The applied nacelle drag force « S^q 

Sp = 2.0 q = 202.5 

P D « (2)(202.5) = 405 lbs. 

Design Fp = (1.5)(405) = 60 fl lbs. acting backward. 

Aft loads at stations 115 and 145 are 304 lbs. at each. 

Drag shear between stations 145 and 115 ~ 304 lbs. 

Chordwise moment at station 115 = (30)(304) = 9120 in. lbs. 

.Drag shear between stations 115 and 42 = 60S lbs. 

Chordwise moment at station 42 

5S (304)(103) + (304)(73) = 31,300 + 22,200 = 53,500 in. lbs. 

\ 

***** 


Compression axial load in rear spar duo to chordwise moment: 


At station 115 = - 


9120 _ 
40,2 


e -227 lbs 


At station 42 — - 


53^500 _ 
43.3 


= -1235 lbs. 


* 
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Solution to Problem Assignment 


Section Properties at Station 145 for Compression on tho Top 



1 

2.07 

i 

b 

-29. 

0 

0 

-10.16 

19.2 

214 

764 


-405 

2 

1.54 

-15.0 

-23.1 

10.0 

15.4 

-11.16 

9.2 

192 

130 

42 

-158 

3 

1.54 

-16.2 

-23.4 

28.2 

43.4 

-11.36 

-9.0 

198 

125 

42 

+157 

4 

2.07 

* 

t 

-15.1 

-31.3 

38.6 

80.0 

-11.26 

-19.4 

263 

780 


+449 

5 

1.92 

8.5 

16*3 

38,6 

74.0 

12.34 

-19.4 

292 

7 22 


-460 

6 

1.32 

8.8 

11.6 

28.2 

37.3 

12.64 

-9.0 

212 

107 

36 

-150 

7 

1.32 

8.5 

11.2 

10.0 

13.2 

12.34 

9.2 

200 

112 

36 

4 

+150 

8_ 

1.92 

7.8 

15.0 

0 

0 

11.64 

19.2 

261 

708 


+430 


13.70 

-3.84 

-52.7 

19.2 

263.3 



1832 

3448 

156 

+ 13 


l x-x = A y 0 2 + 1*0 » 1832 

I y . y = Ax q 2 + lv Q = 3448 + 156 = 3604 
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Solution to Probl em of /agign ment. 

(1) Referring to chart on page 10-11 we find that a line drawn 
horizontal!'- at a level corresponding to a sheer load of 506 lbs. P-r 
inch intersects the design curve at a point corresponding to a web o 1 
ness "t" of approximately .032. This means that a weh of either .032 
or 036 will he satisfactory, the latter being, chosen if, as is usually 
the case the designer wishes to curry through a small positive -larg-n 
Safety in order to allow for possible future increases m gross weight. 

Both gauges will he checked in this example. 

(2) Stiffener spacing may he either 15 inches, the rib spacing, or 
some d 1 visor of 15 inches. In this case the Design Curve is based on a 
stiffener soaring of 10 inches, so the stiffener spacing must-be either 
10 inches or some smaller value which in this case may be taken as 16 = 

(3) For .032 v;eb - 

Minimum stiffener area = .4t x stiffener spacing 

= (,4)(.032)(7.5) 




Since the web is less than .040 a stiffener on one °f the «b 

v mav be used. A formed angle of the dimensions shown may be used. 

A plain angle would not be satisfactory due to its low cripping streng 
Developed width of angle = 1.8" (approx.) 


Area = .115 sq. in. (.096 required) 

Wor .036 web - 

Approximate stiffener area = (.4)(.036)(7.5) 

108 sq. in. 

The stiffener shown above will be satisfactory 
for this web also. 
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(4) Web - spar cap rivets - design load = 666 lbs. per inch 


.032 yreb - 


Using 5/32 - A 17ST rivets. 

Allowable shearing strength = 479 lbs. 
Allowable bearing strength - 24STAL - 409 lbs 


(S 

P 


» 1.66 


... ... ( 1 , 2 )( 566 ) 

Required rivets per inch - -- Jqq- 

Required spacing = Y" 6 6 = * nch# 

Use single row at £ inch spacing, or preferably 

n4* 1 n r\r*.h Rnacinj?. 


ANC-5 

5-19) 


.036 web - 


Using 3/16 - A 17ST rivets, 

Allowable shearing strength = 690 lbs. 

Allowable bearing strength = 607 lbs. 

Required rivets per inch = — = 1,12 

f \ 

Required spacing - y-yg* = -892 
Use single row at 3/4 inch spacing. 

• 9 

Kotei See page 10-6 for discussion of correction factor oh 

1,2 used above. 

(5) End load in stiffener using Wagner beam theorv 

9 

P = stiffener spacing x shear per inch = (7.5)(566) = 4.250 lbs 

S + 

(£ = i’J'l2. = 37,000 lbs. per sq. inch) 

X .115 


Tests indicate that near the ends the stiffener stress will be much 
low this value—see discussion and Fig. 5 on page 1• - • ood 

( 2)(4250) = 850 lbs. This would require 2 - 5/32 diameter A 
n single shear or 1 - 3/l6 diameter 245T rivet. 
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(6) No definite quantitative measure of the loads on the stiffener- 
web rivets is possible especially in the case of a stiffener on one side 
of the web onlv. Some conventional spacing such as 1 or lo will be 
chosen and a rivet size will be proportioned to the web thickness. Some 
arbitrary rule such as balancing shear strength against bearing strength 
may be used. In the case of .032 or .036 webs this would point to the 
use of l/R or 5/32 diameter A-17ST rivets, the choice to be checked 
against the rivet sizes used in the test specimens from which the design 

curve was drawn up. 

(7) Theoretical bending moment midway between stiffeners - 


M = - 


£ b^ 

h 24 


2 


= - (566) 


(7.5) _ 


24 


s -1325"# 


For .032 web - 


= 17.700 lbs. per sq. in. 

.032 


f 


6 t\ Z - 17,700 ( J^ = 94 

' + } ~ 10,300,000 '.032' 


E x t 


M 

M 


= .4 or M 1 « (.4)(-1325) = -530"# (Fig* 7) 


For .036 web - 


f. = jffiL = 15,700 lbs. per sq. inch 


.036 


T (|) 


2 


S 66 


= .3 or M* = (.3) (-1325) = ,400 "# 


M 


If the spar cap is of the shape shown in the sketch, then I - .249; 


v. =1.24; y = .45 

y inner outer 

inner) = 


f. = ~ Z0 - {'A — - 960 lbs - ? er 

^(outer) sq. in. 
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It is evident in this case that the change in unit stress at the• 
extreme fiber is not large but should probably be considered in the 
determination of the allowable stress on the spar cap as a whole. 



Kargins 


of safety for web-stiffener combinations - 


,032 web - 


Stif fener Area _ ,115 _ ♦115 = 

Web -Area ~ (7,5)( ,038) ,240 


Correction factor (from curve) = 1,04 
Basic allowable shear (from curve) “ 560 lbs. per in. 
Final allowable shear = (1,04)(560) — 582 lbs, per in. 
Design shear ~ 566 lbs. per in. 



.036 web - 


Stiffener Ar ea 
Web Area 


• 115 

(7.5)(.0361 


.115 

.270 


= .426 


Correction factor (from curve) =1.01 1 : 
Basic allowable shear (from curve) - 650 lbs. 
Final allowable shear = (1.01)(650) = 656 lbs 
Design shear = 666 lbs, per in. 


per in. 
per in. 


M.S. = 


- 666 


566 


- 1 = +.16 


Web to spar cap attachment 


.032 tfeh - 


Allowable load = (2)(409) = 818 lbs. per in. 

Rivet design load = (1.2)(566) = 6P0 lbs. per in. 



1 = +.20 


,036 web - 


Allowable load = (i)(607) = 810 lbs. per in. 

3 

Rivet design load = (1.2)(566) =680 lbs. per in. 



Note: It is considered good practice to keep the Kargin of 
Safetv of the rivet* slightly above that of the web-stiffener combination 

itself. 
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